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ON A SECOND-ORDER DIFFERENTIAL INCLUSION WITH
CERTAIN INTEGRAL AND MULTI-STRIP BOUNDARY
CONDITIONS

AURELIAN CERNEA

Abstract. We study a second-order differential inclusion with integral and
multi-strip boundary conditions defined by a set-valued map with nonconvex
values. We obtain an existence result and we prove the arcwise connectedness
of the solution set of the considered problem.
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1. INTRODUCTION

This paper is concerned with the following problem
1) 2(t) € F(t,a(t) ae. ([0,1]),

1 m nj 1
/ z(s)ds =) 7 / z(s)ds + ¢, / 7'(s)ds
0 13 0

n;
= ,oj/ 2'(s)ds + ca,
J &

where F' : [0,1] x R — P(R) is a set-valued map, 0 < & < m < & < 12 <
o <&m <M <1,75,p; >0,i=1,mand ¢1,c2 € R.

In a recent paper [1], it is studied the problem (1)-(2) and several existence
results are provided for this problem, when the right-hand side of (1) is single-
valued and multi-valued. In the case of differential inclusions, the results in [1]
are obtained using a nonlinear alternative of Leray Schauder type and some
suitable theorems of fixed point theory.

The aim of our paper is to continue the study [1] in the case when the set-
valued map F'(.,.) has nonconvex values. The main hypothesis in our approach
is that F'(.,.) is Lipschitz in the second variable. Our goal is twofold. On one
hand, we show that Filippov’s ideas ([5]) can be suitably adapted in order
to obtain the existence of solutions for problem (1)-(1). We recall that for a
differential inclusion defined by a Lipschitzian set-valued map with nonconvex
values, Filippov’s theorem ([5]) consists in proving the existence of a solution

(2)

= 11

—
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2 A second-order differential inclusion 223

starting from a given almost solution. Moreover, the result provides an esti-
mate between the starting almost solution and the solution of the differential
inclusion.

On the other hand, following the approach in [8], we prove the arcwise
connectedness of the solution set of problem (1)-(2). The proof is based on a
result (see [7, 8]) concerning the arcwise connectedness of the fixed point set
of a class of set-valued contractions.

Motivation and examples for problem (1)-(2) may be found in [1] and the
references therein. We also note that such kind of results exist in the literature
(see e.g. [3, 4] etc.), but their presentation in the framework of problem (1)-(2)
is new.

The paper is organized as follows: in Section 2 we recall some preliminary
facts that we need in the sequel, Section 3 is devoted to the existence theorem
and in Section 4 we obtain the arcwise connectedness of the solution set.

2. PRELIMINARIES

In what follows we denote by I the interval [0,1], C(I,R) is the Ba-
nach space of all continuous functions from I to R with the norm ||z||¢c =
sup,e; |z(t)| and L'(I,R) is the Banach space of integrable functions wu(.) :
I — R endowed with the norm ||ul|; = fOT |u(t)|dt. The characteristic func-
tion of the set C it is denoted by xc(.) and if a = (ar,a2) € R? we put
llal| = |a1] + |az].

Let (X, d) be a metric space. We recall that the Pompeiu-Hausdorff distance
of the closed subsets A, B C X is defined by

D(A, B) = max{d"(4, B),d"(B,A)}, d*(A,B)=sup{d(a,B);ac A},
where d(x, B) = inf cp d(z,y).

Consider a set-valued map 7" on X with nonempty values in X. 7' is said
to be a A-contraction if there exists 0 < A < 1 such that

du(T(x),T(y)) < Ad(z,y) Va,y € X.

A function z € C2(I,R) is called a solution of problem (1)-(2) if there exists
a function f € LY(I,R) with f(t) € F(t,z(t)), a.e. (I) such that 2" (t) = f(¢t)
a.e. (I) and conditions (2) are satisfied.

In what follows we need the following technical lemma proved in [1].

