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THE EXTENSION MONOID PRODUCT OF PREINJECTIVE
KRONECKER MODULES

ISTVAN SZOLLOSI

Abstract. We explore the combinatorial properties of the extension monoid
product of preinjective Kronecker modules. We state a theorem which charac-
terizes the extension monoid product of preinjective (and dually preprojective)
Kronecker modules in the most general case, over an arbitrary base field. As
corollaries, we give another proof of an interesting theorem from [7] and restate
the main theorem from [9] (also extending these results over arbitrary fields).
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1. INTRODUCTION

Let K be the Kronecker quiver, i.e. the quiver having two vertices and
two parallel arrows:

and x an arbitrary field. The path algebra of the Kronecker quiver is the
Kronecker algebra and we will denote it by <K . A finite dimensional right
module over the Kronecker algebra is called a Kronecker module. We de-
note by mod-<K the category of finite dimensional right modules over the
Kronecker algebra.

A (finite dimensional) k-linear representation of the quiver K is a quadru-
ple M = (Vi,Va2;¢q, @) where Vi, Vs, are finite dimensional x-vector spaces
(corresponding to the vertices) and ¢q, ¢ : Vo — V; are k-linear maps (corre-
sponding to the arrows). Thus a k-linear representation of K associates vector
spaces to the vertices and compatible x-linear functions (or equivalently, matri-
ces) to the arrows. Let us denote by rep-x K the category of finite dimensional
k-representations of the Kronecker quiver. There is a well-known equivalence
of categories between mod-xK and rep-xK, so that every Kronecker module
can be identified with a representation of K.

The simple Kronecker modules (up to isomorphism) are

Si:xke=0 and Sy :0 &= k.
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For a Kronecker module M we denote by dimM its dimension. The dimen-
sion of M is a vector dimM = ((dim M)y, (dim M)s2) = (ms, (M), ms,(M)),
where mg, (M) is the number of factors isomorphic with the simple module

S; in a composition series of M, i = 1,2. Regarded as a representation,
Pa

M Vi &= Vi, we have that dimM = (dim,, Vi, dim,, V2).
Y8

The defect of M € mod-<K with dimM = (a, b) is defined in the Kronecker
case as OM = b — a.

An indecomposable module M € mod-<K is a member in one of the follow-
ing three families: preprojectives, regulars and preinjectives. In what follows
we give some details on these families.

The preprojective indecomposable Kronecker modules are deter-
mined up to isomorphism by their dimension vector. For n € N we will denote
by P, the indecomposable preprojective module of dimension (n+1,n). So Py
and Pj are the projective indecomposable modules (Py = S; being simple). It
is known that (up to isomorphism) P, = (x"*!, k"; f, g), where choosing the
canonical basis in ™ and k"', the matrix of f : k» — k™! (respectively of

g: K" — k") s <]I(,)1 ) (respectively <HO ) ). Thus in this case
n

(in)

P, ol = un
(%)

where I, is the identity matrix. We have for the defect 0P, = —1.

We define a preprojective Kronecker module P as being a direct sum
of indecomposable preprojective modules: P = P, ® P,, ® --- ® F,,, where
we use the convention that a1 < ag < --- < qy.

The preinjective indecomposable Kronecker modules are also deter-
mined up to isomorphism by their dimension vector. For n € N we will denote
by I,, the indecomposable preinjective module of dimension (n,n + 1). So I
and I are the injective indecomposable modules (FPy = S3 being simple). It
is known that (up to isomorphism) I,, = (k", k"!; £, g), where choosing the
canonical basis in "1 and ", the matrix of f : k"t — K™ (respectively of
g:&" — k") is (I, 0) (respectively (0 I,)). Thus in this case

where I, is the identity matrix. We have for the defect 01, = 1.

We define a preinjective Kronecker module [ as being a direct sum of
indecomposable preinjective modules: I = I, @® I, ® --- @ I,,, where we use
the convention that a1 > as > --- > q;.



