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DECAY RESULTS FOR A VISCOELASTIC WAVE EQUATION
WITH DISTRIBUTED DELAY IN BOUNDARY FEEDBACK

ABDELBAKI CHOUCHA and DJAMEL OUCHENANE

Abstract. In this work, a nonlinear viscoelastic wave equation is studied. By
supposing distributed delay feedback acting on the boundary, we establish the
general decay rate under suitable hypothesis.
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1. INTRODUCTION

In the present work, we consider the following wave equation

utt −∆u(t) +

∫ t

0
h(t− ϱ)∆u(ϱ)dϱ = 0, in Ω× R+,

∂u

∂ν
−
∫ t

0
h(t− ϱ)

∂

∂ν
u(ϱ)dϱ+ β1g1(ut) +

∫ τ2

τ1

|β2(s)|g2(ut(t− s))ds = 0,

on Γ1 × R+,

u(x, t) = 0, on Γ0 × R+,

u(x, 0) = u0(x), ut(x, 0) = u1(x), in Ω,

ut(x,−t) = f0(x, t), in Γ1 × (0, τ2),

(1)

where Ω ∈ RN (N ≥ 1) is a bounded domain with a smooth boundary ∂Ω =
Γ1 ∪Γ0, Γ1 and Γ0 are closed and disjoint, ν is the outward normal to Γ, β1 is
positive constant. τ1 < τ2 are non-negative constants such that β2 : [τ1, τ2] →
R represents distributive time delay, h is a positive function representing the
kernel of memory, g1, g2 are specific functions.

The time delay is an important factor in various natural and physical phe-
nomena, as the response to the applied force is affected by the time factor, the
same for the transfer of materials and information, and their condition is all
subject to the time factor. Recently, dealing with the delay factor has been
an active area in recent years, and many authors have been interested in this
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type of damping as it greatly affects the stability of systems and the existence
of solutions. In the case (g1(s) = g2(s) = s), this term has several types: delay
(ut(x, t− τ)) see ([13],[17],[22]), distributed delay (

∫ τ2
τ1

|β(s)|ut(t− s)ds) as in

the following papers ([7]-[11],[18]) and time-varying delay (ut(x, t− τ(t))) for
example see ([15],[19],[20],[21]).
Even in the general case of the functions (g1, g2), many problems have been
studied, where we find the term delay in the equation or in the boundary
feedback.
In [3], the authors considered the following problem:

utt −∆u+

∫ t

0
h(t− s)∆u(s)ds+ µ1g1(ut) + µ2g2(ut(t− τ) = 0,(2)

they proved the existence of global solution, and a genaral stability result.
There are also some important works, including [20], where the authors are
concerned with the following problem

utt −∆u = 0,

u(x, t) = 0, on Γ0 × R+,

du

dν
+ µ1ut + µ2ut(t− τ) = 0, on Γ1 × R+,

(3)

they proved under suitable supposition (µ2 < µ1) that the general energy
is exponentially stable. Also, in [21] the authors considered the following
problem:

utt −∆u+

∫ t

0
h(t− s)∆u(s)ds+ µ2g2(ut(t− τ) = 0,

u(x, t) = 0, on Γ0 × R+,

du

dν
+ µ1g1(ut) = 0, on Γ1 × R+,

(4)

and they established the global existence and asymptotic behavior of problem
(4). The term of viscoelastic was also introduced in many papers, including
([5],[6],[4],[12]-[14],[16]).

Starting from all these works and supplementing them, we will try to study
our problem (1), as we consider the distributed delay within the boudary
feedback, and this makes our problem different from what was previously
studied. Under suitable conditions on various functions we will prove the
general decay result.

Our paper is divided into several sections: in the next section we lay down
the hypotheses, concepts and lemmas we need, and in the third section we
prove our main result. Finally, we give the conclusion.

2. PRELIMINARIES

For studying our problem, in this section we will need some materials.
Firstly, introducing the following hypothesis for β2, h, g1 and g2:
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(A1) h : R+ → R+ are non-increasing C1 functions satisfying

(5) h(0) > 0, l0 =

∫ ∞

0
h(ϱ)dϱ <∞, 1− l0 = l > 0.

(A2) ∃ϑ : R+ → R+ a non-increasing C1 function, satisfying

(6) ϑ(t)h (t) + h′(t) ≤ 0, ∀t ≥ 0.