LEMMA 2.1. Assume that [1 =37, v;(n; — &)1 = X7, pi(nj — &)1 # 0.
For a given integrable function f(.) : [0,T] — R, the unique solution of the
dz’ﬁerentz’al equation x”(t) = f(t) with boundary conditions (2) is given by
3) fo (t—s) ds + a1a2 fo (2a(t) +ai1(t —s))(1 —s)f(s)ds+
aicy + azcy + Z]: " Jolpjalt) + %al(s — u)] f(u)duds],

where a(t) = ast — as, alzl—Z] 1 — &), 0221—2j 1505 — &)
and az = 5 — 53501 v ((0)* = (§5)%)-
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REMARK 2.2. For ¢ = (c1,¢) € R? we set P.(t) = 2i4 20— %2 and

aja2 Cc1

we denote G(t s) Gi(t,s)+G(t,s)+G(t,s), where Gl(t s) (t—3)X[0,4(5),
Galt, 5) = — 52 (2a(t) + ar (¢ — ))(1—5) and Ga(t, 5) = =2 S [a(t)py((n,

)
. ((mj—s)? (-9 th
—8)X[0,;1(8) — (& — $)X[0.¢;)(8)) + @17 (5 X[0,1,] (8) 5 X[0,¢;](5))] then
the solution in (3) may be written as

1
+ /0 G(t,s)f(s)ds

Moreover, |G1(t,s)] <t < 1Vt,s € I, |Ga(t,s)| < m(2(|a2| + |as]) +
jarl) =2 Mz Vt,s € I, |Gs(t,)] < o i [ps(laz] + las])(Ing| + 1&1) +
’yj]all(%? + g)] =: M3 Vt,s € I, and therefore,

|G(t,s)] <1+ Mg+ Mz =M Vt,scl.

3. A FILIPPOV TYPE EXISTENCE RESULT

First we recall a selection result ([2]) which is a version of the celebrated
Kuratowski and Ryll-Nardzewski selection theorem ([6]).

LEMMA 3.1. Consider X a separable Banach space, B is the closed unit ball
in X, H:I — P(X) is a set-valued map with nonempty closed values and
g:1— X,L:I— Ry are measurable functions. If

Ht)N(gt)+ L(t)B) #0 a.e.(I),
then the set-valued map t — H(t) N (g(t) + L(t)B) has a measurable selection.
Hypothesis H1. i) F' : I x R — P(R) has nonempty closed values and
for every x € R F(.,z) is measurable.

ii) There exists L € L'(I,R) such that for almost all t € I, F(t,.) is L(t)-
Lipschitz in the sense that

D(F(t,2), F(t,y)) < L(®s —y| ¥ 2,y €R.
THEOREM 3.2. Assume that Hypothesis H1 is satisfied, assume that M||L||1
<1 andlety € C*(I,R) be such that there exists q(.) € L*(I,R) with d(y"(t),
F(t,y(t))) < q(t) a.e. (I). Denote ¢; = fol y(s)ds — >0, f€ s)ds, ¢y =
Jo ¥/(s)ds = 37 pj [ o/ (s)ds.
Then there ezists z(.) : I — R a solution of problem (1)-(2) satisfying for
allt eI

2(t) — y(t)] < sup [Pult) — Pa(t)] + —2F

1
S —|l1q]|1-
TS VAT Tz, 1

Proof. The set-valued map t— F( y(t)) is measurable with closed values
and the hypothesis that d(y”(t), F(t,y(t))) < q(t) a.e. (I) is equivalent to

Pty®) n{y"(t) +q@)[-L1]} #0  a.e (I).
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Therefore, we can apply Lemma 2 in order to deduce that there exists a
measurable selection fi(t) € F(t,y(t)) a.e. (I) such that

(4) |fi(t ) Y <q(t) ae. ()
Define z1(t) = P.(t) + fo s)f1(s)ds and one has
|1(t) — (t)l = |P( Pe(t) + Jo G(t,9)(fi(s) — y"(s))ds| <

| Pe(t) — t\+fo|GtSIQ( )dSSIP() Pe(t)] + Mgl

Our statement is that it is enough to construct the sequences z,(.) €
C(I,R), fu(.) € LY(I,R), n > 1 with the properties

1
(5) xn(t) = Pe(t) +/0 G(t,s)fn(s)ds, tel,
(6) fu(t) € F(t,zp_1(t)) ae.(I), n>1,
(7) |frt1(t) = fu(t)] < L(E)|zn(t) — 2n-a1(t)] ae (I),n > 1.

