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REGULAR MATRIX TRANSFORMATION
ON TRIPLE SEQUENCE SPACES-I

SHYAMAL DEBNATH and BIMAL CHANDRA DAS

Abstract. The main aim of this article is to establish necessary and sufficient
conditions for a six dimensional matrix mapping to be regular on triple sequence
spaces.
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1. INTRODUCTION AND PRELIMINARIES

Several definitions for giving a value to a divergent simple series, as for ex-
ample the Cesaro and Holder means, can be expressed by means of a linear
transformation defined by an infinite matrix of numbers. Two types of trans-
formations are given, as follows, one by a triangular matrix and the other by
a square matrix:

ap1

a1 a2

as1 as2 a33

T:| as1 a4 as43 Q44

aig a2 a3 a14
a1 G2 a23 a24
as1 as2 a33 a34
Si| as1 asp as3 asgy

For any given sequence (x,) a new sequence (y,) is defined as follows:
Un = Dy Gn kT for the matrix T', and y, = Y 7 4 ap g2y for the matrix S,
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provided (y,) has a meaning, in the later case. If to any matrix of type T
we adjoin the elements a,; = 0,k > n (all n), we obtain a matrix of type S.
Since this addition does not affect the transformation, any transformation of
the type T may be considered as a special case of transformation of type S. If
for either transformation lim,, . 4, exists, the limit is called the generalized
value of the sequence (z,,) given by the corresponding transformation. If (y,)
converges to the same value whenever (z,,) converges, then the transformation
is said to be regular. The criterion for the regularity of these transformations
is stated as follows.

THEOREM 1.1 ([9]). A necessary and sufficient condition for the transfor-
mation T to be regular is that:

(a) limy oo an g = 0, for every k,
(b) limy oo D gy @nk =1,
(¢) Sy lank| < A, for all n.

THEOREM 1.2 ([9]). A necessary and sufficient condition for the transfor-
mation S to be reqular is that:

(a) limp—o0 an k. = 0, for every k,

(b) S22, |ank| converges for each n,
(€) Sortqlankl < A, for alln,

(d) limp o0 D poy @nk = 1.

Regarding the summability of a single series, Robison [9] gave certain def-
initions for the value of a divergent double series, by considering the double
sequence of the series, and established some conditions for regularity of the
linear transformations of double sequence spaces.

A triple sequence (real or complex) can be defined as a function =z : N x
N x N — R(C), where N, R and C denote the sets of natural numbers,
real numbers and complex numbers, respectively. Various notions of triple
sequences and series and corresponding properties have been studied firstly
by Sahiner and Tripathy [13], Savas and Esi [14] and Dutta et. al. [1]. Later
on, further generalizations have been studied by Tripathy and Goswami [17],
Subramaniam and Esi [15], Esi and Savas [6] and many others. Recently,
Debnath et. al. [4] have given a condition for the regularity of a triangular
matrix transformation on triple sequence space. As an extension of their
work, in this paper we give a necessary and sufficient condition for a square
type matrix transformation (S) to be regular.

2. MAIN RESULT

We define the following enumeration for the value of a triple series. Let the
series be enumerated as follows:
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up1,1 +uri2 +uri3+uri4aturis e

+ui21 tur22 t+ui2s+ui2a+ ...
+u131 +ursz2t+uiss+ ...
+...

Fug 11 +ug12+uz13tuziatugis+...

+u221 + U222 +uU223+ U224+ ...
+ug31 +u232+u233+...
+...

+us11 +usi2 t+usils+usi4a+usis+...

+us21 +us22 t+us2s+us2s+...
+us31 +uss2+usss+...
+...

+ug1,1 +Uuq12 FUL13 FULLIA T ULLS F -

Fugq21 +Uq22 + UL 23 +UL24 F ...
+ug31 +us32 +us33+ ...
+...

Then the triple sequence of partial sums (x; , ) for this series is given by the

equality x; ., =

relations:

Ul m,n

Up,m,1

U, 1,n

Ul mn =

Up1,1
U1,m,1
U1,1,n

U,1,1

Timmn + Tim—1n—1 — Limmn—1 — 'Il,m—l,n)

rp11—x—1,11 (0> 1);

=Tim1— Tim-1,1 (Mm>1);

=T11m — T10-1 (0> 1);