(A3)g1 : R → R is a non decreasing C1 function and H : R+ → R+ is a
convex, increasing C1(R+) ∩ C1(]0,∞[) function satisfying

H(0) = 0,

H is linear on [0, ε], or H ′(0) = 0 and H ′′(t) > 0 on ]0, ε],
(7)

and

c0|s| ≤ g1(s) ≤ c1|s| if |s| ≥ ε,

s2 + g21(s) ≤ H−1(sg1(s)) if |s| ≤ ε,
(8)

where H−1 is the inverse function of H and ε, c0, c1 are positive constants.
(A4) g2 : R → R is a odd non-decreasing C1 function, such that ∃α1 >

1
2 and

c2, α2 > 0,

|g′2(s)| ≤ c2,

α1sg2(s) ≤ G(s) ≤ α2sg1(s),
(9)

where G(s) =
∫ s
0 g2(σ)dσ.

(A5) β2 : [τ1, τ2] → R is a bounded function satisfying

2α2

∫ τ2

τ1

|β2(s)|ds < β1.(10)

Let us indroduce

(h ◦ ψ)(t) :=
∫
Ω

∫ t

0
h(t− ϱ)|ψ(t)− ψ(ϱ)|2dϱdx.

Secondly, as in [18], take the following new variables

y(x, ρ, s, t) = ut(x, t− sρ)

which satisfy

(11)

{
syt(x, ρ, s, t) + yρ(x, ρ, s, t) = 0,
y(x, 0, s, t) = ut(x, t).
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So, problem (1) can be written as

utt −∆u(t) +

∫ t

0
h(t− ϱ)∆u(ϱ)dϱ = 0, in Ω× R+,

∂u

∂ν
−
∫ t

0
h(t− ϱ)

∂

∂ν
u(ϱ)dϱ+ β1g1(ut)

+

∫ τ2

τ1

|β2(s)|g2(y(x, 1, s, t))ds = 0, on Γ1 × R+,

syt(x, ρ, s, t) + yρ(x, ρ, s, t) = 0, on Γ1 × R+,

u(x, t) = 0, on Γ0 × R+,

u(x, 0) = u0(x), ut(x, 0) = u1(x), in Ω,

y(x, ρ, s, 0) = f0(x, ρs), in Γ1 × (0, 1)× (0, τ2).

(12)

Now, we give the energy functional.

Lemma 2.1. The energy functional E, defined by

E(t) =
1

2
∥ut∥22 +

1

2

(
1−

∫ t

0
h(ϱ)dϱ

)
∥∇u(t)∥22 +

1

2
(h ◦ ∇u)(t)

+

∫
Γ1

∫ 1

0

∫ τ2

τ1

s|β2(s)|G(y(x, ρ, s, t))dsdρdΓ,
(13)

satisfies

E′ (t) ≤ −µ1
∫
Γ1

utg1(ut)dΓ +
1

2
(h′ ◦ ∇u)(t)− 1

2
h(t)∥∇u(t)∥22

− µ2

∫
Γ1

∫ τ2

τ1

|β2(s)|y(x, 1, s, t)g2(y(x, 1, s, t))dsdΓ ≤ 0,

(14)

where µ1 = β1 − 2α2

∫ τ2
τ1

|β2(s)|ds > 0 and µ2 = 2α1 − 1 > 0.

Proof. Multiplying (12)1 by ut, then integrating over Ω, we find

1

2

d

dt

{
∥ut(t)∥22 + (1−

∫ t

0
h(ϱ)dϱ)∥∇u(t)∥22 + (h ◦ ∇u)(t)

}
+ β1

∫
Γ1

utg1(ut)dΓ− 1

2
(h′ ◦ ∇u)(t) + 1

2
h(t)∥∇u(t)∥22

+

∫
Γ1

∫ τ2

τ1

|β2(s)|g2(y(x, 1, s, t))utdsdΓ = 0.

(15)

Now, multiplying the equation (12)3 by |β2(s)|g2(y(x, ρ, s, t)), and integrating
over Γ1 × (0, 1)× (τ1, τ2), and using (11)2, we get
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d

dt

∫
Γ1

∫ 1

0

∫ τ2

τ1

s|β2(s)|.G(y(x, ρ, s, t))dsdρdΓ

= −
∫
Γ1

∫ 1

0

∫ τ2

τ1

|β2(s)|.g2(y)yρdsdρdΓ

= −
∫
Γ1

∫ 1

0

∫ τ2

τ1

|β2(s)|
d

dρ
G(y(x, ρ, s, t))dsdρdΓ

=

∫
Γ1

∫ τ2

τ1

|β2(s)|
(
G(y(x, 0, s, t))−G(y(x, 1, s, t))

)
dsdΓ

=

(∫ τ2

τ1

|β2(s)|ds
)∫

Γ1

G(ut)dΓ

−
∫
Γ1

∫ τ2

τ1

|β2(s)|.G(y(x, 1, s, t))dsdΓ.

