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ON THE SYMMETRIES OF LORENTZIAN FOUR-DIMENSIONAL
GENERALIZED SYMMETRIC SPACES OF TYPE C
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Abstract. We consider the four-dimensional generalized symmetric spaces of
type C, equipped with a left-invariant Lorentzian metric. We completely describe
its affine, homothetic and Killing vector fields. We also obtain a full classification
of its Ricci, curvature and matter collineations.
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1. INTRODUCTION

Let (M,g) be a pseudo-Riemannian manifold, a Killing vector field is a
vector field on (M, g) that preserves the metric. Killing fields are the infini-
tesimal generators of isometries; that is, flows generated by Killing fields are
continuous isometries of the manifold. More simply, the flow generates a sym-
metry, in the sense that moving each point on an object the same distance
in the direction of the Killing vector will not distort distances on the object.
Specifically, a vector field X is a Killing field if the Lie derivative with respect
to X of the metric g vanishes: Lxg = 0. In terms of the Levi-Civita con-
nection, this is equivalent to g(Vy X, Z) = —g(VzX,Y) for all vector fields
Y, Z € X(M). Therefore, it is sufficient to establish it in a preferred coordinate
system in order to have it hold in the algebra systems. The Killing fields on
a manifold M form a Lie subalgebra of vector fields on M. This is the Lie
algebra of the isometry group of the manifold if M is complete. A typical use
of the Killing field is to express a symmetry in general relativity (in which
the geometry of spacetime as distorted by gravitational fields is viewed as a 4-
dimensional pseudo-Riemannian manifold). In a static configuration, in which
nothing changes with time, the time vector will be a Killing vector, and thus
the Killing field will point in the direction of forward motion in time.

On the other hand, a vector field X tangent to (M, g) is said to be affine
if it satisfies LxV = 0, where V is the Levi-Civita connection of (M, g) (or
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equivalently, if [X,VyZ] = V|xy)Z + Vy[X, Z] for all vector fields Y, Z €
X(M) ) which means that the local fluxes of X are given by affine maps.
Obviously, a Killing vector field is also affine. However, the converse does
not holds in general. In particular, if (M, g) is a simply connected spacetime,
the existence of a non Killing affine vector field implies the existence of a
second-order covariantly constant symmetric tensor, nowhere vanishing, not
proportional to g. As a consequence, the holonomy group of the manifold is
reducible (see for example [19]).

A curvature (resp. Ricci) collineation is a vector field X which preserves
the Riemann curvature tensor R (resp. the Ricci tensor Ric) in the sense that,
LxR =0 (resp. LxRic=0), where £ denotes the Lie derivative. The set of
all smooth curvature collineations forms a Lie algebra under the Lie bracket
operation, which may be infinite-dimensional. Every affine vector field is a
curvature collineation.

A matter collineation is a vector field X that satisfies the condition LxT =
0, where T' is the energy-momentum tensor given by T = Ric — %Tg where
7 denotes the scalar curvature. The relation between geometry and physics
may be highlighted here, as the vector field X is regarded as preserving cer-
tain physical quantities along the flow lines of X, this being true for any two
observers. In connection with this, it may be shown that every Killing vector
field is a matter collineation (by the Einstein field equations, with or with-
out cosmological constant). Thus, a vector field that preserves the metric
necessarily preserves the corresponding energy-momentum tensor. When the
energy-momentum tensor represents a perfect fluid, every Killing vector field
preserves the energy density, pressure and the fluid flow vector field. When the
energy-momentum tensor represents an electromagnetic field, a Killing vector
field does not necessarily preserve the electric and magnetic fields.

More general, a collineation or a symmetry of a tensor field S on a pseudo-
Riemannian manifold (M, g) is a one-parameter group of diffeomorphisms of
(M, g), which leaves S invariant. Therefore, each symmetry corresponds to a
vector field X which satisfies LxS = 0. Symmetries of the metric tensor g
which correspond to the Killing vector fields. Symmetries of the Levi-Civita
connection V which correspond to the affine vector fields. Since symmetries
are more significant from physical aspects, they have been studied on several
kinds of space-times (see [14, 15], [9, 12, 13, 10, 11],[16]).

