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A TOPOLOGY VIA w-LOCAL FUNCTIONS IN IDEAL SPACES

AHMAD AL-OMARI and HANAN AL-SAADI

Abstract. The class of w-closed subsets of a space (X, 7) was defined to intro-
duce w-closed functions. The purpose of this paper to introduce the notion of
w-local functions and to give some of its basic properties in an ideal topological
space. Moreover, we define and investigate the w-compatible spaces.
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1. INTRODUCTION AND PRELIMINARIES

A point x € X is called a condensation point of A, if for each U € 7 with
x € U, the set U N A is uncountable. A is said to be w-closed - see [12] - if it
contains all its condensation points. The complement of an w-closed set is said
to be w-open. It is well known that a subset W of a space (X, 7) is w-open if
and only if, for each x € W, there exists U € 7 such that x € U and U — W is
countable. The family of all w-open subsets of a space (X, 7), denoted by 7,
or wO(X), forms a topology on X finer than 7. The w-closure and w-interior,
which can be defined in the same way as Cl(A) and Int(A), respectively, will
be denoted by Cl,(A) and Int,(A), respectively. Several characterizations of
w-closed subsets and ideal spaces were provided in [1, 2, 3, 5, 6, 7, 9, 12, 13].

Let (X, 7) be a topological space with no separation properties assumed. For
a subset A of a topological space (X, 7), CI(A) and Int(A) denote the closure
and the interior of A in (X, 7), respectively. An ideal Z on a topological space
(X, 1) is a non-empty collection of subsets of X which satisfies the properties:
(1) Ac Zand B C Aimply that B€ Z; (2) A€ Zand B € Z imply AUB € 7.

An ideal topological space is a topological space (X, 7) with an ideal Z on
X and is denoted by (X,7,Z). For a subset A C X, A*(Z,7) = {z € X :
ANU ¢ T for every open set U containing x} is called the local function
of A with respect to Z and 7 (see [11, 14]). We simply write A* instead of
A*(Z,7), when there is no chance for confusion. For every ideal topological
space (X, 7,Z), there exists a topology 7*(Z), finer than 7, generated by the
base B(Z,7) ={U—J :U € 7 and J € Z}. It is known - see [11] - that 5(Z, 7)
is not always a topology. When there is no ambiguity, 7*(Z) is denoted by 7*.
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Recall that A is said to be *-dense in itself (resp. 7*-closed, *-perfect) if
A C A* (resp. A* C A, A= A*). For asubset A C X, CI*(A) and Int*(A)
will denote the closure and the interior of A in (X, 7%), respectively. Let
(X, 7,Z) be an ideal topological space. We say the topology 7 is compatible
with the ideal Z and denote 7 ~ Z, if, for every A C X, we have that if, for
every x € A, there exists U € 7(x) such that UNA € Z, then A € T - see [11].

2. w-LOCAL FUNCTIONS

DEFINITION 2.1. Let (X, 7,7) be an ideal topological space. For a subset A
of X, we define the set A,(Z,7) ={z € X : ANU ¢ T for every U € 71,(z)},
where 7,(x) = {U € 7, : * € U}. When there is no confusion, A,(Z,7) is
briefly denoted by A, and called the w-local function of A with respect to Z
and 7.

LEMMA 2.2. Let (X,7,Z) be an ideal topological space. Then A,(Z,7) C
A*(Z, 1), for every subset A of X.

Proof. Let x € A,(Z, 7). Then ANU ¢ Z, for every w-open set U containing
x. Since every open set is w-open, x € A*(Z, ). O

EXAMPLE 2.3. Let X be an uncountable set and let A, B, C be subsets of
X such that each of them is an uncountable set and the family {A, B,C, D} is
a partation of X. We defined the topology 7 = {0, {A},{A, B},{A,B,C}, X}
with Z = {0,{A},{B},{A,B}}. Let H = {A, D}, then H*(I) = {C,D} =
CIl(H*) and H,(I) =0 = Cl,(H,).

LEMMA 2.4. Let (X,7) be an ideal topological space, T and J be ideals on
X, and let A and B be subsets of X. Then the following properties hold.

(1) If AC B, then A, C B,.

(2) If T C T, then A,(T) 2 Au(J).