(16)

By combining (15) and (16), we find (14) and

E′(t) = −β1
∫
Γ1

utg1(ut)dΓ +
1

2
(h′ ◦ ∇u)(t)− 1

2
h(t)∥∇u(t)∥22

−
∫
Γ1

∫ τ2

τ1

|β2(s)|g2(y(x, 1, s, t))utdsdΓ

+

(∫ τ2

τ1

|β2(s)|ds
)∫

Γ1

G(ut)dΓ

−
∫
Γ1

∫ τ2

τ1

|β2(s)|.G(y(x, 1, s, t))dsdΓ.

(17)

At this point, let use G∗ the conjugate function of the convex function G:

G∗(s) = sup
t≥0

(st−G(t)).

Then, G∗ is the Legendre transform of G, which is given by (Arnold [2], p.61-
62)

(18) G∗(s) = s(G′)−1(s)−G[(G′)−1(s)], ∀s ≥ 0.

and G∗ satisfies the generalized Young inequality

(19) st ≤ G∗(s) +G(t), ∀s, t ≥ 0.

From the definition of G, we find

(20) G∗(s) = sg−1
2 (s)−G(g−1

2 (s)), ∀s ≥ 0.

Hence, by (20) and (9) we have

G∗(g2(y(x, 1, s, t)) = y(x, 1, s, t)g2(y(x, 1, s, t))−G(y(x, 1, s, t))

≤ (1− α1)y(x, 1, s, t)g2(y(x, 1, s, t)).
(21)
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Using (19),(21) and (9), we find

E′(t) ≤ −β1
∫
Γ1

utg1(ut)dΓ +
1

2
(h′ ◦ ∇u)(t)− 1

2
h(t)∥∇u(t)∥22

+ (1− α1)

∫
Γ1

∫ τ2

τ1

|β2(s)|y(x, 1, s, t)g2(y(x, 1, s, t))dsdΓ

+ 2

(∫ τ2

τ1

|β2(s)|ds
)∫

Γ1

G(ut)dΓ

−
∫
Γ1

∫ τ2

τ1

|β2(s)|.G(y(x, 1, s, t))dsdΓ,

≤ −
(
β1 − 2α2

∫ τ2

τ1

|β2(s)|ds
)∫

Γ1

utg1(ut)dΓ

+ (1− 2α1)

∫
Γ1

∫ τ2

τ1

|β2(s)|y(x, 1, s, t)g2(y(x, 1, s, t))dsdΓ

+
1

2
(h′ ◦ ∇u)(t)− 1

2
h(t)∥∇u(t)∥22.

(22)

By setting µ1 = β1 − 2α2

∫ τ2
τ1

|β2(s)|ds and µ2 = 2α1 − 1, we obtain (14).

Hence, (5)-(10) give E is a non-increasing function. This completes of the
proof. □

Now, we give the well posedness result for the problem (12), which can be
established by Faedo-Galarkin method and combination between the results
([1],[5],[10]).

Theorem 2.2. Suppose that (5)-(10) are satisfied. Then, for any u0, u1 ∈
H1

Γ0
(Ω) ∩ L2(Ω), and f0 ∈ L2(Γ1, (0, 1), (τ1, τ2)), there exists a weak solution

(u, y) of problem (12) such that

u, ut ∈ C(]0, T [, H1
Γ0
(Ω)) ∩ C1(]0, T [, L2(Ω)),

utt ∈ C(]0, T [, L2(Ω)),

y ∈ C(]0, T [, L2(Γ1, (0, 1), (τ1, τ2))).