The aim of this paper, is to study symmetries of the four-dimensional gen-
eralized symmetric spaces of type C, equipped with a left-invariant Lorentzian
metric. The paper is organized in the following way. In Section 3, we shall
report some basic information about four-dimensional generalized symmetric
spaces of type C and its left-invariant metrics in global coordinates, we shall
describe their Levi-Civita connection, the curvature and the Ricci tensor. In
Section 4, affine, homothetic and Killing vector fields of four-dimensional gen-
eralized symmetric spaces of type C' are characterized via a system of partial
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differential equations. Then, in Section 5 and 6, we shall respectively classify
Ricci, curvature and matter collineations on the four-dimensional generalized
symmetric spaces of type C equipped with Lorentzian left-invariant metric.

2. PRELIMINARIES

Let (M, g) be a connected pseudo-Riemannian manifold and = be a point
of M. A symmetry at x is an isometry s, of M, having x as an isolated fixed
point. When (M, g) is a symmetric space, each point z admits a symmetry s,
reversing geodesics through the point. Hence, s, is involutive for all . This
property was generalized by A.J. Ledger, who defined a regular s—structure as
a family {s, : € M} of symmetries of (M, g) satisfying s, 0,y = s;08,, 2 =
sz(y), for all z,y of M. The order of an s—structure is the least integer k > 2,
such that (s;)* = idys for all 2 (it may happen that k = co). A generalized
symmetric space is a connected pseudo-Riemannian manifold (M, g) admitting
a regular s—structure. The order of a generalized symmetric space is the
minimum of all integers k > 2 such that M admits a regular s—structure of
order k. The classification of four-dimensional generalized symmetric spaces
was obtained by J. Cerny and O. Kowalsky and is resumed in the following
four types:

THEOREM 2.1. All proper, simply connected generalized symmetric spaces
(M, g) of dimension n = 4 are of order 3 or infinity. All this spaces are
indecomposable, and belong (up to isometry) to the following four types:

e Type A. The underlying homogeneous space is G/H, where

a b xj cost —sint O
G=|c¢c d x4 |, H=| sint cost 0 |,
00 1 0 0 1

with ad—bc = 1. (M, g) is the space R*(x1, x2, 73, 74) with the pseudo-Riemannian
metric

g =*£[(—z1 + /1427 + 23)do3 + (v1 + /1 + 27 + 23)d2] — 2y*dzzday]

FA[(1 + 23)dz? 4 (1 + 22)dx3 — 221 29da1das) /(1 + 22 + 23),
where A # 0 is a real constant. The order is k = 3 and possible signatures
are (4,0),(0,4),(2,2). The typical symmetry of order 3 at the initial point
(0,0,0,0) is the transformation

T V3ras V31 w2 oz 3Bz V313 a4

(x1,x2,x37$4)+—>(—5951+ 5 T 9 T3 9 g g —?).
e Type B. The underlying homogeneous space is G/H, where
e"@mtm) 0 0 q 100 —w
0 e 0 b 01 0 —2w
G = 0 0 e2 ¢ |’ H=1001 2
0 0 0 1 000 1
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(M, g) is the space R*(x1, xa, 23, 24) with the pseudo-Riemannian metric
g= )\(dx% + dx% + dzidxe) + e "2 (2dzy + dag)dxy + e 1 (day + 2dwe)das,
where X is a real constant. The order is k = 3 and the signature is (2,2). The

typical symmetry of order 3 at the initial point (0,0,0,0) is the transformation

—x1+tx2

—2r1—x
— x4, 36" “M1 2).

