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WEAK OPENNESS AND WEAK CONTINUITY
IN IDEAL TOPOLOGICAL SPACES

CHAWALIT BOONPOK

Abstract. Our purpose is to introduce the concepts of weakly x-open func-
tions and weakly x-continuous functions. Moreover, some characterizations of
weakly *-continuous functions and 6(x)-continuous functions are investigated.
In particular, the relationships between weakly *-continuous functions and 6(x)-
continuous functions are established.
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1. INTRODUCTION

In 1984, Rose [21] introduced the notion of weakly open functions. Rose
and Jankovié¢ [23] have defined the notion of weakly closed functions and in-
vestigated some of the fundamental properties of weakly open and weakly
closed functions. Caldas and Navalagi [4] introduced the notions of weakly
semi-open and weakly semi-closed functions as a new generalization of weakly
open and weakly closed functions, respectively. Noiri et al. [I7] introduced
a new class of functions called weakly b-open functions which is a general-
ization of weakly semi-open functions and investigated some characterizations
concerning weakly b-open functions. Ekici [7] introduced the notion of weakly
B R-continuous functions and obtained some characterizations of weakly BR-
continuous functions and the relationships among weakly B R-continuous func-
tions, strongly #-b-continuous functions, weakly clopen functions and the other
related functions. Caldas et al. [3] introduced the concept of weakly B R-closed
functions and investigated some characterizations of weakly BR-closed func-
tions. In 2011, Caldas et al. [2] introduced and studied a new class of functions
by using the notions of b-0-open sets and b-0-closure operator called weakly
BR-open functions. In [I§], the present author introduced a new notion of
weakly M-open functions as functions defined between sets satisfying some
minimal conditions and obtained some characterizations of such functions.

The concept of weak continuity due to Levine [16] is one of the most impor-
tant weak forms of continuity in topological spaces. Rose [22] has introduced
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the notion of subweakly continuous functions and investigated the relation-
ships between subweak continuity and weak continuity. Ekici et al. []] estab-
lished a new class of functions called A-continuous functions which is weaker
than A-continuous functions and investigated some fundamental properties of
weakly A-continuous functions. Popa and Noiri [19] introduced the notion of
weakly (7, m)-continuous functions as functions from a topological space into
a set satisfying some minimal conditions and investigated several character-
izations of such functions. Moreover, the present author [20] introduced the
concept of weakly M-continuous functions as functions from a set satisfying
some minimal conditions into a set satisfying some minimal conditions and
investigated some characterizations of weakly M-continuous functions. The
notion of ideals in topological spaces has been studied by Kuratowski [15] and
Vaidyanathaswamy [24]. Jankovi¢ and Hamlett [14] investigated further prop-
erties of ideal topological spaces. Hatir and Noiri [I3] have introduced the
notion of semi-.#-open sets to obtain decomposition of continuity. In [I0], the
present author introduced the notions of weakly semi-.#-open sets and weakly
semi-.#-continuous functions.

The paper is organized as follows. In Section [3|, we introduce and study
the notion of weakly x-open functions. Section 4] is devoted to introducing
and studying weakly *-continuous functions and 6(x)-continuous functions.
Moreover, the relationships between weakly x-continuous functions and 6(x)-
continuous functions are discussed.

2. PRELIMINARIES

Throughout the present paper, spaces (X, 7) and (Y, o) (or simply X and
Y') always mean topological spaces on which no separation axioms are assumed
unless explicitly stated.

In a topological space (X, ), the closure and the interior of any subset A
of X will denoted by CI(A) and Int(A), respectively.

An ideal .# on a topological space (X, 7) is a nonempty collection of subsets
of X satisfying the following properties:

(1) Ae # and BC Aimply B € .9;
(2) Ae # and B € . imply AUB € 7.

A topological space (X, 7) with an ideal .# on X is called an ideal topological
space and is denoted by (X, 7,.#). For an ideal topological space (X,,.#)
and a subset A of X, A*(.¥) is defined as follows:

A (I)={x e X |UNA ¢ .# for every open neighbourhood U of z}.

In case there is no chance for confusion, A*(.#) is simply written as A*.