Also, to achiev our goal, we need the following Lemma

Lemma 2.3 (Jensen’s Inequality). If H is a convex function on [a, b], h :
Σ → [a, b] and q are integrable functions on Σ, q(x) ≥ 0 and

∫
Σ q(x)dx = Q >

0, then

(23) H

(
1

Q

∫
Σ
h(x)q(x)dx

)
≤ 1

Q

∫
Σ
H(h(x))q(x)dx.
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3. GENERAL DECAY

In this section, we state and prove our general decay result of the system
(12). For this goal, we set

Ψ(t) :=

∫
Ω
u(t)ut(t)dx,(24)

Φ(t) := −
∫
Ω
ut

∫ t

0
h(t− ϱ)(u(t)− u(ϱ))dϱdx(25)

and

Θ(t) :=

∫
Γ1

∫ 1

0

∫ τ2

τ1

se−ρs|β2(s)|G(y(x, ρ, s, t))dsdρdΓ.(26)

Lemma 3.1. The functional Ψ(t) defined in (24) satisfies, for ε1, ε2, ε3 > 0,

Ψ′(t) ≤ −(l − ε1 − (ε2 + ε3)cp)∥∇u∥22

+ ∥ut∥22 + c(ε1)

∫
Γ1

g21(ut)dΓ

+ c(ε2)(h ◦ ∇u)(t) + c(ε3)

∫
Γ1

∫ τ2

τ1

|β2(s)g22(y(x, 1, s, t))dsdΓ.

(27)

Proof. A differentiation of (24) and using (12)1, gives

Ψ′(t) = ∥ut∥22 +
∫
Ω
uttudx

= ∥ut∥22 +
∫
Ω
u(t)

[
∆u−

∫ t

0
h(t− ϱ)∆u(ϱ)dϱ

]
dx

= ∥ut∥22 − (1−
∫ t

0
h(ϱ)dϱ)∥∇u∥22

+

∫
Ω
∇u(t)

∫ t

0
h(t− ϱ)(∇u(t)−∇u(ϱ))dϱdx︸ ︷︷ ︸

J1

− β1

∫
Γ1

ug1(ut)dΓ︸ ︷︷ ︸
J2

+

∫
Γ1

u

∫ τ2

τ1

|β2(s)|g2(y(x, 1, s, t))ds
)
dΓ︸ ︷︷ ︸

J3

.

(28)

We estimate the last 3 terms of the RHS of (28). Applying Hölder’s, Poincaré
and Young’s inequalities, and (5), we find for εi > 0, i = 1, 2, 3,

J1 ≤ ε1∥∇u∥22 + c(ε1)

∫
Γ1

g21(ut)dΓ.(29)

and

J2 ≤ ε2cp∥∇u∥22 + c(ε2)(h ◦ ∇u)(t).(30)
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Similarly, we have

J3 ≤ ε3cp∥∇u∥22 + c(ε3)

∫
Γ1

∫ τ2

τ1

|β2(s)g22(y(x, 1, s, t))dsdΓ.(31)

Combining (29)-(31) and (28), we get

Ψ′(t) ≤ ∥ut∥22 − (l − ε1 − (ε2 + ε3)cp)∥∇u∥22 + c(ε1)

∫
Γ1

g21(ut)dΓ

+c(ε2)(h ◦ ∇u)(t) + c(ε3)

∫
Γ1

∫ τ2

τ1

|β2(s)g22(y(x, 1, s, t))dsdΓ.

□

Lemma 3.2. The functional Φ(t) defined in (25) satisfies, for any δ1 > 0,
δ2 > 0,

Φ′(t) ≤ −
(∫ t

0
h(ϱ)dϱ− δ2

)
∥ut∥22

+ δ1(2− l)∥∇u∥22 − c(δ2)(h
′ ◦ ∇u)(t)

+ c(δ1)(h ◦ ∇u)(t) + c

∫
Γ1

g21(ut)dΓ

+ c

∫
Γ1

∫ τ2

τ1

|β2(s)g22(y(x, 1, s, t))dsdΓ.

(32)

Proof. A differentiation of (25) and using (12)1, gives

Φ′(t) = −
∫
Ω
utt

∫ t

0
h(t− ϱ)(u(t)− u(ϱ))dϱdx

−
∫
Ω
ut

∫ t

0
h′(t− ϱ)(u(t)− u(ϱ))dϱdx−

(∫ t

0
h(ϱ)dϱ

)
∥ut∥22

=

∫
Ω

[
∆u−

∫ t

0
h(t− ϱ)∆u(ϱ))dϱ

][ ∫ t

0
h(t− ϱ)(u(t)− u(ϱ))dϱ

]
dx

−
∫
Ω
ut

∫ t

0
h′(t− ϱ)(u(t)− u(ϱ))dϱdx−

(∫ t

0
h(ϱ)dϱ

)
∥ut∥22

=

∫
Ω
∇u

∫ t

0
h(t− ϱ)(∇u(t)−∇u(ϱ))dϱdx︸ ︷︷ ︸

J1

−
∫
Ω

(∫ t

0
h(t− ϱ)∇u(ϱ)dϱ

)
.