(21,29, x3,24)) — (;1:2, —x1 — T9, —T3€
e Type C. The underlying homogeneous space is the matriz group

e ™ 0 0 x

_ 0 e 0 =z
G= 0 0 1 z3
0 0 0 1

(M, g) is the space R*(x1, xa, 3, 24) with the pseudo-Riemannian metric
(1) g = e(e ?™dx? 4 *™da3) + dradry,

where € € {—1,1}. The possible signatures of g are (3,1),(1,3).
e Type D. The underlying homogeneous space is G /H, where

a b 1 et 0 0
G=|c d z2o0 |, H= 0 et 0|,
00 1 0O 0 1

with ad—bc = 1. (M, g) is the space R*(x1, xo, 13, 24) with the pseudo-Riemannian
metric

g = (sinh(2z3) — cosh(2z3) sin(2z4)) do?+(sinh(2x3) — cosh(2x3) sin(2z4)) dz3
—2 cosh(2x3) cos(2x4)dx1das + A (dx% - cosh(2$3)2d3:i) ,

where A is a non-zero real constant. The signature of g is (2,2). The space is
of order infinity.

3. CONNECTION AND CURVATURE OF FOUR-DIMENSIONAL GENERALIZED
SYMMETRIC SPACE OF TYPE C

Let (M,g) be a four-dimensional generalized symmetric spaces of type C
which is the space R(z1, 22, x3,24), and denote by V, R and Ric the Levi-

Civita connection, the Riemann curvature tensor and the Ricci tensor of

M, g) respectively. We will denote the coordinate basis {8%17 8%27 8%37 6%4}

by {8931 ) 812, 8:]037 624}'
The non-vanishing components of the Levi-Civita connection V of (M, g)
are given by

Vo,, 0z, = 2ee7 249, Vo, 0y = =0,
(2) VazQ Oz, = —2662"”48@-3, VaIQ Ozy = Oz,
Va,, Oz, = —Opy, Va,, Ozy = Ogs.
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The curvature tensor R is taken with the sign convention
R(X, Y)Z =VyVxZ-VxVyZ+ V[)gy}Z.
The non-vanishing curvature tensor R components are computed as

(3) R(aml’a$4)a$1 = _256_296433333 R(axlvaéu)au = Oy,
R(Oy,01,)0uy = —26€2710,,, R(Ory, Oy )0z, = Ouy-
The Ricci curvature Ric is defined by
(4) Ric(X,Y) =trace{Z — R(Z, XY }.

The components {Ric;;} of the Ricci tensor are defined by

4
k=1

The non-vanishing components { Ric;;} are computed as
(6) RiC44 = 2.

The scalar curvature 7 of (M, g) is constant and we have

3
(7) T =teRic =Y g(Oa, On,) Ric(Dz,, Or,) = —2.

=1

4. AFFINE, HOMOTHETIC AND KILLING VECTOR FIELDS

We firstly classify affine, homothetic and Killing vector fields of the four-
dimensional generalized symmetric spaces of type C. The classifications we
obtain are summarized in the following theorem.

THEOREM 4.1. Let X = f10z, + f20z, + f3045 + 10z, be an arbitrary vector
field on the four-dimensional generalized symmetric spaces of type C.

(1) X is a affine vector field if and only if

f1 = (oxg + 043)62:5‘1 + a1 + as,

f2 = (—ozgzcl —+ 047)6_2“ + (Oé4 - 2041):62 + a9, o; € ]R,

f3 = 2(044 — al)l‘g + aq1zy — 4deazxy + 45(—&2&?1 + 017)1’2 + a2,
Ji=o1, a; ER.

(2) X is a homothetic vector field if and only if

f1 = (aze + az)e®™ + (a1 +n)x1 + au,

fo = (—agw1 + as)e™ ™ — a1z9 + a,

f3 =4de(—aox1 + ag)xe — deasgxy + nrs + az,
fi=an+3, aeR
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(3) X is a Killing vector field if and only if

f1 = (aze + a3)e*™ + a1xq + au,

fo = (—agz1 + as)e™ " — ayz9 + ag,
f3 = 4de(—aox1 + as)xre — deaszy + ay,
fa=o1, o eR

Proof. Let X = f10y, + f20z, + f30z5 + f10, denote an arbitrary vector
field on the four-dimensional generalized symmetric spaces of type C', for some
arbitrary smooth functions f1, fa, f3, fs on M. Starting from (1), a direct cal-
culation yields the following description of the Lie derivative of the metric
tensor g :

