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MULTIPLE SOLUTIONS TO p-KIRCHHOFF TYPE PROBLEMS
INVOLVING CRITICAL SOBOLEV EXPONENT IN R¥

RACHIDA KAID, ATIKA MATALLAH, and SOFTANE MESSIRDI

Abstract. In this paper, we use variational methods to study the existence and
multiplicity of non negative solutions for a p-Kirchhoff equation involving critical
Sobolev exponent.
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1. INTRODUCTION

This paper deals with the existence and multiplicity of nontrivial solutions
of the following Kirchhoff problem

(Py) — (aflul” + B) Apu = w4 Afud™l in RY
A u>0, ueWhr (RY),

where a and § are two positive constants, N >3, 1 <p< N, 1 <qg<p, Ais
a positive parameter, f # 0, A, is the p-Laplacian operator, defined by

N
Apu = Z
i=1

p* = pN/ (N — p) is the critical exponent and ||-|| is the usual norm in the
space WP (RN ), given by

0 ou
P2 1 N
oz, <IWI 8%) , 1<p<N,

Hqu:/ |VulPdz.
RN

Kirchhoff type problems are often referred to as being nonlocal because of the
presence of the term [, |Vu[Pdz which implies that the equation in (Py) is no
longer a pointwise identity. It is analogous to the stationary case of equations
that arise in the study of string or membrane vibrations, namely,

U — <a/ |Vu|*dz + b> Au=g(z,u),
Q
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where Q € RY, u denotes the displacement, g(z, ) is the external force and b
is the initial tension while a is related to the intrinsic properties of the string
(such as Young’s modulus). Equations of this type were first proposed by
Kirchhoff in 1883 to describe the transversal oscillations of a stretched string.

In recent years, Kirchhoff type problems in bounded or unbounded domain
have been studied in many papers by using variational methods. Some inter-
esting studies can be found in [2, 5, 6, 7, 8, 10]. This problems in the whole
space RN considered in general without the critical Sobolev exponent, when
the difficulty is due to the lack of compactness embedding from W1hP(RN)
into the space L” (RN ) . In this subcritical case, many authors considering the
following equation

(Pv) { —(alul|P +B) Apu+V (x)u = h(z,u) in RY,

where N >3,1<p< N,V e C(RY,R) and h € C (R xR, R) is subcrit-
ical. In such problems, some conditions are imposed on the weight function
V (z) which are key points for recovering the compactness of Sobolev embed-
ding. See for example [5],[11] and [7].

On the other hand, the problem (P)) without the nonlocal term « ||ul|? is
treated by Alves [1], he proves the existence of two nonnegative solutions for
(Py) where a =0, =1 and f is a nonnegative function.

A natural and interesting question is whether results concerning the solu-
tions of problem (P)) with & = 0 remain valid for &« # 0. Our answer is
affirmative, but the adaptation to the procedure to our problem is not trivial
at all, since the appearance of nonlocal term. In this context, we need more
delicate estimates. We are concerned in finding conditions on N, p, f and A for
which problem (P,) possesses multiple nontrivial solutions via the variational
methods. To the best of our knowledge, there is no result on the multiple
nontrivial solutions to the critical problem (Py) in RY.

Before stating our results, recall that, the best Sobolev constant

p
S—  inf Il y
weWhr @) ([ o ulP” da )"

is attained in R by the function

[N (N—=p)/(p— 1))10—1}
[1 + lep/(p—n] (N-p)/p ;

(N—p)/p?

U(z) =

see [10]. We introduce the following conditions on N, p and f:

(Ho) N/3 =p/2=m, with m € N*,

(Hy) f*#0,

(Hz) f e L® (RY) with go = pN/[(p—q) N + qp] ,
(Hs) [on fU%z > 0.
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Our main results are the following.