(∫ t

0
h(t− ϱ)(∇u(t)−∇u(ϱ))dϱ

)
dx︸ ︷︷ ︸

J2

−β1
∫
Γ1

g1(ut)

(∫ t

0
h(t− ϱ)(u(t)− u(ϱ))dϱ

)
dΓ︸ ︷︷ ︸

J3

(33)
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−
∫
Γ1

(∫ τ2

τ1

|β2(s)|g2(y(x, 1, s, t))ds
)(∫ t

0
h(t− ϱ)(u(t)− u(ϱ))dϱ

)
dΓ︸ ︷︷ ︸

J4

−
∫
Ω
ut

∫ t

0
h′(t− ϱ)(u(t)− u(ϱ))dϱdx︸ ︷︷ ︸

J5

−
(∫ t

0
h(ϱ)dϱ

)
∥ut∥22.

We estimate the terms of the RHS of (33). Applying Hölder’s, Poincaré and
Young’s inequalities, (5), we find

J1 ≤ δ1∥∇u∥22 + c(δ1)(h ◦ ∇u)(t),(34)

and

J2 ≤ (

∫ t

0
h(ϱ)dϱ)

∫
Ω

(
∇u(t)

∫ t

0
h(t− ϱ)(∇u(t)−∇u(ϱ))dϱ

)
dx

−
∫
Ω

(∫ t

0
h(t− ϱ)(∇u(t)−∇u(ϱ))dϱ

)2

dx

≤ δ1(1− l)∥∇u∥22 + c(δ1)(h ◦ ∇u)(t),

(35)

Similarly, we have

J3 ≤ c

∫
Γ1

g21(ut)dΓ + c(h ◦ ∇u)(t),

J4 ≤ c

∫
Γ1

∫ τ2

τ1

|β2(s)g22(y(x, 1, s, t))dsdΓ + c(h ◦ ∇u)(t),

J5 ≤ δ2∥ut∥22 − c(δ2)(h
′ ◦ ∇u)(t).

(36)

A substitution of (34)-(36) into (33), gives (32). □

Lemma 3.3. The functional Θ(t) defined in (26) satisfies

Θ′(t) ≤ −η1
∫
Γ1

∫ 1

0

∫ τ2

τ1

s|β2(s)|.G(y(x, ρ, s, t))dsdρdΓ

+ β1

∫
Γ1

utg1(ut)dΓ

− η1α1

∫
Γ1

∫ τ2

τ1

|β2(s)|y (x, 1, s, t) g2(y (x, 1, s, t))ds.

(37)

Proof. By differentiating of Θ(t), and using (12)2, we have

Θ′(t) = −
∫
Γ1

∫ 1

0

∫ τ2

τ1

e−sρ|β2(s)|.yρg2(y((x, ρ, s, t))dsdρdΓ

= −
∫
Γ1

∫ 1

0

∫ τ2

τ1

se−sρ|β2(s)|.G(y(x, ρ, s, t))dsdρdΓ
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−
∫
Γ1

∫ τ2

τ1

|β2(s)|
[
e−sG(y (x, 1, s, t))−G(y (x, 0, s, t))

]
dsdx.

Applying y(x, 0, s, t) = ut(x, t), and e
−s ≤ e−sρ ≤ 1, for any 0 < ρ < 1, and

setting η1 = e−τ2 , we obtain

Θ′(t) ≤ −η1
∫
Γ1

∫ 1

0

∫ τ2

τ1

s|β2(s)|.G(y(x, ρ, s, t))dsdρdΓ

−η1
∫
Γ1

∫ τ2

τ1

|β2(s)|G(y (x, 1, s, t))dsdΓ

+(

∫ τ2

τ1

|β2(s)|ds)
∫
Γ1

G(ut)dΓ,

by (9) and (10), we find (37).
□

Now, we introduce the functional

G(t) := NE(t) + Ψ(t) +MΦ(t) + Θ(t).(38)

for some positive constants N,M to be determined.