3 The extension monoid product of preinjective Kronecker modules 77

The category of Kronecker modules has been extensively studied because the
Kronecker algebra is a very important example of a tame hereditary algebra.
Moreover, the category has also a geometric interpretation, since it is derived
equivalent with the category of coherent sheaves on the projective line. In
addition, Kronecker modules correspond to matrix pencils in linear algebra,
so the Kronecker algebra relates representation theory with numerical linear
algebra and matrix theory. We refer the reader to standard textbooks on
representation theory of algebras, such as [1, 5, 2, 4] for further details on
definitions, calculations, justifications and proofs leading to these results.

In the sequel we denote integer sequences as (ay,...,a,), we take empty
sums to be zero and denote the set of permutations of {1,2,...,n} by S,. For
giving a permutation o € S, we may use either the tabular notation as in

(1 2 ... n
T \e() 0@ - o)
or the cyclic notation (i.e. o given as a product of cycles) asin o = (1(2. .. (x,
where every (; = (i o(i) a(o(i)) ... o*~1(i)) with ¢*(i) =i is a cyclic permu-

tation (or a cycle). A product of permutations is to be computed from right
to left (as usual for the composition of functions).

2. THE EXTENSION MONOID PRODUCT OF PREINJECTIVE KRONECKER
MODULES

For d € N? let My = {[M]|M € mod-kK,dimM = d} be the set of isomor-
phism classes of Kronecker modules of dimension d. Following Reineke in [3]
for subsets A C My, B C M, we define A+ B = {[X] € My4.|30 - N —
X — M — 0 exact for some [M] € A, [N] € B}. So the product A = B is the
set of isoclasses of all extensions of modules M with [M] € A by modules N
with [N] € B. This is in fact Reineke’s extension monoid product using iso-
morphism classes of modules instead of modules. It is important to know (see
[3]) that the product above is associative, i.e. for A C My, B C M., C C My,
we have (AxB)*xC = Ax (BxC). Also {[0]} * A = A« {[0]} = .A. We will call

Wy

the operation “x” simply the extension monoid product.

REMARK 1. For M, N € mod-kK and k finite, the product {[M]} = {[N]}
coincides with the set {[M][N]} of terms in the Ringel-Hall product [M][N]
(see Section 4 from [9]).

From now on we deal only with the extension monoid product of preinjective
Kronecker modules. It is very important to mention that all results can be
dualized in natural way to preprojective Kronecker modules as well.

According to the main result from [8] (Theorem 3.3), the possible middle
terms in preprojective (and dually preinjective) short exact sequences do not
depend on the base field. This allows us to describe the combinatorial rules
governing the extension monoid product of preinjective Kronecker modules in
a field independent way. Specifically, this allows us to restate some theorems
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involving the Ringel-Hall product (valid only over finite fields) in terms of the
extension monoid product (in a field independent manner).

Let us begin with a step-by-step presentation of our results so far, going
from the most specific towards the more general.

The first step is to state the combinatorial rule describing the extension
monoid product of two preinjective indecomposable Kronecker modules. The
following theorem appears in [6] (and also in [9]) written in terms of the
Ringel-Hall product, so we may give its equivalent, field independent version:

THEOREM 1. Let I;,I; € mod-kK be preinjective indecomposable Kronecker
modules. Then we have the following rule describing their extension monoid
product:

{lli @ L]} P>
A = {{[Ij CRANI RS S ARPRIEE AP | R
REMARK 2. In the theorem above |x| denotes the integer part of x, there-
g)fejﬁljn@zfz];[.f;;}li @ Liti], ..., [IJ*L%J @ IZJFL%J]} {lZj=m ® Lizm]|m €
The next step is to consider the extension monoid product of a preinjective

with a preinjective indecomposable. Again, we can just rewrite the corre-
sponding result from [9]:

LEmMMA 1. For ay > -+ > ap—1 > 0, ¢t > -+ > ¢, > 0 and a, > 0
nonnegative integers (n > 2), we have that

Lo, @ @I, € {[ley ® - & Lo, ]} x {[La,]}

: , ~1

if and only if p=mn, c1 = a1, ..., k1 = A1, Ck = Ap — Y} My, Chy1 =
agp + my, ..., ¢n = Ap_1 + mp_1 for some k € {1,...,n} and m; € N,
kE<j<n.