If this procedure is done, then from (4)-(7) we have for almost all ¢t € T

1
[Zng1(t) —2n(t)] < /0 |G, )] g1 (tr) — frltr)|dEy
1 1 1
S M/ L(t1)|$n(t1) - .’L’nfl(tl)|dt1 S M/ L(tl)/ |G(t1,t2)|.
0 0 0
1 1
|fn(te) = fa—1(t2)|dts < M2/ L(tl)/ L(t2)|zn-1(t2) — zn—2(t2)|dt2dts
0 0
1 1 1
<0 [ [ Dt [ Ll t) - ylta)ldt .
0 0 0
< (M||L|\1)"(Stl€111) | Pe(t) — Pe(t)| + Mllql]1).
Thus, {zn(.) tnen is a Cauchy sequence in the Banach space C(I,R), hence
converging uniformly to some z(.) € C(I,R). Therefore, by (7), for almost all
t € I, the sequence {f,(t)}nen is Cauchy in R. Denote by f be the pointwise

limit of fi,.
At the same time, we have

|20 (8) = y(B)] < |22 (t) =y ()] + Z i1 () — i (t)]

<sup |Fe(t) — Pe(t)] + Mlql[x

+ Y (sup| Pel(t) — Pe(t)] + M[lql|1) (M]|L|)’

supser | Pe(t) — Pe(t)| + Mllgllx
1= M]|L|lx
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On the other hand, from (4), (7) and (8) we obtain for almost all t € T

n—1
Fal)) =y O < S firr(8) = )] + A1) — (1))
i=1

supger [Pe(t) — Pe(t)| + Mlqlh
1= M[[L||x

< L(t) +q(t).

Hence the sequence f,, is integrably bounded and therefore f € L'(I,R).

With Lebesque’s dominated convergence theorem we may take the limit in
(5), (6) and we find that z(.) is a solution of (1). Finally, passing to the limit
in (8) we obtained the desired estimate on x(.).

In order to finish the proof it remains to construct the sequences x,,(.), fn(.)
with the properties in (5)-(7). The construction will be done by reccurence.

Since the first step is already realized, assume that for some N > 1 we
already constructed z,(.) € C(I,R) and f,(.) € L'(I,R),n = 1,2, ...N satis-
fying (5),(7) forn =1,2,...N and (6) for n = 1,2,...N —1. The set-valued map
t — F(t,zn(t)) is measurable. Moreover, the map ¢ — L(t)|zn(t) — zn—1(¢)]
is measurable. By the lipschitzianity of F(¢,.) we have that for almost all ¢ € T

F(t,zn(t) N{fn @) + L) |on (t) —2n-1(8)][-1,1]} # 0.

From Lemma 2 there exists a measurable selection fyi1(.) of F(.,zn(.))
such that

[fn(t) = In(@)] < L)|zn () —xn-a (8] ae. ().

We define zn41(.) as in (5) with n = N + 1. Thus fn4+1(.) satisfies (6) and
(7) and the proof is complete. O

If in Theorem 1 we take y(.) = 0 and ¢(.) = L(.) we obtain the following
consequence of Theorem 1.

COROLLARY 3.3. Assume that Hypothesis H1 is satisfied, M||L||1 < 1 and
d(0, F(t,0)) < L(t) a.e. (I). Then there exists x(.) : I — R a solution of
problem (1)-(2) satisfying for all t € 1

1 M
9 z(t)| < ——————sup |P.(t)| + Li|1.
) 2(0)] < Tz s IPle) Izl

tel 1— MJ|L[}x

REMARK 3.4. A similar result to the one in Corollary 1 may be found in
[1], namely, Theorem 4; this result does not contain a priori bounds as in (9).