(3) Ay, = Cly(Ay) C Cly(A) and Ay, is w-closed in (X, T).
(4) If AC A, then A, = Cl,(Ay) = Cl,(A).

(5) If A€ Z, then A, = 0.

Proof. (1) Suppose that x ¢ B,. Then there exists U € 7,(x) such that
UNB eZ Since UNACUNB,UNA € Z. Hence x ¢ A,. Thus
X\B,CX\A,or A, CB,.

(2) Suppose that x ¢ A, (Z). There exists U € 7,,(x) such that UN A € Z.
SinceZ C J, UNAeJ and x ¢ A,(J). Therefore A,(T) C Ay, (Z).

(3) We have A, C Cl,(Ay), in general. Let x € Cl,(Ay). Then A,NU # 0,
for every U € 7,(z). Therefore there exist y € A, NU and U € 7,,(y). Since
y € Ay, ANU ¢ T and hence = € A,. Hence we have Cl,(A,) C A, and
thus A, = Cl,(Ay). Again, let x € Cl,(Ay) = A,. Then UN A ¢ 7 for
every U € 7,(x). This implies U N A # 0, for every U € 7,(x). Therefore
x € Cl,(A). This shows that A,(Z) = Cl,(A,) C Cl,(A).

(4) For any subset A of X, by (3), we have A4, = Cl,(Ay,) C Cl,(A). Since
ACA,, Cl,(A) C Cl,(Ay,) and hence A, = Cl,(Ay) = Cly,(A).
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(5) Suppose that x € A,,. Then, for any U € 7,(z), UN A ¢ Z. But, since
AeZ, UNnAe€TforsomeU € 7,(x). This is a contradiction. So A, =0. O

LEMMA 2.5. Let (X,7,Z) be an ideal topological space. If U € T, then
UNA,=UNnUNA), C(UNA), for any closed set A of X.

Proof. Suppose that U is open set and x € U N A,. Then x € U and
x € A,. Let V be any w-open set containing z. Then VNU € 7,(x) and
VNUNA)=(VnNnU)NA¢Z. This shows that x € (U N A), and hence
we obtain U N A, € (UN A),. Moreover, UNA, C UnN((UNA), and,
by Lemma 2.4, (UN A), € A, and UN(UN A), € Un A,. Therefore
UNA,=UnUnNA),. O

3. A TOPOLOGY ASSOCIATED WITH w-LOCAL FUNCTIONS

THEOREM 3.1. Let (X, 7,Z) be an ideal topological space and A, B be any
subsets of X. Then the following properties hold:
(1) @) = 0.
(2) (Ay)w € A,
(3) A, UB, =(AUB),.

Proof. (1) The proof is obvious.

(2) Let z € (Ay)w. Then, for every U € 7,(z), UN A, ¢ Z and hence
UNA, #0. Let ye UNA,. Then U € 7,(y) and y € A,. Hence we have
UNA¢7Zand z € A,. This shows that (A, )., C As.

(3) It follows from Lemma 2.4 that (AU B), 2 A, U B,. To prove the
reverse inclusion, let = ¢ A, U B,,. Then z belongs neither to A, nor to B,,.
Therefore there exist U, V, € 7,(z) such that Uy NA € Z and V, N B € Z.
Since 7 is additive, (U, N A) U (V; N B) € Z. Since T is hereditary and

(Us N AU (V, N B) = [(Us N A)UV,] N [(Us N A) U B]
— (U, UV,) N (AUV,) N (U, UB)N (AU B)
S (U, NVy) N (AUB),

(U NVy)N(AUB) € Z. Since (U, NV,) € 1u(x), x ¢ (AU B),. Hence
(X\A,)N(X\B,) CX\(AUB), or (AUB),, C A, UB,. Hence we obtain
A, UB, = (AU B),. O
THEOREM 3.2. Let (X, 7,7) be an ideal topological space, Cl(A) = A, UA

and A, B be subsets of X. Then:

) CU5(0) = 0.
2) ACCIlx(A).
3) Cl(AUB) = CI(A) U Cly(B).
4) Cl*( ) =Cl5(Cl(A)).
5) If A C B, then CL%(A) C CI%(B).