Now we define a new sequence by the relation

I m n
yl,m,n = E E : :a17m7n7p7q7rxp7Q7r‘

p=1g¢=1r=1

! .
> oot =1 r=1 Up,qr- Thus we have the following recurrence

“mn + T 1m—1n—1 — Tl—1mn—1 — Li—1m—1,n) (L,m,n > 1);
Tim1 — Tlm-11) — (Z1—1,m1 — Ti—im—1,1) (l,m > 1);
Tiin — Tiin—1) = (Ti—1,10 — Ti—1,10—1) (0 > 1);
Tlmn — L1mn—1) — (TLm—1,0 — T1m—1,n—-1) (m,n > 1);
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We say that this transformation and its matrix A : (ajmnpqr) are of type
T. Taking the limit to infinity in the above, we get:

[e.oluNNe el o]

Yl,m,n = E E E :al,m,n,p,q,rxpyq,r-

p=1q=1r=1

We say that this transformation and its matrix A : (ajmnpqr) are of type
S, where p, ¢ and r take all positive integral values. Any transformation of
type T may be considered as a special case of a transformation of type S, by
adding the elements:

(i) atmnpgr=0,1<p <11 <qg<m,n<r, foralll, mand n,

(i) et mmpgr =0,1 <p<lm < q,1 <7 <n, forall I, m and n,

(ili) apmmpgr =0,1<p<Il,m<qn <r, foralll, mand n,

(iv) apmnpgr =0, 1 <p,1<qg<m,1 <r <n,foralll, mandn,

(V) @immpgr =0,1<p,1 <g<m,n <r, forall l, mand n,

(Vi) apmnpgr =0, 1 <p,m<q,1<r <n,forall l, mand n,

(Vil) armnpgr =0, 1 <p,m < g,n <r, forall I, m and n.

Given any matrix of type 1" we can obtain a matrix of type S such that the
resulting transformation is identical with the original one. For, either type of
transformation (y; ) possesses a limit, which is called the generalized value
of the sequence (2, ) given by the transformation.

It is well known that if a simple series converges, the corresponding sequence
is bounded. G. M. Robison (1926) proved that the above result does not hold
for a double series. In this paper we prove this for a triple sequence, i.e. if a
triple series converges, the corresponding triple sequence may not be bounded.
To prove this, we consider the following example.

Consider the series ui 1, = 1,u21,, = —1 and wmpn = 0 (I > 2,m >
1). This series converges, but the corresponding sequence is not bounded.
Thus the convergent triple series may be divided into two classes according
to whether the corresponding sequences are bounded or not. The following
definition of the regularity of a transformation is constructed with regard to a
convergent bounded sequence; even if a transformation is regular, it does not
need to be given by an unbounded convergent sequence, the value to which it
converges.

A transformation of a triple sequence is regular, if whenever (z;,,,) is a
bounded convergent sequence to L, (y;m.n) also converges to L.

LEMMA 2.1, If 3302005 ) apmn is not absolutely convergent, it is possi-
ble to find a sequence (xy,,,) which is bounded and convergent to zero and

Z;ifq’iouzl Al nTlm,n diverges to 400.
Proof. The proof is simple. O

In this article we establish necessary and sufficient conditions for a six di-
mensional matrix map to be regular on triple sequence spaces, as follows.
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THEOREM 2.2. The transformation S is reqular if and only if the following
conditions hold:
(a) 1irnl,m,n—)oo Alm,n,p,q,r — 0, fO?“ every p, q and r;

00,00,00 .

b) > Tl =1 @ mn,p.qr| cOnverges, for every i, m and n;

c) lim S o i a =1
l,m,n—00 p=1,q=1,r=1 YUmmnp,qr =

(
(
(d) imymn—so0 Dopey | @lmnpgr [= 0 for every g and r;
(
(
(

)

. o0 .
e) limy ;m n—oo Zq:l | @tmmnp.qgr |= 0 for every p and r;

)
£) imy 1 n—soo Doy | Glmnp,gr |= 0 for every p and g;

g) Z;i(foq’fl vt | @monpgr |< A, where A is a constant.

Proof. Proof of necessity:
(a) To show the necessity of condition (a), consider a sequence () as
follows:

. |1, ifl=im=jn=k,
Lmn =30, otherwise.

Then limy ;, p—soo Timp = 0 and Yy mn = @1 mm k- Therefore, in order to
have limy ; n—soo Yi,mn = 0, it is necessary that limy ,, oo @1mn,ijk = 0, for
every i, j and k. Thus condition (a) is necessary.

(b) Assume > 279 ) [a1mnp.qr| diverges for some fixed values of [, m
and n. Then there exist a sequence () which is bounded and converges
to zero (by Lemma 2.1). Thus Y 27%% | a1 mnp.qr@pgr diverges. This
contradicts our assumption. Hence condition (b) is necessary.