In an analogue way we have (see [10]):

LEMMA 2. Forby > --->b, >0,¢1 > --- > ¢, >0 and a > 0 nonnegative
integers, we have that

Uey @ -~ @ I, ] € {[La]} * {{Ipy ®--- © Ip, ]}
if and only if p =n+1, ¢t = by —my, ..., Ck1 = bp_1 — Mk_1, Ckx =
a—i—Zf:_llmi, Ck+1 = b, ..., Cny1 = by for some k € {1,...,n+ 1} and
m; EN,iZ{l,...,k‘—l}.
The main result from [9] gives an implicit description of the Ringel-Hall

product of two arbitrary preinjective Kronecker modules over finite fields. The
field independent version is our next step towards the most general case:

THEOREM 2. Ifa;1 > ...ap >0,by > --->b, >0andc; > --- > ¢, >0 are
nonnegative integers, then [I., ®--- @I, | € {[lo; - DL, |} ¥ {[lp, ©- - -© Iy, ]}
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if and only if r =n+p, I8 {1,...,n} = {1,...,;n+p}, Ja: {1,...,p} —
{1,...,n+p} both functions strictly increasing with ImaNImpB = () and EIm§ >
0,1<i<n, 1§j§p, such that V¢ € {1,...,n+ p}

— Y 86)<aly) My, where i =pB71(¢) LeImp

(1) co = 1<J<p ' ‘ B .
aj + Y p(i)<a(j) My, where j =a~(¢) L€ Ima
1<i<n

Having surveyed what we have so far, let us deal with the most general case,
that is with an extension monoid product of the following form:

{Han ]} * {Lao]} # -+ % {{La, ]}

where the sequence (ay,ag,...,a,) parameterizing the preinjective indecom-
posables is arbitrary.

Since the extension monoid product is associative, one can compute it in
many ways. One strategy could be to always put parentheses around adjacent
terms and use only Theorem 1 along the process. Formally:

{Uanl} 5+ % o]y 2 (T} 5o (g 12 {lLag | J}) 5o % g ]}
2 {lrgl} # o (g 1+ {10z, 1Y) - % L)}

2 {Laglyx e ({og 1Y # AL 1Y) % {lLag])
D (L]} Ly ]} x o x {{L ]}
:{[Icl@lcz@"'@lcn]}’

where (al,.. can) = (ad, ... k), ke {1,...,n—1}foralli € {1,...,p} and

1 1 . . .
(af . afﬁ ) = (c1,...,cpn) is a decreasing sequence, i.e. ¢; > -+ > ¢, > 0.

At any step i € {1,...,p}, when computing ({[ i ]} {[ i ]}> we have two

cases according to Theorem 1, hence we may deﬁne the sequences (ad,...,ab)
in the following way: if ak_ > O‘ki+1 then
i+1 i+l i+l i+1y _ (i i i
(o™, OOy, Oy, )= (a5 Q)

otherwise (if o, < o 1)

( i+1 41 _i+1 i+1)