([:Xg)(aﬂcl:aﬂn) = 2ee™ 2™ (am fl - f4)7
(EXg)(afDl?alEQ) - 5(ei2x48$2f1 + e2x4a’61f2)7
(,ng)(axl,axs) = %amfﬁl + 5e‘2$46x3f1,
(EXg)(aﬂﬁlvau) - §8$1f3 =+ 56723‘"48334]”1,

(8) EﬁXg;Eaxgv axgg = %€e2x4 (f4 +28x2f2>7
*CXg axgvazg = 7ax2f4 + ge4 x3f27
(EXg)(amv 8:64) = §aw2f3 + 5621463:4]02:
(EXg)(aﬂlsvafﬁs) - az3f4v
(cXg)(axsvam) = %(axs 3+ ax4f4)a
(‘CXg)(amvaﬂM) = 28964f3-

In order to determine the Killing vector fields, we then must solve the system
of PDEs obtained, requiring that all the coefficients in the above Lie derivative
are equal to zero.

A straightforward calculations lead to prove that

f1 = (a2m2 + a3)e®™ + ayz1 + au,

fo = (—agz1 + as)e™ 4 — ayz9 + a,
f3 = 4de(—agx1 + as)xe — deasry + ag,
fa=o1, o eR

Then, we make again use the above formula Lxg and now require that
Lxg = ng, for some real constant n # 0. The solutions of the corresponding
system of PDEs give us the homothetic vector fields of the four-dimensional
generalized symmetric spaces of type C, proving part (2) of the statement of
the Theorem 4.1 .



7 Lorentzian four-dimensional generalized symmetric spaces 139

To determine the affine Killing vector fields, we need to calculate the Lie
derivative of the Levi-Civita connection V. Staring from (2), we find the fol-
lowing possibly non-vanishing components:

('CXV)(8901,8:81) = (831 Ji— 28901 fa— 256_2z4a:c3f1)ax1
+(8§1f2 — 286_2$48x3 fg)&m
(03, f3 — e fy + dee™* 0y, fr — 20e721 0y, f3)Ou,y
+(07, fa — 267248y f4)Ory
(LxV)(Or1,0z,) = (02,020 f1 — Opy f2)Ory + (02, Oy fo + Oy f1)Or,
+ (0, Oy f3 — 26€*40y, fo + 26240y, [1) Dy + Oip, Oy f400y,
(EXV)(amuam) = (amaﬂﬂsfl - 8$3f4)8$1 + 6118173f28$2
+(az1ax3f3 + 268_23048353]01)8353 + 8:]01 azgf4ax4>
(ﬁXv)(axl,am) = (axlamfl - ax4f4)ax1 + (a:c1ax4f2 + 26:(:1 f2)a:c2
+(a$18$64f3 + aaf1f3 + 266_2x4ax4f1)8x3 + (a$18904f4 + 8x1f4)89047
(EXV)(afﬂwam) = (832 fl + 26€2x48z3f1)8z1 + (6§2f2 + 28$2f4
+2ee?*10,., f2)O0r, + (822 f3 — 4ee®¥t fy — dee®®10,, fo
+26€*40, f3)0y + (02, fa + 26€°1 0,y f4) Dy
(LxV) (O, ax:s) = 02,03 /102, + (8w28$3f2 + Or, f4)0z,
+(Diy Oy f3 + 26€°4 Dy f2) Dy + Oy Oy fa0ry
(LxV)(Onys Ony) = (0w, Oy [1 — 2035 f1)021 + (0w, Oy f2 + Ony f4) Ouy
+(02y Oy f3 — Oy f3 + 26€740s, f2) Oy + (0, Oy fa — Oy f4)Ouy,
(‘CXV)(axgy axg,) = 89%3.]018:51 + 8;%3.]0283[:2 + 833 f38x3 + a§3f48x47
(LxV)(Os, 02y) = (02300, f1 — 023 [1)0) + (O3 Ony f2 + Oy f2) Oy
02302, [30; + Oy 0, f40z,
(‘CXV)(aM’ 85134) = ((9%4]01 - 28:1:4f1)8:1:1 + (834]02 + 2ax4f2)am
+8§4f3a7;3 + 8§4f48x4.