THEOREM 1.1. Assume that « > 0, § > 0, N, p satisfy (Hp), 1 < qg<p
and f satisfies (Hy) — (Hz). Then there exists Ay > 0 such that problem (Py)
has at least one nontrivial solution for any A € (0, Ay).

THEOREM 1.2. In addition to the assumption of Theorem 1, we assume that
f satisfies (Hs). Then there exists Ay > 0 such that problem (Py) has at least
two nontrivial solutions for any A € (0, Ag).

This paper is organized as follows. In Section 2 we give some technical
results which allow us to give a variational approach of our main results that
we prove in Section 3.

2. AUXILIARY RESULTS

In this paper we use the following notation: |.[|, stands for .|| ;g , By is

the ball centred at 0 and of radius p, — (resp.—) denotes strong (resp. weak)

convergence, ut = max (u, 0) and o, (1) denotes o, (1) — 0 as n — oo.

Since our approach is variational, we define the functional I by

_ oy P p_l/ +)P° _)‘/ +)4
D) = o el + Zllull” = -2 o (wh)" do 7 Jon ! (u")" da,
for all u € WP (RY). Using (Hs), it is clear that I is well defined in
Whr (RY) and belongs to C! (WP (RY), R). u € Wh? (RV)\ {0} is said
to be a weak solution of problem (P,) if it satisfies v > 0 and

*

(allulP + B) /RN |VulP~? VuVep dz —/R (uh)” “oda

N

— )\/ f (u+)q71<p dz =0,
RN
for all p € WP (]RN) .
To prove our main results, we need following lemmas.

LEMMA 2.1. Assume that « >0, >0, N >3, 1<p<N,1<qg<pand

f satisfies (Ha) . Then there exist positive numbers Ay, p1 and §1 such that for
all X € (0, A1) we have

(i) In(u)>6 >0, forallue W' (RYN) with |ul| = p

20\ # 1l """

k- d0 p/(p—q)

< 5 ) J5alp A for allu € B,,.
Proof. Let uw € WhP (RN ) \ {0}, then by Sobolev and Hélder inequalities,

we have

_p=9

(ii) Iy (u) > ’

S—r"/p Y
luf” =~
q

o 2 B —
Iy(u) > % [[ull™ + ’ Jul[” - S™UP Y £l ull

*
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Let n > 0, p = ||lu|| and

o S—p*/p
hip) = 24D

A
— _Zg-a/p a.
g Ly Sy Ay,
Then
)\ g9 _9
- np\°? npy\ ’ -
25 fly 1 = [(q) pq] [(q) s q/pnfn,m]
_ 1 g-qf p/(p—q)
< g+ 274 [(q) Hf”qo] AP/ (P—a)
p pn
Therefore,

hSES]

p* q _p_
B ) R ( q ) Sr o
h > _ _ < )\p a,
0= (5-n)r 2 (L) 22,
Choosing n = 3/2p, we get

*

()2§?f— p#f—p;q[<?>

Easy computations show that

A
heyhe) = ([5 d )
B B p—ql(2\? S 7 v 2
- ~(29) ‘p[(b) ”f”qo] ’
Taking

1/(p*—p) 1
N R
and

1 (BN
A= alfllg, <2qS> <2N(p—q) (

Then the conclusion holds

p

||f||q0] Ar.

RSl
’3\»@

ST

[ Res
n
~_

&
~—
d

O
In the sequel of this paper we need the condition (Hp) . So, we replace p by
2m and N by 3m with m € N*

LEMMA 2.2. Assume that o >0, f > 0, N, p satisfy (Hp), 1 < q <p and f
satisfies (Hs). If (un) is a (PS), sequence of Iy, then u, — u in W™ (R3™)
for some u with I} (u) =0
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Proof. We have
(1) c+on (1) =1y(u,) and o, (1) = <I§\ (un),un>,
this implies that

1
ct+on, (1) = Iy(up)— om <I§\ (un) ,un>
o am B 2m _ 1_ 1 —q/p q
> ol + ol =3 (2= o) 50 1l

Then (uy) is bounded in W2m (Rgm). Up to a subsequence if necessary, we
obtain

Up — u in WH2m (R?’m) , L™ (]R?’m) . Up — u a.e., Vu, — Vu a.e. in R,
Then (I} (un) , ) = 0 for all p € C§° (R3™) , which means that I} (u) = 0. O

Next, we prove an important lemma which ensures the local compactness
of the (PS) sequence for I.