Lemma 3.4. There exist γi, t0 > 0, i = 1, ..., 5 satisfying

G′(t) ≤ −γ1E(t) + γ2

∫
Γ1

g21(ut)dΓ + γ3(h ◦ ∇u)(t), ∀t ≥ t0.(39)

and

γ4E(t) ≤ G(t) ≤ γ5E(t).(40)

Proof. Since the function h is positive and continuous, for all t0 > 0, we
have ∫ t

0
h(ϱ)dϱ ≥

∫ t0

0
h(ϱ)dϱ := h0, ∀t ≥ t0.

By differentiation of (38), using 14, the Lemmas 3.1, 3.2 and 3.3, we obtain

G′(t) := NE′(t) + Ψ′(t) +MΦ′(t) + Θ′(t)

≤ −
(
M(h0 − δ2)− 1

)
∥ut∥22

−
(
(l − ε1 − cp(ε2 + ε3))−Mδ1(1− l)

)
∥∇u∥22

+

(
c(ε2) +Mc(δ1)

)
(h ◦ ∇u)(t) +

(
N

2
−Mc(δ2)

)
(h′ ◦ ∇u)(t)

(41)
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+

(
c(ε1) + cM

)∫
Γ1

g21(ut)dΓ−
(
µ1N − β1

)∫
Γ1

utg1(ut)dΓ

+

(
c(ε3) +Mc

)∫
Γ1

∫ τ2

τ1

|β2(s)|g22(y(x, 1, s, t))dsdΓ

− η1

∫
Γ1

∫ 1

0

∫ τ2

τ1

s|β2(s)|.G(y(x, ρ, s, t))dsdρdΓ

−
(
µ2N + η1α1

)∫
Γ1

∫ τ2

τ1

|β2(s)∥y(x, 1, s, t)g2(y(x, 1, s, t))dsdΓ.

Now, we choose εi, i = 1, 2, 3 so small that

l1 := l − ε1 − cp(ε2 + ε3)) > 0.

Next, letting δ2 =
h0
2 , then we select M large enough such that h0

2 M − 1 > 0,

then we pick δ1 = l1
2(1−l)M . Therefore, (41) becomes, for positive constants

di, i = 1, ..., 5

G′(t) ≤ −d1∥ut∥22 − d2∥∇u∥22 + d3(h ◦ ∇u)(t)

+ (
N

2
− c)(h′ ◦ ∇u)(t)

+ d4

∫
Γ1

g21(ut)dΓ−
(
µ1N − β1

)∫
Γ1

utg1(ut)dΓ

+ d5

∫
Γ1

∫ τ2

τ1

|β2(s)|g22(y(x, 1, s, t))dsdΓ

− η1

∫
Γ1

∫ 1

0

∫ τ2

τ1

s|β2(s)|.G(y(x, ρ, s, t))dsdρdΓ

−
(
µ2N + η1α1

)∫
Γ1

∫ τ2

τ1

|β2(s)∥y(x, 1, s, t)g2(y(x, 1, s, t))dsdΓ.

(42)

By using (9)1, we get

G′(t) ≤ −d1∥ut∥22 − d2∥∇u∥22 + d3(h ◦ ∇u)(t) + (
N

2
− c)(h′ ◦ ∇u)(t)

+ d4

∫
Γ1

g21(ut)dΓ−
(
µ1N − β1

)∫
Γ1

utg1(ut)dΓ

− η1

∫
Γ1

∫ 1

0

∫ τ2

τ1

s|β2(s)|.G(y(x, ρ, s, t))dsdρdΓ

−
(
µ2N + η1α1 − c2d5

)∫
Γ1

∫ τ2

τ1

|β2(s)∥y(x, 1, s, t)g2(y(x, 1, s, t))dsdΓ.

(43)
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On the other hand, from (24)-(26), by using Hölder, Young’s and Poincaré
inequalities, we get

|G(t)−NE(t)| ≤ 1

2

(
∥ut(t)∥22 + cp∥∇u(t)∥22

)
+
M

2

(
∥ut(t)∥22 + cp(h ◦ ∇u)(t)

)
+

∫
Γ1

∫ 1

0

∫ τ2

τ1

se−ρs|β2(s)|.G(y(x, ρ, s, t))dsdρdΓ.

(44)

Using the fact that e−ρs < 1, we find

|G(t)−NE(t)| ≤ 1

2

(
∥ut(t)∥22 + cp∥∇u(t)∥22

)
+
M

2

(
∥ut(t)∥22 + cp(h ◦ ∇u)(t)

)
+

∫
Γ1

∫ 1

0

∫ τ2

τ1

s|β2(s)|.G(y(x, ρ, s, t))dsdρdΓ

≤ CE(t).