In [15], A* is called the local function of A with respect to .# and 7 and
CI*(A) = A*U A defines a Kuratowski closure operator for a topology 7*(.%).
For any ideal topological space (X, 7,.#), there exists a topology 7*(.#) finer
than 7, generated by Z(#,7) ={U — Iy | U € 7 and Iy € £}, but in general
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PB(S,T) is not always a topology [14]. A subset A is said to be *-closed [14]
if A* C A. The complement of a x-closed set is called x-open. The interior of
a subset A in (X, 7%(.#)) is denoted by Int*(A).

DEFINITION 2.1 ([25]). Let A be a subset of an ideal topological space
(X,7,.7). A point x € X is called a 0-.%-cluster point of A if CI*(U)N A # ()
for every U € 7 containing x. The set of all §-.#-cluster points of A is called
the 6-%-closure of A and is denoted by Clg,(A). A point x € X is called a
0-.7 -interior point of A if CI*(U) C A for some U € 7 containing x. The set
of all #-.7-interior points of A is called the 6-.#-interior of A and is denoted
by Inth(A).

LEMMA 2.2. For subsets A and B of an ideal topological space (X, T,.7),
the following properties hold:
(1) Clp,(Clg,(A)) = Clg,(A).
(2) If A C B, then Cly,(A) C Cly,(B).
(3) Clp(X — A) = X — Inty,(A).
(4) Inth(X —A)=X - Clgl(A).

DEFINITION 2.3. Let A be a subset of an ideal topological space (X, 7,.7).
A point z € X is called

(i) a O-x-cluster point of A if Cl({U) N A # () for every %-open set U
containing x,

(ii) a @-x-interior point of A if Cl(U) C A for some x-open set U containing
x.

The set of all f-x-cluster points of A is called the 6-x-closure of A and
is denoted by xCly(A4). If A = xClyg(A), then A is called @-x-closed. The
complement of a f-x-closed set is said to be O-x-open. The set of all O-x-
interior points of A is called the §-x-interior of A and is denoted by *Inty(A).

LEMMA 2.4. For a subset A of an ideal topological space (X,T,.7), the
following properties are hold:
(1) If A is open, then CI*(A) = *Clg(A).
(2) *Clp(A) is *-closed.

Proof. (1) In general, CI*(A) C xCly(A) holds. Suppose that x ¢ CI*(A).
Then, there exists a x-open set U containing = such that ANU = ; hence
ANCI(U) = () since A is open. Thus, z & xClyg(A) and hence xClg(A) C CI*(A).
This shows that C1*(A4) = xClg(A).

(2) Let € X —xCly(A). Then = & xCly(A). There exists a x-open set U,
containing = such that Cl(U;) N A = (). Thus, xCly(A) N U, = ) and hence
r € U, € X —xCly(A). Thus, X —+Clg(A) = Upex—sciy(a)Us is *-open. This
shows that xClg(A) is *-closed. O
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3. CHARACTERIZATIONS OF WEAKLY x-OPEN FUNCTIONS

In this section, we introduce the concept of weakly x-open functions and
investigate some characterizations of weakly x-open functions.

DEFINITION 3.1. A function f : (X, 7,#) — (Y,0, #) is said to be weakly
*-open if f(U) C Int*(f(CI*(U))) for each U € 7.

THEOREM 3.2. For a function f : (X,7,.7) = (Y,0, %), the following
properties are equivalent:

(1) f is weakly x-open;

(2) f(Intg,(A)) C Int*(f(A)) for every subset A of X;

(3) Intgz( YB)) C f- (Int*(B)) for every subset B of Y ;

(4) f~YCI(B)) C Clg,(f~Y(B)) for every subset B of Y ;

(5) for each x € X and each open set U of X containing x, there exists
an open set V of Y containing f(x) such that V C f(C'l*( ).

Proof. (1) = (2): Let A be any subset of X and x € Intg,(A). Then, there
exists U € 7 such that x € U C CI*(U) C A and hence f(x) € f(U) C
f(CI*(U)) € f(A). Since f is weakly %-open, f(U) C Int*(f(CI*(U))) C
Int*(f(A)) and = € f~ (Int*(f(A))). Thus, Intg,(A) C f~ (Int*(f(A))) and

[(Inte,(4)) C Tnt*(f(4)).