\

In order to determine the affine vector fields, we then must solve the system
of PDEs obtained, requiring that all the coefficients in the above Lie derivative
are equal to zero.

Deriving equations (LxV)*(0z,,0,,) = 0 and (LxV)*(0sy, Or,) = 0 with
respect to x4, and using equation (LxV)*(0s,,0x,) = 0, we obtain 9, f1 =
Oz, f1 = 0. And from equations (LxV)*(0;,,0,,) =0 and (Lx V) (0z,,0z,) =
0, since Oy, fa4 = 0, we get Oyy fa = Oy, fa = 0. Thus f1 = a1, € R.

Integrating equations (Lx V) (s, 0r,) = 0 and (LxV)?(0y,,0z,) = 0 with
respect to x4, we get

{ f1 = e*®h(x1, 29, 23) + H(71, 9, T3),

1
( O) f2 = 6_2””4145(331,3:2, .’Eg) + K(l‘l,l‘g,ﬂjg).

where h, H, k and K are smooth functions depending on z1, 2, x3.
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Then, from equations (LxV)!(0s,,0x,) = 0 and (LxV)%(9yy,0r,) = 0, we
have

azlaufl + 8$28w4f2 =0.
Then we replace f; and fs to obtain

e2x48x1h — e*2‘“8x2k =0,

which, since x4 is arbitrary, gives
(11) Oz, h = Opk = 0.
Deriving equations

(LxV) (Drg,02,) = 0 and (LxV)?(Oug, Bry) = 0
with respect to x4, and using equations

(LxV) (D4, 00,) =0 and (LxV)?(0ry,0z,) = 0,
we obtain O, f1 = Oz, f2 = 0. And we replace f1 and f> to find that
(12) h=h(zs), H= H(x1,22), k=k(x1), K=K(x1,x2).
Replacing f; and f5 in equations

(LxV)! D2y, 02,) = 0 and (LxV)?(Ouy, Dry) = 0
respectively, we get
(13) O, H = 0, K = 0.

Thus H = H(z1) and K = K (z3).
Then, replacing f1 and fo in equations

(EXV)I(aII 9 aﬂ?l) = 07 (L:Xv)Q(an)axl)
(EXV)1(8z27 a552) = 07 (‘CXV)Z(aIQ)aIQ)
since Oy, f1 = Oy f2 = 0, we find,
H// — h// — K// — k// — O

I
o o

Thus

(14) { fi= (Ozgxg + 043)62354 + a1 + as,

fo = (g1 + a7)e™ 2™ + agrs + a9, ; € R.
From equations
(LxV) (O, 025) =0, (LxV) (O, Ouy)
(LXV)?(Ougs0zs) =0, (£xV)? (D )
since Oy, f1 = Oy, f2 = 0, we get that
(15) f3 = awozs + F(21, 02, 74),

where F' is a smooth function.
Replacing f3 in equation (LxV)3(9y,,0z,) = 0, gives 8§4F = 0. Thus

9

0
0

9

F = $4F($1, Ig) + f(ml, Ig),
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where F and F are smooth functions.
Then, replacing fs3 in equations

(LxV)?(02y,0z,) =0 and (LxV)?(Dsy, Or,) = 0,

we get

(16) l‘4axlf + axlfi— 46(0[11‘2 + Ozz) =0,
2405, F — 04, F — 0y, F + de(agwa + a7) = 0.

Thus 0, F = 0,,F = 0. Then F = a11, a1 € R, and so

(17) { lei = —de(ars + a3),
S F

895 = 4€(a6x2 + a7).
Integrating the first equation of (17) with respect to x;, we get
F= —de(aomy + asg)zy + F(x2),

where F is a smooth function. By replacing F in the second equation of (17),
to obtain

ﬁ = 45((0[2 + 046)561 + 067).'132 + aq2, a2 € R.