(c) We consider the sequence (2, ) defined by z;,,,, = 1, for all [, m and
n. Then the sequence (y; ) becomes Yy m n = Z;iﬁ’iom:l Al mnpg.re SiNCE
limy ;m n— oo Yi,mn = 1, condition (b) is necessary.

(d) To prove the necessity of condition (c), we assume that condition (a) is
satisfied and (c) is not, in order to get a contradiction. Since we are assuming
that, for 7 = 7y (some fixed integer), the sequence > % | @y m,n,p,q.r| does not
approach zero, for some preassigned constant k£ > 0, there exists a subsequence
of this sequence, such that each element of it is greater than k. Choose ar-
bitrarily l1, m1, n1 and r1. Now choose lo > [, mgs > mq and ny > ny such
that

71
Z ’al17m17n17177%""0| S k/8'
p=1

By condition (a), we have

o

Z |al1,m17n1,p7q77“0| > k.
p=1

Further, for ro > r1, we get

o0

Z ‘all,mlml,nqyro‘ < k/&
p=ro+1
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from condition (b). Further, choose l; > l;—1, m; > my—1 and ny > ny_1 such
that

lt—1

Z ’alt,mt,nt,nq,ro‘ < k/8'
p=1
From condition (a), we have

[e.e]

(1) Z ‘alt7mt7m,P,q,T0| > k.
p=1

For ry > ri_1, we get

[e.9]

(2) Z |al1,m1,n1»p7q77’0| > k/8,

p=rt—1+1

from condition (b). From conditions (1) and (2) we get the following:

Tt

(3) Z |all,m1,n17p,q,m’ = 3]‘7/8'
p=r¢—1+1

Consider the sequence (2, ,) defined as follows:
Tlimm = Oa n 7& To;
Lim,n = SgN all,mLm,P,QJ’o’l <ly;

(4) Tlmn = SGN Aly my o pgyror 11 < 1< lo;

Timm = SGN A1y my nye,p,q,ros ltfl <l < lt

Sine imy 1, p—s00 T1,m,n = 0, we have, from (1) and (2):

Tt—1 Tt—1
Z ALy my ne,p,g.roTp,g,ro | < Z |1, e nepgirol < K/8-
p=1 p=1
Now, from (3) and (4), it follows that
Tt Tt
Z Aty me,ng,p,g,roTpgro = Z ’alt,mt,nt,nq,ro‘ > 3k/8'
p=ri—1+1 p=ri—1+1
Therefore,
Tt—1
|ylt,mt,nt| = Z Al mi,ne,p,q,r0Lp,q,m0
p=1
Tt Tt—1
2 Z |ty 4 e p,a.r0 Tpgiro | — Zalt,mt,m,p,q,ro:np,q,m

p=r¢—1+1 p=1
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oo
- : : altvmtvnt yPsq,T0 xp7Q7T0

p=r¢+1
3k _k_k_k
-8 8 8 2

Thus (y;,m,n) does not have the limit equal to zero, from which we deduce that
the condition (d) is necessary.

(e) The above proof can be used to show the necessity of condition (e).

(f) In a similar way, one proves the necessity of condition (f).

(g) Suppose that conditions (a) and (b) are satisfied and condition (f) is
not. We choose arbitrarily Iy , m1, n1, u1, v1 and wi. Further, choose lo > [,
mo > mq and ng > ni such that

l1,m1,m1

E : |al2,m2,n27p,qw‘ <2
p=1,g=1,r=1

From condition (a), we have

l2,m2,n2

E |al27m27N27p,q7T

p=1,g=1,r=1

> 24,

Choose ug > u1, v9 > v1 and wy > wy such that

00,00,00 u2,00,00
§ [ E : [
p=u2+1,qg=va+1,r=wz+1 p=1,g=v2+1,r=w2+1
00,V2,00 00,00, W2
z : § : 2
+ |a12,m2,n24’7q,7" + |al2,m2,”27P,QuT‘ S 2 ’
p=u2+1,q=1,r=wz+1 p=uz+1,g=v2+1,r=1

taking into account condition (b). Choose I3 > l2, m3g > mg and nz > ny and
note that

l2,m2,n2 00,00,00
2 : 2 § : 6
|al3)m37n31p7Q7r’ S 2 ? |al31m37n37p7qﬂ" Z 2 .
p=1,9=1,r=1 p=1,q=1,r=1