(2) = (3) Let B be any subset of Y. By (2), we have f(Intg,(f~1(B))) C
Int*(f(f~1(B))) C Int*(B). Thus, Inte,(f~1(B)) C f~1(Int*(B)).
):

(3) = (4): Let B be any subset of Y. By (3),
X = Clg,(f1(B)) = Intg,(X — f71(B))
= Intg,(f (Y — B))
C (It (Y — B))
= f7H(Y - CI"(B)) = X — fH(CI*(B))
and hence f~1(CI*(B)) C Clg,(f~1(B)).
(4) = (5): Let z € X and U € 7 containing x. By (4), we have
FHEr(Y - CI*(U))) € Clo,(f (Y = CI*(U))).
Since f~HCI*(Y — CI*(U))) = X — f~1(Int*(f(C1*(U)))) and
Clo,(f7(Y = f(CI*(U)))) = Clau(X — fH(F(CL(U))))
C Clo (X — CF ()
= X — Intg,(CI*(U)) € X — U,

X — f~HInt*(f(CI*(U)))) € X —U. Thus, U C f~'(Int*(f(CI*(U)))) and
hence f(U) C Int*(f(CI*(U))). Since f(z) € Int*(f(CI*(U))), there exists a
*-open set V of Y such that f(z) € V C f(CI*(U)).

3
4
)
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(5) = (1): Let U € 7 and « € U. By (5), there exists a x-open set V of YV’
containing f(z) such that V' C f(C1*(U)). Hence, we have

f(x) e V C Int™(f(CT"(V)))

for each x € U. Consequently, we obtain f(U) C Int*(f(C1*(U))). This shows
that f is weakly %x-open. O

DEFINITION 3.3 ([6]). A subset A of an ideal topological space (X, 7,.7) is
said to be x-dense if CI*(4) = X.

DEFINITION 3.4 ([9]). An ideal topological space (X,7,.#) is said to be
*-hyperconnected if V' is x-dense for every nonempty open set V of X.

THEOREM 3.5. Let (X, 7,.%) be a x-hyperconnected space. Then a function
(X, 1,7) = (Y,0, 7) is weakly x-open if and only if f(X) is x-open in
Y,0, 7).

Proof. Let f be weakly x-open. Since X € 7, f(X) C Int*(f(CI*(X))) =
Int*(f(X)) and hence f(X) C Int*(f(X)). Thus, f(X) is x-open in (Y, 0, 7).

Conversely, suppose that f(X) is x-open in (Y,0, #). Let U € 7. Then
fU) C f(X) = Int*(f(X)) = Int*(f(CI*(U))). Consequently, we obtain
f(U) CInt*(f(CI*(U))). This shows that f is weakly x-open. O

4. ON WEAKLY x-CONTINUOUS FUNCTIONS

In this section, we introduce the concepts of weakly x-continuous functions
and 6(x)-continuous functions. Some characterizations of weakly *-continuous
functions and 6(x)-continuous functions are investigated. Moreover, the re-
lationships between weakly x-continuous functions and 6(*)-continuous func-
tions are discussed.

DEFINITION 4.1. A function f: (X, 7,%) — (Y,0, ) is said to be weakly
*-continuous at © € X if for each x-open set V' of Y containing f(x), there
exists a x-open set U of X containing x such that f(U) C CI(V). A function
(X, 7,7) = (Y,0, 7) is said to be weakly x-continuous if it has that
property at each point z € X.

THEOREM 4.2. A function f : (X, 7,.9) = (Y, 0, #) is weakly x-continuous
at € X if and only if for each x-open set V of Y containing f(x), x €
Int“(f~1(CUV))).

Proof. Let f be weakly x-continuous at € X and V' be any x-open set of Y’
containing f(z). Then, there exists a x-open set U of X containing = such that
f(U) C CV). Thus, z € U C f~H(CI(V)) and hence = € Int*(f~1(CI(V))).

Conversely, let € X and V be any *-open set of Y containing f(z). By
the hypothesis, we have x € Int*(f~1(C1(V))). There exists a x-open set U of
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X such that x € U C f~1(CI(V)); hence f(U) C CI(V). This shows that f is
weakly *-continuous at x. U

THEOREM 4.3. A function f : (X, 7,.9) = (Y, 0, #) is weakly x-continuous
if and only if f=1(V) C Int*(f~1(CIV))) for every x-open set V of Y.

Proof. Let V be any *-open set of Y and z € f~1(V). Then f(z) € V.
Since f is weakly %-continuous at x, by Theorem r € Int*(f~H(CL(V)))
and hence f~1(V) C Int*(f~1(C1(V))).