4. ARCWISE CONNECTEDNESS OF THE SOLUTION SET

In this section we are concerned with the more general problem

(10) 2"(t) € F(t,z(t), H(t,z(t))) a.e. ([0,1]),
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1 m n;
/ z(s)ds = Zyj / ’ x(s)ds + c1,
0 j=1 &
1 m 14
/ 7'(s)ds = ij/ 2'(s)ds + ca,
0 j=1 &5

where F: I x RxR —-P(R)and H: I xR — P(R).

We assume that F' and H are closed-valued Lipschitzian set-valued maps
with respect to the second variable and F' is contractive in the third variable.
Obviously, the right-hand side of the differential inclusion in (10) is in general
neither convex nor closed. We prove the arcwise connectedness of the solution
set to (10)-(11). When F' does not depend on the last variable (10) reduces to
(1) and the result remains valid for problem (1)-(2).

Let Z be a metric space with the distance dz. In what follows, when the
product Z = Z; x Zy of metric spaces Z;,1 = 1,2, is considered, it is assumed
that Z is equipped with the distance dz((21, 22), (2}, 23)) = Yoo, dz, (2, 21).

Let X be a nonempty set and let F': X — P(Z) be a set-valued map with
nonempty closed values. The range of F' is the set F'(X) = Uzex F(z). The
multifunction F' is called Hausdorff continuous if for any x¢ € X and every € >
0 there exists 6 > 0 such that x € X, dx(x,z0) < d implies Dz (F(x), F(zo)) <
€.

Let (T, F, ) be a finite, positive, nonatomic measure space and let (X,
|.|x) be a Banach space. We recall that a set A € F is called atom of p if
p(A) # 0 and for any B € F, B C A one has p(B) = 0 or u(B) = u(A). u
is called nonatomic measure if 7 does not contains atoms of y. For example,
Lebesgue’s measure on a given interval in R™ is a nonatomic measure.

We denote by L!(T, X) the Banach space of all (equivalence classes of)
Bochner integrable functions u : T'— X endowed with the norm

(11)

|l 17 x) =/T|U(t)|xdu

A nonempty set K C L'(T, X) is called decomposable if, for every u,v € K
and every A € F, one has

XA-U+ XT\A-V € K

where xp, B € F indicates the characteristic function of B.
Next we recall some preliminary results ([7]) that are the main tools in the
proof of our result. To simplify the notation we write E in place of L(T, X).

LEMMA 4.1. Assume that ¢ : SXE — P(E) and ¢ : SX EXE — P(E) are
Hausdorff continuous set-valued maps with nonempty, closed, decomposable
values, satisfying the following conditions

a) There exists L € [0,1) such that, for every s € S and every u,u’ € E,

Dp(¢(s,u), ¢(s,u)) < Llu — /| p.
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b) There exists L € [0,1) such that L+L < 1 and for every s € S and every

(u,0), (') € E x F,
Dp(¥(s,u,v), ¥(s,u',v')) < L(ju = v|p + v = v'[p).

Set Fix(I'(s,.)) ={u € E;u € I'(s,u)}, where I'(s,u) = (s, u, p(s,u)),
(s,u) € S x E. Then

1) For every s € S the set Fixz(I'(s,.)) is nonempty and arcwise connected.

2) For any s; € S, and any u; € Fix(I'(s,.)),i = 1,...,p there exists a
continuous function v : S — E such that vy(s) € Fiz(I'(s,.)) for all s € S and
v(s;) =wii=1,...,p.

LEMMA 4.2. Let U : T — P(X) and V : T x X — P(X) be two set-valued
maps with nonempty closed values satisfying the following conditions

a) U is measurable and there exists 1 € LY(T) such that Dx(U(t),{0}) <
r(t) for almost allt € T.

b) The set-valued map t — V (t,x) is measurable for every x € X.

c) The set-valued map x — V (t,x) is Hausdorff continuous for allt € T.

Let v : T — X be a measurable selection from t — V(t,U(t)). Then there
exists a selection u € LY (T, X) of U(.) such that v(t) € V(t,u(t)), t € T.