Proof. By Theorem 3.1, we obtain:
(1) CI%(0) = (0),, U D = 0.

(1
(
(
(
(
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(2) AC AU A, = CI%(A).
(3) Cl¥(AUB) = (AUB),U(AUB) = (A,UB,,)U(AUB) = CI
(4) CI5(CL(A)) = Cl5(Au U A) = (A UA), U (A, U
(A, UA)=A,UA=CIl(A).
(5) Since A C B, we have C[}(A) = A, UA C B, UB = Cl}(B). O

By Theorem 3.2, we obtain that Cl}(A) = AU A, is a Kuratowski closure
operator. We will denote by 7% the topology generated by CI¥, that is 75 =
{UCX:Cll/(X-U)=X-U}.

LEMMA 3.3. Let (X,7,Z) be an ideal topological space and A, B be subsets
of X. Then A, — B, = (A — B), — B..

Proof. By Theorem 3.1, we obtain A, = [(A—B)U(ANB)], = (A—B),U
(AnB), C (A—- B),UB,. Therefore A, — B, C (A — B), — B,. We have,
by Theorem 3.1, (A— B), C A, and hence (4 — B),, — B, C A, — B,,. Hence
we obtain A, — B, = (A — B), — B.. O

COROLLARY 3.4. Let (X,7,7) be an ideal topological space and A, B be
subsets of X with B € Z. Then (AUB),, = A, = (A — B),.

Proof. By Theorem 3.2 and since B € Z, B,, = ¢. Therefore A, = (A—B),,
by Lemma 3.3. Hence, by Theorem 3.2, (AU B), = A, U B, = A, O

LEMMA 3.5. Let (X, 7,Z) be an ideal topological space and A, B be subsets
of X. Then:
(1) CIX(ANB) CClY(A)NClL(B).
(2) If U € 1, then U N CI(A) CCEUNA).

Proof. (1) This is obvious by Theorem 3.2.
(2) Since U € 7, we have by Theorem 3.2, UNCI5(A) =UnN(AUA,) =
UNA)UUNA,) CUNA)UUNA),=CIlE(UNA). O

COROLLARY 3.6. Let (X, 7,Z) be an ideal topological space and A be subsets
of X. If AC A, then Cl,(A) = CI*(A).

Proof. The proof follows from Theorem 3.2. O

DEFINITION 3.7. Let (X, 7) be a topological space and Z an ideal on X. A
subset A of X is said to be 7%-closed if and only if A, C A.

It is well known that if U € 7 if and only if X — U is 75-closed, then
UCX—(X—-U)y. Thus,if x €U, z ¢ (X —U)y, i.e there exists a w-open
set V such that VN (X —U) € Z. Hence Iy = VN (X — U) and we have
x eV — Iy CU, where V is w-open set and Iy € 7.

THEOREM 3.8. Let (X, 7) be a topological space and I be an ideal on X.
Then (3 is a basis, where B(Z,7) ={V —Io:V € 1,,Ip € T}.

Proof. Since ¢ € Z, then 7, C 8 and hence X = UpS . Also, for every
B1, 82 € B, we have 81 = Vi — I and By = Vo — I, where V1, V5 € 7, and
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11,12 € 7. Then [‘31062 = (%—II)H(VQ—IQ) = (Vlﬂ—(X—Il))ﬂ(Vgﬂ
(X—IQ)):(VlﬂVQ)—(IlUfg) € B, where ViNVy er,, LUl €T. O

REMARK 3.9. The topology 7, finer than 7. See the following example.

ExXAMPLE 3.10. Let X = R be the set of all real numbers with the topology
7 ={0,X,{1}} and let @ be the set of all rational numbers, Z = {P(Q)}. Put
A =@Q. Then A € 7}, but A is not w-open, since Cl,(A) € A

REMARK 3.11. Let A be a subset of an ideal topological space (X, 7,7).
(1) If Z = {¢}, then A, = Cl,(A) = CI7(A).
(2) fZ =P(X), then A* = A, = {¢} and CI*(A) = Cl}(A) = A.