Conversely, let x € X and V be any x-open set of Y containing f(x).
Then z € f~1(V) C Int*(f~1(CL(V))) and hence z € Int*(f~1(C1(V))). By
Theorem f is weakly *-continuous at z. This shows that f is weakly
*-continuous. ]

THEOREM 4.4. For a function f : (X,7,.%) = (Y,0, %), the following
properties are equivalent:

(1) f is weakly x-continuous;

(2) f(CI'(A)) CxCly(f(A)) for every subset A of X ;
(3) CI*(f~%(B)) C f~1(xCly(B)) for every subset B of Y ;
(4) CF(f~1(V)) C f=YCPF(V)) for every open set V of Y.

Proof. (1) = (2): Let A be any subset of X. Suppose that x € CI*(A) and
G be any x-open set of Y containing f(x). Since f is weakly x-continuous,
there exists a x-open set U of X containing = such that f(U) C Cl(G). Since
x € CI*(A), we have UNA # (. It follows that ) # f(U)Nf(A) C CL({G)Nf(A).
Thus, CI(G) N f(A) # 0 and f(z) € x*Clg(f(A)). This shows that f(CI*(A)) C

*Cly(f(A4)).
(2) = (3): Let B be any subset of Y. By (2),
F(Cr(F71(B))) € *Clg(f(f~1(B))) S *Cly(B)
and hence CI*(f~1(B)) C f~1(xCly(B)).

(3) = (4): Let V be any open set of Y. By Lemma[2.4] CI*(V) = xCly(V').
Thus, the proof is obvious.

(4) = (1): Let z € X and V be any *-open set of Y containing f(z). Since
VN —-ClV)) =0,

f(z) ¢ CI*(Y — CI(V)) and hence z ¢ f~1(CI*(Y — CI(V))). By (4), we

have z ¢ CI*(f~1(Y — CI(V))). Therefore, there exists a x-open set U of X

containing x such that UN f~1(Y —C1(V)) = (); hence f(U)N(Y —CL(V)) = 0.
This implies that f(U) C Cl(V). Thus, f is weakly *-continuous. O
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THEOREM 4.5. For a function f : (X,7,.7) — (Y,0, %), the following
properties are equivalent:

(1) f is weakly x-continuous;

2) f~XV ) C Int*(f~Y(CUV))) for every x-open set V of Y ;

(3) CI*(f~Y(Int(F))) C f~Y(F) for every x-closed set F of Y ;

(4) C ( YInt(CI*(B)))) C f~Y(CI*(B)) for every subset B of Y ;
(5) f~Y(Int*(B)) C Int*(f~1(Cl(Int*(B)))) for every subset B of Y.

Proof. (1) = (2): This follows from Theorem
(2) = (3): Let F be any *-closed set of Y. Then Y — F is x-open in Y and
by (2),
X = fUF) = f71Y = F) C Int* (f74(CL(Y — F))
= Int*(f (Y — Int(F)))
= X — CI*(f 1 (Int(F))).
Thus, CI*(f~1(Int(F))) C f~1(F).
(3) = (4): Let B be any subset of Y. Since CI*(B) is x-closed and by (3),
CI* (F~1(Im(C1*(B)))) € f~1(CI*(B)).

(4) = (5): Let B be any subset of Y. By (4),
7 (It (B)) = X — fL(CI(Y — B))
C X — CI*(f HInt(CI*(Y — B))))
= Int*(f~1(Cl(Int*(B)))).
Thus, we get the result.

(5) = (1): Let V be any x-open set of Y. By (5), we have f~1(V) =
7 Int* (V) C Int*(f~1(Cl(Int*(V)))) = Int*(f~1(C1(V))). Thus, by Theo-
rem f is weakly x-continuous. O

DEFINITION 4.6. A subset A of an ideal topological space (X, 1,.7) is said
to be:

(1) Z-R closed [1] if A= CI*(Int(A));

(2) pre-#-open [5] if A C Int(CI*(A));

(3) semi-#-open [12] if A C CI*(Int(A));

(4) strong -7 -open [11] if A C CI*(Int(CI*(A))).

THEOREM 4.7. For a function f : (X,7,.7) — (Y,0, %), the following
properties are equivalent:

(1) f is weakly *-continuous;

(2) Cr(f~Y(Int(F))) C f~YF) for every #-R closed set F of Y ;
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(3) g[*(}f;/l(lnt(Cl*(V)))) C f7H(CI(V)) for every strong B- 7 -open set
(4) }C/’[*(f_f(lnt( Clr(V)))) C 7Y CI(V)) for every semi- 7 -open set V of

Proof. (1) = (2): Let F be any _Z-R closed set of Y. Then Int(F) is
open, by Theorem CI*(f~'(Int(F))) C f~1(CI*(Int(F))). Since F is #-
R closed, we have CI*(f~!(Int(F))) C f~1(F).