(45)

Hence

(46) (N − C)E(t)| ≤ G(t) ≤ (N + C)E(t).

Now, by choosing N large enough such that

N − C > 0, µ1N − β1 > 0,
N

2
− c > 0, µ2N + η1α1 − c2d5 > 0,

and exploiting (13), estimates (43) and (46), respectively, give (39) and (40).
□

Theorem 3.5. Suppose that (5)-(10) are satisfied, there exist positive con-
stants λ1, λ2, t0 and ε0 ∈ (0, ε] such that the energy of (12) satisfies:

(47) E(t) ≤ λ1H
−1

{
λ2

(
1 +

∫ t

t0

ϑ(σ)dσ

)}
, ∀t ≥ t0,

where H(t) :=
∫ 1
t

1
R(ϱ)dϱ, and

(48) R(t) =

{
t, if H is linear on [0, ε],

tH ′(ε0t), if H ′(0) = 0 and H ′′ > 0 on (0, ε].
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Proof. Multiplying (39) by ϑ(t), using (5) and (14), we find

ϑ(t)G′(t) ≤ −γ1ϑ(t)E(t) + γ2ϑ(t)

∫
Γ1

g21(ut)dΓ + γ3ϑ(t)(h ◦ ∇u)(t)

≤ −γ1ϑ(t)E(t) + γ2ϑ(t)

∫
Γ1

g21(ut)dΓ− γ3(h
′ ◦ ∇u)(t)

≤ −γ1ϑ(t)E(t) + γ2ϑ(t)

∫
Γ1

g21(ut)dΓ− 2γ3E
′(t).

(49)

Since ϑ(t) is non-increasing function, we have

(50)
d

dt

(
ϑ(t)G(t) + 2γ3E(t)

)
≤ −γ1ϑ(t)E(t) + γ2ϑ(t)

∫
Γ1

g21(ut)dΓ.

Let

(51) K(t) := ϑ(t)G(t) + 2γ3E(t) ∼ E(t).

Hence, we obtain

(52) K′(t) ≤ −γ1ϑ(t)E(t) + γ2ϑ(t)

∫
Γ1

g21(ut)dΓ, ∀t ≥ t0.

To arrive at our main result, it remains to estimate the last term of the in-
equality (52).
To this aim we consider

Γ1
1 :=

{
x ∈ Γ1 : |ut| > ε

}
and Γ2

1 :=

{
x ∈ Γ1 : |ut| ≤ ε

}
.(53)

By (8) and (14), we have

(54) γ2ϑ(t)

∫
Γ1
1

g21(ut)dΓ ≤ γ2ϑ(0)

∫
Γ1
1

g21(ut)dΓ ≤ −λ3E′(t),

where λ3 =
γ2c1ϑ(0)

µ1
.

At this stage, we have two cases to discuss:

Case 1. H is linear on [0, ε]: According (8) and (14), we get

(55) γ2ϑ(t)

∫
Γ2
1

g21(ut)dΓ ≤ γ2ϑ(0)

∫
Γ2
1

g21(ut)dΓ ≤ −λ4E′(t),

where λ4 =
γ2cϑ(0)

µ1
.

Substituting (54) and (55) into (52), we find

K′
1(t) ≤ −γ1ϑ(t)E(t)

= −λ5ϑ(t)R
(
E(t)

E(0)

)
, ∀t ≥ t0,

(56)

where

(57) K1(t) = (K(t) + λE(t)) ∼ E(t),
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and λ = λ3 + λ4, λ5 = γ1E(0). Integrating (56) over (t0, t) and using (57),
yields (47).

Case 2. H is nonlinear: From (8), (14) and by Jensen’s inequality (23),
with Σ = Γ2

1, q(x) = 1 and f(x) = H−1(ut(x)g1(ut(x))), we get

λ2ϑ(t)

∫
Γ2
1

g21(ut)dΓ ≤ λ2ϑ(t)

∫
Γ2
1

H−1(utg1(ut))dΓ

≤ λ2ϑ(t)|Γ2
1|H−1

(
1

|Γ2
1|

∫
Γ2
1

utg1(ut)dΓ

)
≤ λ2ϑ(t)|Γ2

1|H−1

(
− E′(t)

µ1|Γ2
1|

)
,

(58)

Substituting (54) and (58) into (52), we find

K′
2(t) ≤ −γ1ϑ(t)E(t) + λ6ϑ(t)H

−1

(
− E′(t)

µ1|Γ2
1|

)
, ∀t ≥ t0,(59)

where

(60) K2(t) = (K(t) + λ3E(t)) ∼ E(t),

and λ6 = λ2|Γ2
1|.