Hypothesis H2. Let F : I x R?> - P(R) and H : I x R — P(R) be
two set-valued maps with nonempty closed values, satisfying the following
assumptions

i) The set-valued maps ¢t — F(t,u,v) and t — H(t,u) are measurable for
all u,v € R.

ii) There exists [ € L'(I, R ) such that, for every u,u’ € R,

D(H(t,u), H(t,u)) <I(t)lu—u'| a.e. (I).
iii) There exist m € L'(I,R) and 6 € [0,1) such that, for every u, v, u’,
v € R,
D(F(t,u,v), F(t,u',v")) <m(t)|lu —u'| + 0lv — /| a.e. (I).
iv) There exist f,g € L*(I, R4 ) such that
d(0,F(t,0,0)) < f(t), d(0,H(t,0)) <g(t) a.e. (I).

For ¢ = (c1,ca) € R? we denote by S(c) the solution set of (10)-(11).
In what follows N (t) := max{l(t),m(t)}, t € I.

THEOREM 4.3. Assume that Hypothesis H2 is satisfied and 2M fOT N(s)ds+
0 <1. Then

1) For every c € R?, the solution set S(c) of (10)-(11) is nonempty and
arcwise connected in the space C(I,R).

2) For any c¢; € R? and any u; € S(c;), i = 1,...,p, there exists a contin-
uous function s : R — C(I,R) such that s(c) € S(c) for any ¢ € R? and
s(e) =ui=1,...,p.

3) The set S = U.cr2S5(c) is arcwise connected in C'(I,R).
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Proof. 1) For ¢ € R? and u € L'(I,R), we define

Ue /Gts tel.

First, we prove that the set-valued maps ¢ : R? x L'(I,R) — P(L'(I,R))
and 1 : R? x LY(I,R) x L*(I,R) — P(L'(I,R)) given by
d(c,u) = {v e LYI,R); wv(t) € H(t,uc(t)) ae. (I)},
(e, u,v) = {w e LYIL,R);  w(t) € F(t,uc(t),v(t)) ae. (I)},
c € R?, u,v € L'(I,R) verify the assumptions in Lemma 3.

Since u. is measurable and H satisfies Hypothesis H2 i) and ii), the set-
valued t — H (t,u.(t)) is measurable and nonempty closed valued, thus it has
a measurable selection. Hence taking into account Hypothesis H2 iv), the set
¢(c,u) is nonempty. The fact that the set ¢(c, u) is closed and decomposable
follows by simple computation. Similarly, we get that ¥ (¢, u,v) is a nonempty
closed decomposable set.

Pick (c,u), (¢,u1) € R? x L'(I,R) and choose v € ¢(c,u). For each € > 0
there exists v; € ¢(¢,u1) such that, for every ¢ € I, one has

[(t) = v (1)) < DCH (L, ue(t), H(t, uz(t))) + & < N@)[[ Pelt) - Pe(t)
+ Jo |G(t, s)].|u(s) — uy(s)|ds] +e.
Thus there exists My > 0 such that

1 1
||v—v1||1§M0]|c—é||./ N(t)dt+M/ N®)At|u— ur|]; + ¢
0 0

for any € > 0.
This implies

1 1
dun a0, 66 un)) §M0||c—é||./ N(t)dt+M/ N(@)dt||u — ualy
0 0

for all v € ¢(c,u). Consequently,

1 1
Dis sy (@lea), (@) < Molle — . /0 N(t)dt + M /0 Nt — ui]]s

which shows that ¢ is Hausdorff continuous and satisfies the assumptions of
Lemma 3.