(2) = (3): Let V be any strong (-_#-open set of Y. Then CI*(V) =
CI*(Int(CI*(V))) and hence CI*(V') is _#-R closed. By (2),

CI*(f 7 (Int(CI*(V)))) € F7H(CI*(V)).

(3) = (4): The proof is obvious.

(4) = (1): Let V be any open set of Y. Then V is strong B-_#-open and
by (4), we have CI*(f~1(V)) C CI*(f~(Int(C1*(V)))) € f~1(CI*(V)). Hence,
by Theorem f is weakly *-continuous. O

THEOREM 4.8. For a function f : (X,7,.7) — (Y,0, %), the following
properties are equivalent:

(1) f is weakly x-continuous;

(2) CF(f~Y(Int(Cl(V)))) C f~HCI(V)) for every pre-_# -open set V of

Y;
(3) CIr(f~Y(V)) C f~YCI(V)) for every pre-_Z -open set V of Y ;
(4) CI*(f~Y(V)) C f~Y(CPF(V)) for every open set V of Y.

Proof. (1) = (2): Let V be any pre-_#-open set of Y. Then CI*(V) =
CI*(Int(CI*(V))) and hence CI*(V') is _#-R closed. By Theorem

Cr(f = (Int(CI*(V)))) € F7H(CI*(V)).

(2) = (3): Let V' be any pre-_#-open set of Y. Then V C Int(CI*(V)) and
by (2), CI(f~1(V) € CIF(f 1 (Tnt(CI*(V))) € 1 (CI*(V).

(3) = (4): The proof is obvious.

(4) = (1): It follows from Theorem O

DEFINITION 4.9. An ideal topological space (X, 7,.7) is called x-Hausdorff
(resp. *-Urysohn) if for each distinct points x,y € X, there exist x-open

sets U and V containing z and y, respectively, such that U NV = § (resp.
CI(U) N CLV) = 0).

THEOREM 4.10. If f : (X,7,.%) — (Y,0, 7) is a weakly x-continuous
injection and (Y, o0, 7) is x-Urysohn, then (X, 1,.7) is x-Hausdorff.
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Proof. Let z,y be any distinct points of X. Then f(z) # f(y). Since
(Y,0, _7) is »-Urysohn, there exist x-open sets U and V of Y containing f(x)
and f(y), respectively, such that CI(U) N CI(V) = (). Since f is weakly *-
continuous, there exist x-open sets G and W of X containing x and y, re-
spectively, such that f(G) C Cl(U) and f(W) C CI(V). This implies that
GNW = 0. Thus, (X,7,.#) is x-Hausdorff. O

DEFINITION 4.11. A subset K of an ideal topological space (X,7,.#) is
said to be .# (x)-closed (resp. x-compact) relative to (X, T, .#) if for each cover
{V, | v € T'} of K by %-open sets of X, there exists finite subset Iy of T
such that K C U{CI(V;) | v € To} (resp. K C U{V, | v € T'}). If X is
J (x)-closed (resp. *-compact) relative to (X, 7,.#), then (X,7,.#) is said to
be .7 (x)-closed (resp. x-compact).

THEOREM 4.12. If f : (X,7,.7) — (Y,0, #) is a weakly *-continuous
function and K is x-compact relative to (X, 1,.%), then f(K) is ¥ (x)-closed
relative to (Y,o, 7).

Proof. Let K be %-compact relative to (X,7,.#). Let {V, | v € '} be
any cover of f(K) by x-open sets of (Y,0, #). For each z € K, there exists
v(w) € I' such that f(x) € V(). Since f is weakly x-continuous, there exists
a x-open set U(x) containing z such that f(U(z)) € CI(V,(,)). The family
{U(z) | v € K} is a cover of K by x-open sets of X. Since K is x-compact
relative to (X, 7, .#), there exist a finite number of points, say, z1,x2, ..., Tp in
K such that K CU{U(zy) | 21 € K,1 < k <n}. Thus,

FE) CU{f(U(xr)) | 2 € K1 <k <n}
- U{Cl(v'y(xk)) | rp e K,1<k< n}
This shows that f(K) is # (%)-closed relative to (Y, o, #). O

CoroLLARY 4.13. If f : (X,7,.7) — (Y,0, %) is a weakly %-continuous
surjection and (X, 7,.7) is x-compact, then (Y,o, ) is ¥ (x)-closed.