Choose ug > ug, v3 > vo and w3 > wy and note that

00,00,00 u3,00,00
E , [ E : |ty ms,ns,p.q.r |
p=uz+1l,qg=v3+1,r=wsz+1 p=1,g=v3+1,r=w3+1
00,V3,00 00,00,Ww3
4
+ § |al3,m3,n3,p,q7r| + E , ‘ala,m37n3m7q77‘| <2

p=u3+1,g=1,r=wsz+1 p=uz+1,g=v3+1,r=1
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Choose arbitrarily {; > l;_1, m; > my_1 and n; > n;_1 such that

lg—1,me—1,mp—1 00,00,00
t—1 2t
(5) E ‘alt,mt,nt»lhqm’ <2, E |alt;mt;nt7p>%7“‘ > 27
p=1,q=1,r=1 p=1,q=1,r=1

Choose u; > us_1, v; > v¢4_1 and wy > wy_1 and note that

00,00,00

Z |alt,mt,nt7p7q77’|

p=ut+1l,qg=vi+1,r=wi+1
Ut ,00,00

+ Z |alt,mt,nt7P7Q7T’

p=1,g=vi+1,r=ws+1
(6) 00,Vt,00

+ Z |alt7mt7nt7p»%r|

p=ut+1,g=1,r=w¢+1

00,00, Wt

2t—2
+ E ’a’ltymtynt 710,(177“ <2 .
p=ut+1,g=vi+1,r=1

Now, from inequalities (5) and (6), we obtain

Ut ,Ut, Wt

Z ‘almmmnt»P:QaT’

p=ut—1+1,q=vt—1+1,r=wi_1+1
Ug—1,V¢,Wt

+ Z ‘alt,mt,nt»%‘Iﬂ"

p=1,g=v¢_1+1,r=wr_1+1
(7) Ut,Vt—1,Wt

+ Z |alt7mt:nt7py%7"‘

p=ut—1+1,g=1,r=w¢_1+1
U, V¢, Wt —1

2t—1
+ E |alt,mt,nt 710,(1,T‘ >2 .
p=ut—1+1,g=vi—1+1,r=1

Consider the sequence (2, ) defined as follows:

Timn = SN AL my,nyp,qrs P <li,qg <mq,r < ng;
LTlmmn = 1/2Sgnal2,m2,n2,p,q,r7 1<p< lla 1<g<m,1<r<ny,
hh <p<ly,mi <qg<mgn <r<ny;

t—1
Timmn = 1/2 SEN A1y iy me,p,q,r 1< b < ltfla 1< q < me—1q,
1<r<mq1,li1 <p<ly,m1 <qg<mg,ne1 <r < ng.
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Now, from inequalities (5), (6), (

le—1,me—1,m¢-1

7) and (8), we obtain

lt—1,mt—1,n¢—1

(9) Z Ay ne,pgrTpgr | < Z |t mi e par] < 271,

p=1l,g=1,r=1

lt,me,ne

D

p=1,g=1,r=1

Ay me,ne,p,q,r Tp,q,r

p=ut—1+1,g=ve—1+1,r=wi_1+1
le—1,me,me

+ 2

alt,mtﬂ’lt 7p7Q7r$p7q’T

p=l,g=vi—1+1lr=wi_1+1

le;me—1

+ >
p=ut—1+1,g=1,

le,me,me

+ 2

Tt

alt ST, Mt ,P#]:T‘/L‘P#LT
r=w¢—1+1

-1

Al my ne,p,q,r Lp,q,r

p=ut—1+1,g=vi—1+1,r=1

1 le,me,me

27&71

E |altamt7ntaP7‘Z7T

p=ut—1+1,g=vi—1+1,r=wi_1+1

le—1,me,me

+ Z ‘alt,mtmt,pﬂﬂ“’

p=l,q=vi—1+

(10)

Lr=wi—1+1

le,me—1,m¢

+ Z |alt,mt,nt 7p,q77“|

p=ut—1+1,g=1,r=wi_1+1

le,me,ng—1

+ 2

p=ut—1+1,g=vi—1+1,r=1

00,00,00

2.

1
2t—1 __ ot
’alt,mt,nt,P7q7T| > 2t—12 =2

Qly,me,ne,p,q,rLp,q,r

p=lt+1,g=m¢+1,r=ns+1

l,00,00

)

p=1,g=m¢+1,r

alt st Nt :P,q#"xpyqﬂ“
=n:+1

o0, Mt ,00

DY

Al ;my ne,p,q,r Lp,q,r

p:lt-l-l,q:l,r:nt—i-l

+
p=l

00,00,

E Qly,m,ne,p,q,rLp,q,r
t+1,g=mi+1,r=1



136 S. Debnath and B.C. Das 10

00,00,00

1
< ot Z |alt,m1s,nt7p7q,7“
p=li+1,g=ms+1,r=ns+1

l¢,00,00

+ Z ‘alhmhnhp:q?r’

p=1,g=m¢+1,r=ns+1
(11) 00,my 00

+ Z |alt,mt,nt 7P7(17T’|

p=li+1,g=1,r=ns+1

00,00,1¢
1 _ _
22t 2 2t 2.