Thus f3 = ajors + an1xg — deazxy + 4de(apry + ar)re + ara. We replace
J1, f2, f3 and f4 in equations ([’Xv)3(8x1’8m) = 0, ('CXV)g(axlaaxz) =0
and (LxV)3(0s,,0z,) = 0, we obtain ag = —aw, a1p = 2(ay — a1) and ag =
oy — 200.

Thus the final solution of PDEs system obtained requiring that all the
coefficients in the above Lie derivative of the Levi-Civita connection V are
equal to zero are given by

f1 = (aaze + ag)e*™ + ayxy + as,

fo= (—042.%'1 + 047)672904 + <O¢4 — 2@1).%'2 + ag, «a; € R,
f3=2(aq — an)zs + 1114 — deazxy + de(—aoxy + ar)zs + g,
f4 =01, O € R.

(18)

5. RICCI AND CURVATURE COLLINEATIONS

In this section we give a full classification of Ricci and curvature collineations
vector fields of the four-dimensional generalized symmetric spaces of type C.
The classifications we obtain are summarized in the following theorem.

THEOREM 5.1. Let X = f10y, + f20y, + f3045 + 10z, be an arbitrary vector
field on the four-dimensional generalized symmetric spaces of type C.
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(1) X is a Ricci collineation if and only if
X = f10z, + [202, + f3045 + @0,

where a € R, and f1, fo, f3 are any smooth functions on the four-
dimensional generalized symmetric spaces of type C.
(2) X is a curvature collineation vector field if and only if

fi= (% ( ) + a1)x1 + (Oézxg + 043) 224 4 G($4)

fo = (50(x4) — a1)zs + (—aomy + au)e 2% + F(ay ),2

fs=p(x ;1) 3 — de(aoxo + ag)zy + ey — 6e*214(%1cp’(a:4) + 21:15/(304))
—ee® (2 (w4) + 229F (24)) + pa(4),

f4 = ai,

where a; € R, and @, 2, G and F are smooth functions of variable xy4.

Proof. Let X = f10y, + f20z, + f30z5 + f10z, denote an arbitrary vector
field on the four-dimensional generalized symmetric spaces of type C, for some
arbitrary smooth functions f1, fo, f3, f4 on M. Starting from (6), a direct cal-
culation yields the following description of the Lie derivative of the Ricci tensor
Ric in the direction of X given by:

(LxRic)(0yy,0z,) =0,
(LxRic)(0yy,0z,) =0,
(LxRic)(0yy,0zq) =0,
(ﬁxRiC)(awl,am4) = _26331f47
) (LXRic)(Dry, D) = 0,
(LxRic)(0y,, 0zq) =0,
(LxRic)(0py, Oy) = —204, f1,
(LxRic)(0xq,0zq) =0,
(Lx Ric)(0pg,O0ny) = —2054 f1,
(LxRic)(0y,,0z,) = —404, f1

\

Ricci collineations are then calculated by solving the system of PDEs ob-
tained by requiring that all the above coefficients of £x Ric vanish.
From equations given by

(Lx Ric)(Dy,,0p,) = (Lx Ric)(Ory,0r,) =0
(Lx Ric)(Dyy, 0p,) = (Lx Ric)(0ry,0r,) =0

we get that f4 = a, where a € R and f1, fo, f3 are any smooth functions on
M.

To determine the curvature collineations, we need to calculate the Lie de-
rivative of the curvature tensor R in the direction of X. Staring from (3),we
find the following possibly non-vanishing components:
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( (£XR)(811 , 8;,;2, 8361) = *266_2x48x2f4ax3,
(‘CXR)(aCCl ’ 83627 8902) = 2ee?4 aaq f48x37
(LxR)(Ozy s Oy, Ony) = Oy f40y, — Oy faO0,,
(LxR)(Oz,,Ouy, Opy) = —2e€ 240, 404,
(‘CXR)(OM ’ 83337 8364) = 8563 f4aml,