DEFINITION 4.14. A function f: (X, 7, ) — (Y,0, ) is said to be 0(x)-
continuous at x € X if for each x-open set V of Y containing f(z), there exists
a x-open set U of X containing x such that f(CL({U)) C CI(V). A function
(X, 1,7) = (Y,0, 7) is said to be 0(x)-continuous if it has that property
at each point z € X.

REMARK 4.15. For a function f : (X,7,.#) — (Y,0, _#), the following
implication holds:

6 (*)-continuity = weak *-continuity.
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The converse of the implication is not true in general. We give an example
for the implication as follows.

EXAMPLE 4.16. Let X = {a,b,c} with a topology 7 = {0, {a}, X} and an
ideal .# = {0, {b}}. Let Y = {1,2,3} with a topology

0= {®7 {1}7 {2}7 {17 2}7 Y}
and an ideal ¢ = {0}. A function f : (X,7,.) — (Y,0, _7) is defined as
follows: f(a) =1 and f(b) = f(c) = 3. Then f is weakly *-continuous but f

is not 6(x)-continuous.

THEOREM 4.17. A function f : (X,1,7) — (Y,0, #) is 0(x)-continuous
at x € X if and only if for each x-open set V of Y containing f(x), x €
*Intg(f~1(CUV))).

Proof. Let f be 6(%)-continuous at € X and V be any *-open set of Y
containing f(x). Then, there exists a x-open set U of X containing x such
that f(CL(U )) C CI(V). Thus, z € U C Cl(U) C f~1(CL(V)) and hence
x € *Inty(f~L(CL(V))).

Conversely, let V' be any *-open set of Y containing f(x). Then, by the
hypothesis we have z € xIntg(f~1(C1(V))). There exists a x-open set U of X
such that z € U C CL(U) C f~1(CL(V)); hence f(CL(U)) C CI(V). This shows
that f is 6(%)-continuous at x € X. O

THEOREM 4.18. A function f : (X, 7,.7) = (Y,0, #) is 0(x)-continuous if
and only if =1 (V) C xInty(f~1(CUV))) for every x-open set V of Y.

Proof. Let V be any x-open set of Y and x € f~1(V). Then f(x) € V. Since
f is O(x)-continuous at z, by Theorem we have x € xInty(f~1(CL(V)))
and hence f~1(V) C xInty(f~H(CL(V))).

Conversely, let x € X and V be any *-open set of Y containing f(z). Then
x € f7HV) C «Intg(f~1(C1(V))) and hence x € xInty(f~(C1(V))). Thus, by
Theorem f is 6(%)-continuous. O

THEOREM 4.19. For a function f : (X,7,.%) = (Y,0, ¢), the following
properties are equivalent:
(1) f is O(%)-continuous;
(2) f(xCly(A)) CxCly(f(A)) for every subset A of X;
(3) xClp(f~Y(B)) C f~1(xClp(B)) for every subset B of Y.

Proof. (1) = (2): Let A be any subset of X. Let z € xClp(A) and G
be any x-open set of Y containing f(z). Since f is 6(%)-continuous, there
exists a x-open set U of X containing x such that f(Cl(U)) C CI(G). Since
z € xCly(A), we have CL({U) N A # 0. Tt follows that O # f(CLU)) N f(A) C
CI(G) N f(A). Hence, CI(G) N f(A) # 0 and f(x) € *Clg(f(A)). This shows
that f(xClg(A)) C *Clp(f(A)).
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( )= (3 ) Let B be any subset of Y. By (2 ) we have f(xClg(f~1(B))) C
«Cly(F(/~(B))) C #Clo(B) and hence xCly(f~ (B)) C [~ (xClg(B).

(3) = (1): Let x € X and V be any x-open set of Y containing f(x). Since
Cl(V)n (Y —ClV)) =10,

f(z) & xCly(Y — CI(V)) and hence z ¢ f~1(xCly(Y — CI(V))). By (3), we
have x & xCla(f~1(Y — CI(V))). There exists a x-open set U of X containing
x such that CI(U) N f~1(Y — CI(V)) = 0); hence f(CL(U))N (Y — CLV)) = 0.
This shows that f(ClL(U)) C CI(V). Thus, f is 6(*)-continuous. O

THEOREM 4.20. A function f : (X, 7,.7) = (Y,0, #) is 0(x)-continuous if
and only if xClg(f~1(V)) C f~1(xClg(V)) for every x-open set V of Y.