+ § ‘alt,mt,m,p,q,r’ < ot
p=li+1,g=m¢+1,r=1

Now, we consider the sequence (yi, m,n,) and, applying the results from (10)
and (11), we get the following

00,00,00
|ylt7mt7nt‘ = : : altvmtvntapzqyrxpqur
p=1,g=1,r=1
lt,me,ne
+ E ALy e, ,p,q,mTp,q,r
p=ut—1+1,g=ve—1+1,r=wi_1+1
le—1,me,n¢
+ § Oy yme,ne,p,q,rTpq,r
p=l,q=vi—1+1,r=wi_1+1
lt,me—1,m¢
+ E ALy ,mg,ne,p,q,mUp,q,r
p=ut—1+1,g=1,r=wr_1+1
le,me,ne—1
+ E ALy g, ,p,q,rLp,q,r
p=ut—1+1,g=vi—1+1,r=1
00,00,00
- E Qly,mi,ne,p,q,mLp,q,r
p=li+1,g=mi+1,r=ns+1
l+,00,00 0Q,Mt,00
+ : : altvmtvntup7q>rl‘p7qar + Z alt,Wt,ﬂt,p,(],Txp7q,T’
p=1,g=m¢+1,r=n¢+1 p=li+1,g=1,r=ny+1
00,00,1¢
+ E A1y ;e ,ne,p,q,r Tp,q,r

p=li+1,g=mi+1,r=1
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lt,me,my
t_ot—1_ot—2 _ ot—2 t—2
+ E Aty g parTpgr| 2 20 =27 =277 =2 [4=2-1] = 277
p=l,g=1r=1
Therefore limy—o0 Y1, men;| = 00. Since this subsequence of the sequence

(Y1,m,n) does not converge, the sequence (y;m ) has no finite limit and thus
we have proved that condition (g) is necessary.
Proof of sufficiency:
Let the limit of the convergent sequence () be . Then ymm, — 2 =
00,000,000 . o . .
>t ige1 =1 Umn,pgrTpgr — T Using condition (c), we can write
00,00,00

: : al,m,n,p,q,rxp,q,r + lemyn = 17
p=l,g=1,r=1

where limy ,;, n—s00 21,m,n = 0. Therefore

00,00,00
ylamun - = : : al’myn7p7q7r(xp7q7r - x) - Zl’m’nx,
p=1,g=1,r=1
and thus
U,0,W
| Yimm — @ <] E : lm,n,p,g,r Tpsar |
p=1,q=1,r=1
u,0,00
+ | § : lm,n,p,gr Tpsar |
p=1,g=1,r=w+1
U,00,W
+ | 2 : al,m,mp,q,?“%mqyr ’
p=1,g=v+1,r=1
00,V,W
+ | E alm,n,pgrTpg,r |
p=u+1l,g=1,r=1
(12) °,00,00
+ | > lmn,p,qrTp.ar |
p=1,qg=v+1,r=w+1
00,V,00
+ | E , lm,n,p,gr Tpsar |
p=u+1,g=1,r=w+1
00,00,W
+ | E lm,n,p,a,r Tpsar |
p=u+1,g=v+1,r=1
00,00,00
+ | > A parTpar |+ 2mne

p=utlg=v+lr=w+l
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Since we have x;,, , — = , we can choose u, v and w so large that, for any
preassigned small constant e, we have

(13) | T — @ |< €/9A, whenever p > u,q > v,r > w.

Now, let H be the largest number of | z;,,, — x |, for p, ¢ and r. We choose
three integers L, M and N such that, whenever [ > L, m > M, n > N, the
following inequalities are satisfied

U,V,W

Z €
| al7m7nvp>‘b7’ | < guva’
p=1l,g=1r=1

o

€
Z | @tmmpgr | < Ak e 1,2,...,0r=1,2,...,w,
p=1

o0
14 €
(14) qzlya,,m,n,pw | < 79uwH,p:1,2,...,u;r:1,2,...,w,

o0
€
Z|al,m,n,p,qﬂ" | < m,pzl,z...,u;q:1,2,...,1},
r=1
€
9|

Hence, whenever | > L, m > M, n > N, we have |y, — 2| < €, using the
results from (12), (13) and (14). Thus, imy ,;, n—o0 Yi,mn—2 = 00T, Yimn — <.
Hence the theorem is proved. O

|Zl,m,n| <
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