In view of our remarks, the following implications hold:

open — 7*-open

L

w-open —— T/;-open

EXAMPLE 3.12. Let (X, 7,Z) be an ideal space, with X{a,b,c}, 7 = {0, X,
{a}} and Z = {0, {b}}. Then the set {b} is w-open, but not 7*-open.

ExAMPLE 3.13. Let X = R with the usual topology 7 and let @ be the set

of all rational numbers, Z = {P(Q°)}. Let A = Q. Then A is 7*-open, but it
is not an w-open set.

4. w-COMPATIBLE IN IDEAL TOPOLOGICAL SPACE

DEFINITION 4.1. Let (X, 7,Z) be an ideal topological space. We say the
topology 7 is w-compatible with the ideal Z and denote 7 ~, Z, if the following
holds for every A C X: if, for every x € A, there exists U € 7, (z) such that
UNA€eT, then AeT.

REMARK 4.2. A compatible space is w-compatible, but not conversely.
THEOREM 4.3. Let (X, 7,7) be an ideal topological space. Then the follow-
g are equivalent:
(1) 7~y Z;
(2) if a subset A of X has a cover of w-open sets, each of whose intersection
with A is in I, then A € I;
(3) for every AC X, AN A, = ¢ implies that A € Z;
(4) for every ACX, A—A, €I;
(5) for every A C X, if A contains no non-empty subset B with B C B,,,
then A € T.

Proof. (1) = (2) The proof is obvious.

(2) = (3) Let AC X and z € A. Then = ¢ A,, and there exists V,, € 7,(z)
such that V; N A € Z. Therefore we have A C U{V, : z € A} and V,, € 7,(x)
and, by (2), A € 7.
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(3) = (4) Forany A C X, A— A, C Aand (A—A,)N(A— Ay)w C
(A—A,)NA,=¢. By (3), A— A, €T.

(4) = (5) By (4), forevery AC X, A—A,€Z. Let A-A,=J €T
Then A=JU(ANA,) . By Lemma 24, A, = J,U(ANAy,)w = (ANAL)w.
Therefore we have AN A, = AN(ANAy)w C(ANAL)w and (AN A,) C A.
By the assumption ANA,=¢, A=A—A, €.

(5) = (1) Let A C X and assume that, for every x € A, there exists
U € 1,(x) such that UNA € Z. Then ANA, = ¢. Since (A—A,)N(A—Ay)w C
(A—-A,)NA, = ¢, A— A, contains no nonempty subset B with B C B,,. By
(5), A—A, €7 and we have A=AN(X -A,)=A—-A, €T O

THEOREM 4.4. Let (X, 7,Z) be an ideal topological space. Then the follow-
ing properties are equivalent:

(1) T~ L
(2) for every 7}-closed subset A, A— A, € T.

Proof. (1) = (2) It follows by Theorem 4.3.

(2) = (1) Let A C X and suppose that, for every x € A, there exists an
w-open set U containing x such that U N A € Z. Then AN A, = 0. Since
Cl(A) = AU A, is 7}5-closed, we have (AU A,) — (AU A,)w € Z. Moreover,
(A U Aw) - (A U Aw)w = (A U Aw) - (Aw U (Aw)w) = (A U Aw) - A, = A
Therefore A € 1. O

THEOREM 4.5. Let (X,7,Z) be an ideal topological space and T be w-
compatible with . A set is closed with respect to the 7;-topology if and only
if it is the union of a set which is w-closed with respect to T and a set in I.

Proof. Let A be 7}-closed. Then A, C A implies that A = (A — A,) U A,.
We have, by Theorem 4.4, A — A, € T and, by Theorem 3.1, A,, is w-closed
with respect to .

Conversely, if A = BUZ, where B is w-closed with respect to 7 and I € Z,
then, by Theorem 3.1 and Lemma 2.4, we have A, = B, U I, = B, C
Cl,(B) =B C A. Thus A, C A and A is 7}-closed. O

COROLLARY 4.6. Let (X,7,Z) be an ideal topological space. If T is w-
compatible with Z, then B(1,7) = 1.