Proof. This is obvious from Theorem [4.19
Conversely, let V' be any *-open set of Y containing f(z). Since

CI*(V) N (Y — CIX(V)) = 0,

f(z) € «Clp(Y — CI*(V)) and hence z ¢ f~1(xClp(Y — CI*(V))). By the
hypothesis, & xClg(f~1(Y — CI*(V))) and there exists a x-open set U of
X containing x such that CI(U) N f~1(Y — CI*(V)) = 0. This shows that
f(CIU)) C CI*(V) C CI(V). Therefore, f is (*)-continuous. O

THEOREM 4.21. If (X, 7,.#) is an ideal topological space and for any distinct
points x1,x2 € X, there exists a function f: (X, 7,.9) — (Y,0, #) such that
(1) (Y,0, _7) is x-Urysohn,

(2) fz1) # f(22) and
(3) f is 0(%)-continuous at x1 and xa, then (X, T,.%) is x-Urysohn.

Proof. Let x1, x5 be any distinct points of X. Then, by the hypothesis there
exists a function f : (X, 7,.#) = (Y, 0, #) which satisfies the three conditions.
Now let y; = f(z;) for i = 1,2. Then y; # yo.

Since (Y, 0, _#) is »-Urysohn, there exist x-open sets Vj,i = 1,2 such that
y; € Vi and C1(Vq) N Cl(Va) = . Since f is §(*)-continuous at x;, there exists
a x-open set U; containing = such that f(Cl(U;)) € CI(V;) for ¢ = 1,2. This
implies that C1(U;) N Cl(Uz) = 0. Thus, (X, 7,.#) is »-Urysohn. O

COROLLARY 4.22. If f: (X, 7,.7) — (Y,0, #) is a 0(x)-continuous injec-
tion and (Y,o, #) is x-Urysohn, (X, 7,.7) is %-Urysohn.

DEFINITION 4.23. A function f : (X,7,.#) — (Y,0, #) is said to have a
strongly 6(x)-closed graph if for each (x,y) € (X xY) — G(f), there exist a
*-open set U of X containing x and a x-open set V of Y containing y such

that [CL(U) x CL(V)|NG(f) = 0.
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LEMMA 4.24. A function f : (X,7,.7) = (Y,0, 7) has a strongly 0(x)-
closed graph if and only if for each (z,y) € (X xY) — G(f), there exist a
x-open set U of X containing x and a x-open set V of Y containing y such

that f(CIU)) N CUV) = 0.

THEOREM 4.25. If f : (X, 7,.7) = (Y,0, _#) is a 0(x)-continuous function
and (Y,0, _7) is x-Urysohn, then G(f) is strongly 6(x)-closed.

Proof. Suppose that (z,y) € (X xY) — G(f). Then y # f(x). Since
(Y,o0, #) is »-Urysohn, there exist x-open sets V' and W of Y containing y
and f(z), respectively, such that C1(V) N Cl(IW) = 0.

Since f is 0(*)-continuous, there exists a x-open set U of X containing x
such that f(CL(U)) C CI(W). This implies that f(CL({U))NCL(V) = () and by
Lemma [4.24] G(f) is strongly 6(*)-closed. O

THEOREM 4.26. If f : (X, 7,.7) = (Y,0, _#) is an injective O(x)-continuous
function with a strongly 6(x)-closed graph, then (X, 1,.%) is x-Urysohn.

Proof. Let z and y be any distinct points of X. Then, since f is injective,
we have f(z) # f(y). Thus, (z, f(y)) € (X xY)—G(f). Since G(f) is strongly
0(x)-closed, by Lemma there exist a x-open set U of X containing = and
a x-open set V of Y containing f(y) such that f(Cl(U)) N CLV) = 0.

Since f is O(x)-continuous, there exists a x-open set W of X containing y
such that f(Cl(W)) C CI(V). Therefore, we have f(CL{U))N f(CI(W)) =0
and hence Cl(U) N CL(W) = (). This shows that (X, 7,.#) is x-Urysohn. [
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