Pick (¢, u,v), (¢,u1,v1) € R2x LY (I,R)x L'(I,R) and choose w € ¥ (c,u,v).
Then, as before, for each £ > 0 there exists wy € 1(¢, u1, v1) such that for every
tel

[w(t) = wi(t)] < D(F (¢, uc(t), v(t)), F(t,ua(t), v1(1))) + & < N(t)|uc(t)
— ug(t)] + Oo(t) —vi(t)] + & < N(#)[| Pe(t !+/ |G(t, s)]-uls)

— ur(s)|ds] + Ofo(t) —vi(t)] +& < N (&) [Mo|c — é|| + M|Ju — ur||1]
+0lv(t) —vi(t)| + e.
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Hence

1 1
|]w—w1|1§Mg\|c—EH./ N(t)dt+M/ Nt — s
0 0
1
+9||v—vl\|1+€§MOHC—éH./ N (#)dt+
0

1
(M/o N(t)dt +0)drrryxrr(1,r) (0, v), (u1,v1)) + €.

As above, we deduce that

1
DLl(I,R)(w(Cauv U)aw(@uhvl)) < MOHC - é|/0 N(t)dt

1
+ (M/o N(#)dt + 0)drr (1 ryxr (1,r) (4, 0), (u1,v1)),

namely, the set-valued map 1 is Hausdorff continuous and verifies the hypoth-
esis of Lemma 3.

Define T'(c,u) = 9(c,u, ¢(c,u)), (c,u) € R? x LY(I,R). With Lemma 3,
the set Fiz(T'(c,.)) = {u € L*(I,R);u € I'(c,u)} is nonempty and arcwise
connected in L'(I,R). Moreover, for fixed ¢; € R? and v; € Fiz(T(c;,.)),i =

1,...,p, there exists a continuous function v : R? — L!'(I,R) such that
(12) v(c) € Fiz(I'(c,.)), Vece R2,
(13) v(e) =wvi, i=1,...,p.

Next, we prove that
(14)  Fiz(T(c,.)) = {u € L'(I,R); u(t) € F(t,uc(t), H(t,uc(t))) a.e. (I)}.

Denote by A(c) the right-hand side of (14). If u € Fixz(T'(c,.)) then there
is v € ¢(c,v) such that u € ¥(c,u,v). Therefore, v(t) € H(t,u.(t)) and

u(t) € F(t,uc(t),v(t)) C F(t,uc(t), H(t,uc(t))) ae. (1),

so that Fiz(T'(c,.)) C A(e).

Let now u € A(c). By Lemma 4, there exists a selection v € L' (I, R) of the
set-valued map t — H (t,u.(t))) satisfying

u(t) € F(t,uc(t),v(t)) a.e. (I).

Hence, v € ¢(c,v), u € ¢¥(c,u,v) and thus u € I'(¢,u), which completes the
proof of (14).
Finally, we note that the function 7 : L'(I,R) — C(I,R),

1
= / G(t,s)u(s)ds, tel
0
is continuous and one has

(15) S(c) = P.(.) + T(Fiz(T(c,.)), c€R
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Since Fiz(T'(c,.)) is nonempty and arcwise connected in L!(I,R), the set
S(c) has the same properties in C'(I,R).

2) Let ¢; € R? and let u; € S(c;),i = 1,...,p be fixed. By (15) there exists
v; € Fiz(I'(¢,.)) such that

ui=PFPe,(.)+T(vi), i=1,...,p.

If v : R? — LY(I,R) is a continuous function satisfying (12) and (13) we
define, for every c € R,

s(¢) = Pe(.) + T(v(¢)).
Obviously, the function s : R> — C(I,R) is continuous, s(c) € S(c) for all
c € R?, and

s(c;) = Pci(-) +T(v(a)) = Pci(-) +T(v)=wu;, i=1,...,p.

3) Let u1,up € S = Uycr2S5(c) and choose ¢, & € R?, such that u; € S(¢) and
ug € S(¢). From the conclusion of 2) we deduce the existence of a continuous
function s : R2 — O(I,R) satisfying s(¢) = u1, s(¢) = uz and s(c) € S(c),
c € R% Let h:[0,1] — R be a continuous mapping such that h(0) = ¢ and
h(1) = é. Then the function so h : [0,1] — C(I,R) is continuous and verifies

soh(0) =uy, soh(l)=wu2, soh(r)eS(h(r))CS, 7e€][0,1].
g
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