(i i i i
ot o, =(aj,...,0p 1 —m,ap +m,, ..., qp),

for some m € N such that a};i p1—mz a};i +m. So either the sequence remains
unchanged, or there is a “swap” between adjacent elements with an optional
increasing of the element left behind at the expense of the element going in

front. Either case we will have o/+1 > a}j}_l in the new sequence. Therefore

we can disregard the steps Where aki > oy 11 and suppose we compute by
putting parentheses only in the case when oﬂ,’% < a}% 41, stopping the process
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when the sequence is decreasing. It also is easy to see that the process stops

after a finite number p € N of steps since for every i € {1,...,p} the sequence
(ot ... i) is strictly greater lexicographically than (af, .. .,a%) and the

number of sequences having a fixed lenght and a fixed sum of their elements
if finite. We may also keep track of the elements of the “original” sequence
(a1,...,an). Clearly, every swap defines a transposition of the form (k; k;+1).
Let us denote their product by o = (k1 k1 +1)...(kp, kp +1). At the end we
will have (c1, ..., cn) = (ag(1)+M1, - - -, Gg(n) +mM0p), for some m; € Z satisfying
Yoy m; = 0. We summarize all this reasoning in the following proposition:

ProposiTION 1. For ay,...,an,c1,...,¢cp E N, ¢ > -+ >¢, >0, n>2
we have that [Ie, @ -+ & I, ] € {[la)]} % -+ x{[la,]} = (c1,...,cn) =
(Ao(ry + M1, Ag(n) + M), With 0 = opy1 € Sy and m; = af“ — ag(;) for
some p € N, where for every i € {1,...,p} and k; € {1,...,n — 1} we have
ay, < ay.. using the following recursive definitions:

1 1y _ i+1 i1 it 1y
e (aj,...,ap) = (a1,...,an) and (af s O ,aki+1,...,a%‘*‘) =
(041»---’0%,.“ —m(),aki —l—m(),...,an) for some mY € N such that

O‘Ziﬂ —m® > O‘Zi +m;
e 01 = () is the identity permutation and o;41 = o; - (k; k; + 1) € Sp,.

Let us state now a lemma, which solves most of the technical difficulties in
our way towards the main theorem.

LEMMA 3. Foray,...,an,C1,...,¢n €N, 1 > - >¢, >0, n>2 we have
that
ey @ @ I, € {[Lay]} * - * {{1a, ]}
if and only if do € S, a permutation and Hmz- > 0 nonnegative integers,
1<j<i<n, suchthatVl € {1,...,n},

n o(l)—1
i a4
(2) c=ampt D mpg— > mi,
i=a(£)+1 j=1

and the following condition holds: m; >0 = o 1(i) < o7 1(j).

Proof. “<==" Suppose we have a permutation ¢ € S,, and the values m; eN,
1 < j < i < n such that equation 2 holds. Taking into account the condition
m; > 0 = o (i) < 07!(j), we can rewrite the equation in the following
equivalent form V¢ € {1,...,n}:

= agpt D mhy— > mi

1>0(0) j<o(0)
o)<t aT1(j)>e

Next, we divide the indices ¢ € {1,...,n} into two different sets. Let
D ={llc; < aypyand A= {l]|ce > appy}. f A= 0, then D = {1,...,n} and
(c1,--+5¢n) = (Ag(1)s- -+ Ag(n)) 18 only a decreasing ordering of the elements
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of the sequence (aq,...,a,), and using Proposition 1 we are done. So, let us
suppose that A # (). We are going to show that the following inequality is
true for every k € A:

(3) > (ee = ap) <D (ap(e) — co).

leA LeD
1<k <k
Since
i ol
Do —ag) = 3 myy— > mi”
leA le A leA
i<k <k <k
1>0(0) j<o(0)
o)<t o1(j)>¢
and
) ol
Dl —c) =~ > mhy+ y miY,
leD leD leD
<k <k 1<k
i>0(0) j<o(f)
a1 (i)<e o1(5)>¢

we have that inequality 3 is equivalent with

PORECATED DI TR DR DR

leA LeD leA leD
1<k 1<k <k <k
i>0(¢) i>o() j<a(l) j<o(l)
o)<t o~ 1(i)<e o (G)>0 ot (j)>¢

which in turn is equivalent with

S s Y

<k <k
>0 (L) j<o(®)
o 1(i)<e a7 1(j)>L

Using the change of variables £ = ¢~!(j) and ¢ = o~'(i) respectively, this last
inequality can be rewritten in the following equivalent form:

>, ms Y om;

a1 (H<k o 1)<k
i>] 1<t
o~ (i)<o1(j) o7 (j)>o 7 (9)

which is true, because the terms in the sum from the left hand side also appear
as terms in the sum on the right hand side. Thus inequality 3 holds. As a
consequence it is clear that Im’ € N such that

ag() + Zafl(i)ep ’mfy(z) = g(e) + E?=a(€)+1 mf'7(15) ted

Z>10(E)
4 Cyp = o ti)<L ) |
oo Got) = g-1(yeat] ) = a0y — L7 Tl reD
j<o(®)
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this also implying that m; =0forall 1 <j<iifo!(i) € Aand 1’71,; =0 for
all j <i<nifo~l(j) e D.
We use Proposition 1 to show that [I., @ --- & I.,] € {[La,]} * - * {[Lan] }

We set (ad,...,al) = (ai,...,a,) and perform a finite number of “controlled”
swaps to reach the final decreasing sequence (cy,...,¢,) = (ofl’H, ceey aﬁ“),

where p € N is the number of swaps performed. Using the notation introduced
in the statement of Proposition 1 and initializing the permutation o1 = () and
a set with W1 = ) we could describe formally the process in the following way:
for'eve}"y i€ {1, . ,p} let (afth ... ,agl,azﬁl, oAty = (ol ... s O —
m(l),a}ﬂ + m(’), ... ,a%), Wiy = W; U {(Jz(k‘z),Uz(kz + 1))} and 0,11 = 0y -
(ki ki +1) € S, for some k; € {1,...,n — 1} if a}'ﬁ_ < a};#l , where m(® =
mgzgz:)ﬂ) if oi(ki + 1) > oi(ki), 0~ (oi(ki)) € A and o~ (0;(k; + 1)) € D are
satisfied, otherwise m(i)': 0. ‘ ‘

Note that o, | — m() > ap + m() is always true because if m(d > 0, then

~ : oikit1)~1 _oi(ki+1) n .
a}ci-l—l_m(z) > aGi(ki+1)_Zj=1 m; = an(ki)+Zi=Ui(ki)+1 mfh‘(ki) =

O‘?w +m®. One can see that the permutations o1,...0,11 € S, are used for
tracking the elements of the sequence (aq, ..., a,) while performing the swaps.
Intuitively, if for a pair of indices we have that (j,j’) € W, this means that
elements corresponding to a; and aj; have been swapped at least once in
the first ¢ iterations of the process. Hence for every i € {1,...,p+ 1} and
every £ € {1,...,n} the following is true for the elements of the the sequence

(of,...,ak):

)+ £ iy i 7o) €4
i P i ol 3 .
Qg (0) — Z(ISJ(?SZE(Q/ m; ) o 1(01(5)) eD
2,04 i

Obviously, this process can only stop when af“ > > affl, meaning that
(c1,...,¢0) = (T, ... 8™, If in addition 0,1 = o, then equation 4 is
readily satisfied and we are done. If 0,11 # o, then one can perform a number
of swaps between adjacent elements having the same value to get exactly the
permutation o.

“=" Suppose now that we have [I., & --- & I,] € {[la]} *

- x {[1a,]}- Using the associative law, [I,, & --- & [I,] €
(L)} * Laa)}) # {lTag)}) 5 - #{[la,]})- This only refiects the obvious
fact that any element of the set {[I,,]} * -+ * {[l,,]} can be obtained by
repeated application of Lemma 1 and conversely, by iterating the process
described in Lemma 1 we can get nothing but an isoclass from the set
{a,]} * -+ *{[La,]}. So, in order to compute the element [I., & --- & I, ]
of the product {[Z4,]} * -+ - * {[L4, ]} We can proceed by starting from the sec-
ond term and apply n — 1 times Lemma 1.
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As it can be seen, the position k£ € {1,...,n} in Lemma 1 determines a cyclic
permutation of the form ( = (k K+ 1 ... n— 1 n) having length n — k + 1.
Therefore the isoclass [I, © --- @ I.,] is completely determined by the cycle
¢, the values mj € N, 1 < j < n (where j < k = m; = 0) and the sequence
(a1,...,ap).