LEMMA 2.3. Assume that oo >0, 8 >0, N, p satisfy (Hp), 1 < g <p and
[ satisfies (Hz), and let (up,) C W™ (R3™) be a (PS), sequence for I for
some ¢ € R such that u, — u in W™ (R3m). Then
ther wp, — > I, (u) + C @ Copst L
either uy, u orcz=1iy(u a,B,S 48m, a,B,8 6m )’

where Cp g5 = aS® + (a25’6 + 4B53)1/2 .

Proof. By the proof of Lemma 2 we have (u,) is a bounded sequence in
Wh2m (R3™) Then by (Hz) we get

2) / F)de— [ f@h)de

R3m R3m
Furthermore, if we write v, = u,, — u; we derive v, — 0 in W12™ (R3m) , and
by using Brezis-Lieb Lemma [4] we have
(3) Munl®™ = l[on )" +[u*"+0,(1) and unllgy = llonllgm +lullgn+on(1).
Putting together (2.2) and (2.3), we get

B 1

@ @
e+ on(1) = D)+ 1 ol ™+ o ol P P = ol
and

4 2 2 2 6
(4) on(1) = a [val|™ + B loal|™™ + 20 [T [ull ™ = [lon |6y, -
Therefore,

« «
(5) et on(1) = Iau) + go ol 27 22 g 2
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Assume that ||v,|| — [ > 0, then by (2.4) and the Sobolev inequality we obtain
S*3lﬁm > al4m +,Bl2m,
this implies that

3
2m > %Sg+%(a2+4ﬁ5_3)1/2

= 5 (a5 + (02" +455%) ")

1

- 50041575.

From the above inequality and (2.5) we conclude

¢ > I(u)+ —pim B om

- 12m 3m
a B
> T —C? —C

a B
> Iz(u)+ Cap,s <48mca”8’3 + 6m> ;

This finishes the proof of lemma 3. ([l

3. PROOF OF THEOREM 1

Now, we proof the existence of a local minimizer.
By Lemma 1, we define

cp =inf {I\(u); ue B, }.

Using (H;) we can choose v € WH™ (R3™) such that [gs, f (v)?dz > 0.
Then there exists g > 0 small enough such that ||¢{pv|| < p1 and

O am 4m B 2m 2m tgm +\6m
Infton) = ot o ot ol = [ ()" e
A
- tg/ f(vH)dz <o,
q R3m

which implies that ¢; < 0. Using the Ekeland’s variational principle [§], for
the complete metric space Bm with respect to the norm of W12m (Rgm),
we obtain by Lemma 2, the existence of a (PS),, sequence (u,) C B,, such
that w, — w; in WH?™ (R¥") for some uy with [ug| < p1. After a direct
calculation, we derive Hul_H = <If\ (u1) ,u1_> = 0, which implies u; > 0. As
I,(0) = 0 > ¢; then uy # 0. Assume u,, - up in W™ (Rsm) , then it follows
from Lemma 3 that

a 5
> T _— —_—
c1 > I\ (u) +Caps <48m0a7,3,s + 6m> > ¢,
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which is a contradiction. Thus w; is a nontrivial solution of (Py) with negative
energy.

4. PROOF OF THEOREM 2

Now, we proof the existence of Mountain Pass type solution, here we need
the condition (Hj).