Now, for 0 < ε0 < ε and δ0 > 0, according (59), (18) and (19) we have{
H ′

(
ε0
E(t)

E(0)

)
K2(t) + δ0E(t)

}′

= ε0
E′(t)

E(0)
H ′′

(
ε0
E(t)

E(0)

)
K2(t) +H ′

(
ε0
E(t)

E(0)

)
K′

2(t) + δ0E
′(t)

≤ −γ1ϑ(t)H ′
(
ε0
E(t)

E(0)

)
E(t) + λ6ϑ(t)H

′
(
ε0
E(t)

E(0)

)
×H−1

(
− E′(t)

µ1|Γ2
1|

)
+ δ0E

′(t)

≤ −γ1ϑ(t)H ′
(
ε0
E(t)

E(0)

)
E(t) + λ6ϑ(t)H

∗
(
H ′

(
ε0
E(t)

E(0)

))
− λ6ϑ(t)

µ1|Γ2
1|
E′(t) + δ0E

′(t)

= −γ1ϑ(t)H ′
(
ε0
E(t)

E(0)

)
E(t) + λ6ϑ(t)H

′
(
ε0
E(t)

E(0)

)
ε0
E(t)

E(0)

− λ6ϑ(t)H

(
ε0
E(t)

E(0)

)
− λ6ϑ(t)

µ1|Γ2
1|
E′(t) + δ0E

′(t)

≤ −(γ1E(0)− λ6ε0)ϑ(t)H
′
(
ε0
E(t)

E(0)

)
E(t)

E(0)
+

(
δ0 −

λ6ϑ(0)

µ1|Γ2
1|

)
E′(t).
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Now choose ε0 so small that λ7 := γ1E(0) − λ6ε0 > 0, and let δ0 be large

enough such that δ0 − λ6ϑ(0)
µ1|Γ2

1|
> 0. Hence, we find{

H ′
(
ε0
E(t)

E(0)

)
K2(t) + δ0E(t)

}′
≤ −λ7ϑ(t)H ′

(
ε0
E(t)

E(0)

)
E(t)

E(0)

= −λ7ϑ(t)R
(
ε0
E(t)

E(0)

)
∀t ≥ t0.

(61)

At this point, we consider

K3(t) =

K1(t), if H is linear on [0, ε],

H ′
(
ε0

E(t)
E(0)

)
K2(t) + δ0E(t), if H ′(0) = 0 and H ′′ > 0 on (0, ε].

Then, from (56) and (61), we get

K′
3(t) ≤ −λ8ϑ(t)R

(
ε0
E(t)

E(0)

)
, ∀t ≥ t0.

Since K3(t) ∼ E(t), ∃ξ1, ξ2 > 0 such that

(62) ξ1K3(t) ≤ E(t) ≤ ξ2K3(t).

Introducing the functional

(63) B(t) := ξ1
K3(t)

E(0)
,

we have

(64) B(t) ≤ E(t)

E(0)
< 1.

According (48), (63), (64) and since H is a increasing finction, we find

B′(t) ≤ − ξ1λ8
E(0)

ϑ(t)R
(
E(t)

E(0)

)
≤ −λ9ϑ(t)R

(
E(t)

E(0)

)
.

(65)

By integrating (65) over (t0, t) and using H ′(t) = − 1
R(t) , we have

(66) H(B(t))−H(B(0)) ≥ λ9

∫ t

t0

ϑ(σ)dσ.

Since, H−1 is decreasing functional, we obtain

(67) B(t) ≤ H−1

(
H(B(0)) + λ9

∫ t

t0

ϑ(σ)dσ

)
, ∀t ≥ t0.

Now B(t) ∼ E(t), yields (47). The proof is complete. □
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4. CONCLUSION

The purpose of this work was to study the general decay of solutions for a
viscoelastic wave equations with distributed delay in boundary feedback. This
type of problem is frequently found in some mathematical models in applied
sciences. Especially in the theory of viscoelasticity. In the next work, we try
to add other dampings and terms (Balakrishnan-Taylor damping, dispersion
and Logarithmic terms).
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