(LxR)(Ozy, 024, 02,) = (286_2143x3f1 + Oy f1) Oy

+26672146$3f28$2 + 2ce—2%4 <8x3f3 + 2f4 — anlfl — 6x4f4)6x3
+2€e*2x46x3 f10z,,

(LXR)(azpa:ma mz) = axg f48m1 - 25(629648:1?1 f2 + e_2$4612f1)8137

(LXR)(Orys gy Ouy) = Ouy a0y — 26€7 240, f10s,

('CXR)(aﬂﬂuamv 8134) = 2az4f48$1 - (25672w48$4f1 + aim f3>aﬂ¢3
(20) — Y f4am47

(LxR)(0py, Opg, 0z,) = —2€ezx4am3f48x3,

(LXR)(Oys Oy, Opy) = Oy fa0u,,

(LxR)(Ory, Onys Ony) = O, f10ry — 26(€2¥410,, fo + €7 2%40,, f1)Ous,

(LxR)(Opy, Oy, Opy) = 26210, f104, + (26€2¥40,, fo + Oy f4)Ory

+2662x4 (813f3 - 2f4 - 28&E2 f2 - 8$4f4)8x3 + 2662x4ax3f46x47
(ﬁXR)(aIQ ) 8&347 8x3) == 8503 f48x2 - 2562I48€£3 f?axg,v
(Lx R)(Oys Oy, Ory) = 202, f40r, — (2€e2x48x4f2 + Ory f3) Oy

7] f4am47
(‘CX R) (69637 83U47 6361) = _256_2964 a’ES fl 8137
(,CXR)(@%,@M, 8362) = —2562“3953]028373,
(EXR)(8I37 amv 83134) = axg flaan + aacg f28x2-
In order to determine the curvature collineation vector fields, we then must
solve the system of PDEs obtained requiring that all the coefficients in the
above Lie derivative of the curvature tensor in the direction of X are equal to
Zero.
Which together with equations

(KXR)S(awl ) 6127 6332) =0, (ﬁXR)l(a’m ) 812’ 8904) =

(ﬁXR)?’(al'l ) 8-”637 8171) =0, (ﬁXR>1(8931 ) 8364’ a934) =

0,
0,
gives

fai=a1, a1 €R

From the equations given by
([’XR)l (6533 ) 8564 ) 8174)
(21) ([’XR)Q(amv 896478364)

)

0
0

7
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we get

(22) { f1 = f1($1,$2,$4),

f2 = fa(z1, 2, 24).

Deriving equations (Lx R)3(0z,, Oy, Oz,) = 0, (Lx R)3(0z,, Oy, Oz,) = 0 and
(LxR)3(0py, Ory, Oz, ) = 0, with respect to x3, we get that
83%3]83 = 0, ax1851;3f3 =0 and amé)xs 3 = 0.

We deduce that

f3 = (p($4)$3 + ¢($1, T2, '7:4)’

where ¢ is a smooth function depending only on x4, and v is a smooth function
depending on x1, T2, 4.

Next, replace f3 in equations

(‘CXR)g(axl ) 8147 8331) =0,
(ﬁXR)g(axzﬁ 69647 8902) =0,
we find
O 1 = 30(w4) + 11
23 1 )
( ) { aaczf? = ;Qp(xﬁl) — Qa1

Integrating first and second equations of (23) with respect to x; and x2 re-
spectively, we get

(24) { fi = (3(x4) + ar)ar + G(w2, 24),

fo= (50(x4) — a1)za + F(x1, 24),

where F' and G are smooth functions.
Replacing f1 and fy in equation (£x R)?(0y, Oy, O0z,) = 0, we find

(25) Dpy Ge 24 4 9, Fe*™ = 0.