We will number the n — 1 iterations starting from 2, so let i € {2,...,n}
be the index used in counting iterations of Lemma 1. Correspondingly, k; €
{1,...,i} will be the position where the element a; is going to be inserted
at the end of the " iteration, hence ¢; = (k; k; +1 ... i — 1 4) will be
the cyclic permutation determined by k;. Let us denote the product of these
cycles by 7, = (;(;—1...(2 and its inverse by o; = Tiil = C{l . ..gl. The
nonnegative integer values by which a; is decreased in favor of some of the
other elements a;, where 1 < j < ¢ will be denoted by mé Let us denote by

(ad,ab, ..., al) the sequence obtained after the i'" iteration. For convenience
we use the convention (ai,...,al) = (a1,...,a,) and o1 = () that enables us
to write following recursive definition for all i € {2,...,n} and j € {1,...,n}:
aé_l 1<5 <k
i—1 .
B R my J = ki
+mal LG) ki <j<i
aj 1<j<n
Finally we will have ¢; = oY, ca =ay, ..., ¢, = o) and

(o} * A aad}) (a1 + - ([ ]) =
((( Ioal} # AUyl ) +{Lgl}) =+ = {{Ly})

> ({1723 @ Lyl * {11, ]}) (L]}
{[13@13@1 o] poeoox {[Lag]}

={ll, ® I,®---& I,]}

Iterating this process n —1 times it is clear that o = oy, = (CnCnot1...Co)7H
and equation 2 holds if we set the appropriate values m; to zero so that the
implication m; >0 = 0"1(i) < 071(j) is satisfied. O

Being the main result of the present paper, we state the following theo-
rem, characterizing the extension monoid product of preinjective Kronecker
modules in the most general case:

THEOREM 3. For ay,...,an,C1,...,¢n €N, g > - >¢c, >0, n > 2 we
have that

Ue, @@ L, € {{La, ]} * -+ {[La, ]}
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1;.

J > 0 nonnegative integers,

if and only if do € S, a permutation and Im
1<j<i<n, such that V¢ € {1,...,n}

n 0'(4)—1

i a(l

C=am T D, Mg~ Y mj()7
i=o(0)+1 j=1

and the following conditions hold:
(i) mj >0 = o7 1(i) < o71(4)
(i) a; > a; = o7 1(i) > o7 1(j).

Proof. Because of Lemma 3 we have to prove only the condition (ii) holds
in the left to right implication.

We proceed by induction on n. When n = 2 we may have either a; > as or
a] < a.

If a1 > ag, then {[I4,]} * {[Is,]} = {[Ia, @ La,]}, the permutation o = () is
just the identity, m? = 0, so ¢; = a; > ag = ¢ and the conditions (i) and (ii)
trivially hold.

If a1 < a2, then {[I,,]} * {[Is,]} = {[Ie; ® I,]|ag — m2 = ¢c1 > ¢ =
a; +m2,m? >0}, 0 = (2 1) and the conditions (i) and (ii) are also satisfied.

Let us assume that the implication holds for any product having n — 1 or
less terms (n > 3) and compute the product in the following way: {[l4,]} *
o Alan I e} 2 (e} # - AlTa, 1) e )} 2 Al @@ 1y [}
{[1a,]}, point at which we may use Lemma 1 to get the final element [I., ®- - -@
I.,). Therefore c; = ¢}, ..., 1 =¢}_q, Ck = an — Z?;,i mj, Cip1 = Cj, + M,

oy Cp=C_1 +mp_q for some k € {1,...,n} and m; e N, k < j <n.