Proof. Let U € 71};. Then, by Theorem 4.5, X — U = F U B, where F
is w-closed and B € Z. Then U = X — (FUB) = (X -F)N(X —B) =
(X —F)—B =V — B, where V = X — F is w-open set of X. Thus every
75-open set is of the from V — B, where V is w-open and B € Z. It follows
from Theorem 3.8 that 5(7,Z) = 7. O

THEOREM 4.7. Let (X,7,7) be an ideal topological space. Then the follow-
ing properties are equivalent:

(1) 7o NZ =0;

(2) if I € Z, then Int,(I) =0;
(3 )foreveTyGETw,GgG :
(4) X
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Proof. (1) = (2) Let 7,NZ = () and I € Z. Suppose that = € Int,(I). Then
there exists U € 7, such that z e U C I. Since I € Z, 0 # {z} CU € 7, N L.
This implies 7, N Z = (. Therefore Int,(I) = 0.

(2) = (3) Let x € G. Assume that x ¢ G,,. Then there exists U, € 7,(z)
such that GNU, € Z. By (2), x € GNU, = Int,(GNU,) = 0. Hence = € G,
and G C G,,.

(3) = (4) Since X is w-open, X = X,,.

D=0 X=X,={re X :UNX=U ¢ I}, for each w-open set U
containing z. Hence 7, NZ = 0. O

THEOREM 4.8. Let (X, 7,Z) be an ideal topological space, T be w-compatible
withZ and 7,NZ = 0. Let G be a 75-open set such that G = U — A, where U €
Tw and A € Z. Then Cl,(G,) = Cl,(G) = G, = U, = Cl,(U) = Cl,(U,).

Proof. Let G = U — A, where U € 7, and A € Z. Since 7, NZ = (), by
Theorem 4.7, we have U C U,. Hence, by Lemma 2.4, U, = Cl,(U,) =
Ol (U).

Now, we prove that G C G,,, by using G € 7. Since CI[;,(X —G) = X — G,
(X —G)y € X — G and, by Lemma 3.3, X, — G, € X —G. Since 7,NZ =0,
by Theorem 4.7, X — G, € X — G and hence we have G C G,. Hence, by
Lemma 2.4, G, = Cl,(G) = Cl,(Gy) .

Now, since G C U, G,, C U,. By Lemma 3.3, G, = (U—-A), 2 U, — A, =
U,, since A € Z. Thus U, = G,,. Hence we obtain the desired result. O

DEFINITION 4.9. An ideal 7 is called a o-ideal - see [11] - if it is countably
additive, that is if I,, € Z, for each n € N, then U{[,, : n € N} € 7.

DEFINITION 4.10. A space (X, 7) is said to satisfy the C condition - see
[10] - if every infinite subset of X has non-empty interior.

PRrOPOSITION 4.11 ([10]). If a space (X, T) satisfies the condition C1, then
A — Int(A) is finite, for any A C X.

DEFINITION 4.12 ([12]). A space (X, 7) is said to be w-Lindelof if and only
if every cover of X by w-open sets of X has a countable subcover. A space
(X, 7) is said to have the hereditary w-Lindel6f property if every subspace has
the w-Lindel6f property.

LEMMA 4.13 ([8]). If U is an w-open subset of a space (X, 7), then U — C
is w-open, for every countable subsets C of X.

THEOREM 4.14. Let (X, 7) be a hereditary w-Lindeldf space satisfying con-
dition C1 and let T be a o-ideal on X. Then 7~ T.

Proof. Let A C X and assume that, for every x € A, there exists an w-
open set U such that U N A € Z. This implies U N Int(A) € Z. Now,
{(Uz = C)NInt(A) : = € A} is a cover of Int(A) by w-open sets and a
countable subset C' of X. By the assumption that (X, 7) is hereditarily w-
Lindel&f, this cover has a countable subcover {(Uy(,y) —C) N Int(A):n € N}.
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Since Z is a o-ideal, Int(A) = U{(Uyny —C)NInt(A) :n e N} € Z. If Ais
an open subset of X, then the proof is complete. If A is not open, then, by
Proposition 4.11, A — Int(A) is finite. For every z € A — Int(A), there exists
an w-open set Uy such that U, N A € Z, hence U, N (A — Int(A)) € Z. By the
finite additivity of Z, we have A — Int(A) = U{U; N (A — Int(A))} € Z. This
means that A = Int(A) U (A — Int(A)) € Z. Hence 7 ~, Z. O
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