LEMMA 4.1. Assume that o > 0, > 0, (Ho) — (H3) hold, and let Ay > 0
such that

a p/(p—q)
p=a (2" Il /(o= a 8
p [( 5) qS/P g T Cop s | Gy S T ) > O

for all A € (0,A2). Then there exists 0 < A, < Ay such that

a B
L(tU c, Cosgt ), e (0 A
igg A(tU) <c1 +Caps (48 8,5+ 6m> for a € ( )

Proof. We consider functions

m

atim

1(t) = —— U™ + 55— HUIIQm—fHUHama

and

@2(t) = @1(75) — At om qu dzx.

So, for all A € (0, A2) we have

By(0) =0 < — P9 [<2q> £l

p/(p—q)
\P/(p—q)
D 3 qSQ/p

o B
+Ca/35<48 C, ’B’S_‘_Gm)'

Hence, by the continuity of ®5(t), there exists t; > 0 small enough such that

By(t) < L4 | (24 Pl N0 0o (2 + L
? p |\ B) qSur s 48 05T 6m )

for all t € (0,¢1). On the other hand, the function ®(¢) attains its maximum
at t9 such that

o U™ + (o2 (U™ + a8 0P U]

t2m _
6m
2(|U lgm

5 =

From the definition of S we have

t4m 4 a 4
82 = 2
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4m 2 8m 2m 6m 1/2 2
a U™+ (0 U1 + 48 0] |0 )

1Ul6rm

a |alul™ |2 IO 4 48 |1V U Iy,

= 6 12
16m | ||U]lgm, 10Ul
2
= Tom s
Similarly, we obtain
ﬁtQm 2 B
U™ = 1, GBS
and . ;
tom S=
— HU” = Mcg,ﬁ,S‘
By the above estimates, we obtaln
Oét 4 ﬁt 2
Dy (t2) = 2 — o 2 ||lU|| m—fIIUll
a B 3

_ 3
= ﬁca,ﬁ,s + %Ca,ﬁ,s - mCa,ﬁ,s

a 8
= Cﬁ5<% Cﬁﬁ+6m>'

Thus we deduce that
a B
< — .
oy (t) < C, «,3,5 <48 Cap,s + 6m>

On the other hand, using Lemma 1 we see that

qSa/p

1/2

F Il
e > P [( 5) qo] N/ (P=a) for all X e (0,A1),
p

furthermore, if

q —p/q _
2£ : HquO p I: p . :|(p a)/q
A [(6) qSa/p q(p—q) /Rsme dr ’

we get
t
e > —A— fUY dex.
q R3m
Taking
q -2 p—q
: 2q>P [ fllge | * [ p ]
Ay =min ¢ Ay, Ao, — 0 fUY dx
b (ﬁ qSP q(p—q) Jrsm

2

)
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then we deduce that

o B
I,(tU) < C, = 0, ) forall A € (0,A,).
3121109 AtU) <c1+Caps ( 15, Cass + 6m> or a (0, As)

O

Note that I(0) = 0 and I)(t3U) < 0 for ¢3 large enough, also from Lemma
1, we know that

I (u)|8Bp1 >61 >0forall A e (O,Al).
Then, by the Mountain Pass theorem [3], there exists a (PS),, sequence, where

= inf I t
¢ = Inf max A (v (1),

with
I'={yecC(o, 1], W™ (R*")), 4(0) =0 and (1) = t3U} .

Using Lemma 2 we have (uy) has a subsequence, still denoted by (u,,), such
that u, — ug in W1H2m (R3m) , for some uy. As Hu;“ = <I§\ (ug) ,u§> =0, we
conclude that us > 0. Furthermore, we know by Lemma 4 that

suply(tU) < ¢1 + Cq 8m,s, for all A € (0,A,),
>0

then from Lemma 3 we deduce that u,, — ug in Wh2m (R3m) . Thus we obtain
a critical point ug of I satisfying I (uz) > 0, and we conclude that us is a
nontrivial solution of (Py) with positive energy.
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