Assuming the theorem holds for the product {[Z4,]|} * ...{[La, ,]}, let us
denote the corresponding permutation by ¢ € S,,_1 and apply again the trick
of dividing the indices in two sets D = {{|c¢ < ag(p)} and A = {€|cy > az()}
as we did in the proof of Lemma 3. Following the same reasoning there exists
values m; € N, such that V¢ € {1,...,n — 1}

with m! = 0 for all 1 <j <iif o7 '(i) € Aand m! =0 forall j <i <n-—1if
a7 1(j) € D.
Moving the (decreased) element a,, into the k'* position is achieved via a

sequence of swaps as described by Proposition 1. Set (ai,... ,a,ll_l,a,ll) =
/ / i+1 i+l i+l i1y (0 i
(i, e _q1,an) and (af R N ¢ N T o ) = (af, - 00 —

% Q : A )
Mip—i, Qi + Mip—j, ..., ) with Qg i1 — Mp—i = ag_; + my_; for every
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i € {1,...,n — k}. The elements of the sequence (a!,...,a%) are
c 1<l<n—1
a}“ =<a,— Z?:_:H‘ m; {=n—1i
cp_q +mey n—i1<f<n

Hence the final permutation would be - (n —1n)---(k k+1).
Suppose that we have just performed the " iteration and we have a, —

>ois _loomy = altl > aff_liﬂ = ¢, _;+Mn—i, but a, < agz(,—;)(if this is not the

case, then condltlon (ii) is readily fulfilled and we are done). We must have
n—i€D,sincen—i€A=>c,_;>azpn_) > an and ¢, ; < a, would lead

to contradiction, so ¢, , = A5(n—i) — Zj( 1 -1 mj(" ), We can now replace
o(n—1i)

the values m € N with new ones (denoted by mja(n_i) € N) satisfying

1.

m;.&("_i) < m‘;(”_i) for 1 < j < &(n —1i) such that
g(n—i)—1 B .
T S AR T S
j=1 j=n—i

(this being possible because a, < a; ( 7)) and we define for every element
te{n—i+1,...,n—1} the following

ag(0) + Don>i>a(0) mf%(é) + m?((e?fi) teA

Cp = i1#5(n—1) .
¢ teD
Alsq set for every j€{n—i+1,...,n— 1} the following: m} = m; +
mgg)_’) - m/;((;)l_z) if 7(j) < ¢(n — 1) and m; = m; otherwise. One can see
that
n—1 g(n—i)—1 ) a(n—1)
TSI ST VR vl LT SR
j=n—i+1 j=n—i+1 j=1
(n—i)—1 ) (n—1)
_ z+1_|_mnz_ ;7nz)+ Z m (n—1)
7=1
(n—i)—1 B
S
7j=1
i+1

=Cpit Mo =0
(at the beginning of the previous chain of equalities we have used condition
(i), namely mg(nﬂ') > 0= n—1i< & (j) and the fact that m/a(" )<
mj(””')). Additionally, for every ¢ € {n — i+ 2,...,n} it can be shown
that ¢j , +mj_, = o', If £ —1 € D with 6(n —4) > &(¢ — 1) then
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(371;) = mf&?‘fg = 0 and m2 L = my—y while if £ —1 € A, then ¢/ ; +

1= Q51 +Zn>z>a(€ 1) (g 1)+mCCf((€n 11))+m€ 1+meZ 8 mgf((gi—lg) =
i#5(n—1)

Cp_q +my_1 = oz?'l.