Deriving equations (LxR)3(0z,,0z,,0z,) = 0 and (Lx R)3(0zy, Ory, Ory) = 0,
we find that

(26) Oy Oy fre7 2" = Oy O, f20*"4 = 0.
And replacing fi and f2 in (26), since 0,,Ge™ 2% = —0,, Fe?™ | gives
(27) Oy O, Ge ™24 = 0, 0, Fe™™4,

Deriving equations (25) with respect to x4, and using equation (27), we get

{ O, 0, G — 20,,G = 0,

(28) Dy, 0 F +20,, F = 0,

Integrating equations (28) with respect to x4, we find that

02, G = A(z2)e?*4,
(29) { Oz, F = B(xq)e 2%,

where A and B are smooth functions.
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Next, deriving equation (25) with respect to xo and x1 we prove that 8§2G =
0?F = 0. Thus

(30) A(%Q) = Qo2 + s,
B(l’l) = aur1 + a5, a; € R,
Hence,
(31) G = (agwy + az)e*™ + G(ay),
F = (ayz1 + as)e 21 + F(xy), o; € R,

where G and F are smooth functions. By replacing G and F in equation (25),
we get ap = ay.
Together with replacing fi, fo and f3 in equations

(‘CXR)g(awl ; ax47 8&74) — 07
(LxR)?(Oay, Oy, On,) = 0,

we find

2
Y = —de(agre + a3)ry + deayxy — ee*QI‘*(%go’(m) + 2x1G/(a:4))

2 —
€T

where 9 is a smooth function.

The final solution of the system of PDEs obtained requiring that all the
coefficients in the above Lie derivative of the curvature tensor in the direction
of X are equal to zero are given by

fr = (3p(xa) + n)a1 + (agmy + a3)e®™ + G(xq),

fo = (39(wa) = an)zz + (—aswy + aa)e™ + F(za),

fz= 4,0(:6421):173 — de(aows + ag)zy + deays — ce™ 24 (L (z4) + 201G (4))
—ee™ (G (24) + 20F (2)) + p2(24),

fa= a1,

where o; € R, and ¢, 2, G and F are smooth functions of variable xy4. O

6. MATTER COLLINEATIONS

In this section we classify matter collineation vector fields of the four-
dimensional generalized symmetric spaces of type C. The classifications we
obtain are summarized in the following theorem.

THEOREM 6.1. Let X = f10s, + f20y, + f3045 + 10z, be an arbitrary vector
field on the four-dimensional generalized symmetric spaces of type C.
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X is a matter collineation if and only if

f1 = (a2m2 + a3)e®™ + ayz1 + au,
fo = (—oow1 + as)e™ 2" — ayxs + ag,
f3 = 4de(—aox1 + as)xe — deasry + ag,
f4 = aq, a; € Ra

where a; € R.

Proof. Let X = f105, + f20z, + f30z, + f105, denote an arbitrary vector
field on the four-dimensional generalized symmetric spaces of type C, for some
arbitrary smooth functions f1, fo, f3, f4 on M. Starting from equations (1),(6)
and (7), a direct calculation yields the the four-dimensional generalized sym-
metric spaces of type C, with respect to the basis {0z, }icq1,2,34} the tensor
T = Ric — 5g is described by:

ge™2r 0 0 0

0 ge?ra
(32) = 0 0 0 3

0 0 3 -2

Then we compute the Lie derivative of T with respect to X and we find:

(EXT)(a:lH ) axl) - 266_2x4 (8x1 fl - f4)7

(‘CXT)(axlﬁaém) - 6( 2:64&):2]01 +e2x4ax1f2)a

(‘CXT)(8$1783?3) 16:51 4 +Eei2 48;1;3f17

(‘CXT)(am ) am) aﬂcl f3 + ce 2:048904 fl 28;101 f4a
(33) (LxT)(0zz, Ory) = 2 e* (fa+ Oua f2),

(ﬁXT)(aJ»‘zu 8333) x2f4 + 562$4a:1:3 f27

(‘CXT)(ax aaém) 3x2 3+ 562I48x4f2 - 2ax2f4a

(‘CXT)(ax s aﬂ?g) amg f47

(‘CXT)(aﬂC ﬂ8$4) (aév3f3 + 8$4f4) - 2ax3f47

(£XT)(am4ﬂ a$4 = 28;t4f3 - 28x4f4-

To determine matter collineation we solve the system of PDEs obtained, re-
quiring that all the coefficients in the above Lie derivative of the tensor field
T in the direction of X are equal to zero (i.e. LxT = 0), we get that all so-
lutions coincide with Killing vector fields of the four-dimensional generalized
symmetric spaces of type C.

O
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