We can conclude that the sequence (O/IH, ..., ab) remained unchanged
with a new underlying permutation, such that the (decreased) element ay,
is not positioned in front of the greater or equal ag(,_;) anymore. So we can
continue the swapping process with the same values to get the desired sequence

(R an Rt = (¢q, ..., ¢,). If along the go a smaller element would
be placed in front of a greater one, repeat the analogous process to the one
just described and continue. At the end we will get a permutation o € S,, and

the values m; € N (using the appropriate change of variables) such that every

condition imposed by the the theorem is satisfied. O

REMARK 3. Note that in Theorem 3 for agiven ¢ € {1,...,n}, o(¢) indicates
which element of ay,...,a, got the £ place within the sequence (cy,...,cp).
Conversely, o~ 1(¢) will show the final position of a; in the sequence (c1, . . ., ¢,).

For 1 <5 <i<n, m; > 0 is the amount by which a; is decreased in favor of
aj, i.e. an amount of mz is subtracted from a; and added to a;.

EXAMPLE 1. Over an arbitrary field « the following is true: [lg®Is®Ig®I7; D
;e Lo Lol @@l o] € {[Is]p+{ L] b{ (6] b { [To] b { [I]}{ [L2] }{ [L13] }
{[Lo]} * {[L10]} * {[L3]} * {[L1]}. To see this, take the sequences (ay,...,a11) =
(5,2,6,9,1,2,13,0,10,3,1) and (c1,...,c11) = (9,8,8,7,5,4,4,3,2,1,1), the

permutation
o — 12345678 9 10 11
S \7 341926 5 10 8 11
and the values m} = 3, m} = m$ = ml = mi® =mJ =1, my = m? = 2 with

all other m; = 0 and use Theorem 3 to verify the condltlons and the equality.

Using the main theorem (or better, using Lemma 3 which imposes weaker
condition on the permutation o) one can give another proof for an interesting
corollary, which was observed in [7]. In the following statement (Corollary 1)
p and A denote partitions (if u = (c1,c2,...,¢p), then ¢; > -+ > ¢, > 0).
The length of a partition p = (c1,¢2,...,¢,) is |u| = D1, ¢;. We say that
a partition (p1,p2,...,pn) is dominated by the partition (p!,ph,...,p),) and

we write (p1,p2,...,pn) < (P}, 05, ...,p)) if Zlepi < Zlep; for all k €

{1,...,n}. The domination relation is a partial order.

COROLLARY 1. Suppose that 0 < a1 <.--<ay. Then|l, ®---®1.,] €
(]} - # AL ]} if and only if ¢4 > -+ > e > 0, || = |A and p A,
where = (c1,¢2,...,¢n) and X\ = (an,an,l, cee,aq).

Proof. “="1f [I,, ®---®1.,] € {[Lay]} * -+ *{[s,]}, then the conditions
from Lemma 3 hold, so ¢; > --- > ¢, > 0 and |p| = |A| follow immediately.
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We have to show only that u < A, i.e. Zle ci < Zle ap—i+1 for all k €
{1,...,n}. Take k € {1,...,n} and consider the following inequality:

k k o(0)-1
Do = Z%<e+Z Z =y > miY
/=1 =1 i=c(£)+1 =1 j=1
- Y at X om- X ow
1<i<n 1<j<i<n 1<j<i<n
o1(@)<k o 1(H<k o 1(i)<k
SO SRR SR
1<i<n 1<j<i<n 1<j<i<n 1<5<i<
o)<k ook o~ (i)<k o1 )<k
o )<k o7tG)<k o (j)>k
k
S S DR T
1<i<n 1<j<i<n i=1
o 1)<k o~ 1(i)<k
ot (G)>k
We have used that mg(@ >0 = 0"1(i) < £ <k, hence
> omi= D> m
1<j<i<n 1<j<i<n
o)<k oM (i)<k
o 1)<k
« ” 1 2 e n
<" Let us take o0 = non—1 - 1) Note that because a1 < ag <
- < ay,, and our choice for o € S, the condition mfjw) >0=0"1()<l<k
from Lemma 3 is readily satisfied. So, knowing that ¢; > -+ > ¢, > O,

Somici =y a; and Zle ci < Zle an—iy1 for all k € {1,...,n}, all we
have to show is that Elmz >0,1<j<i<n such that

n—~_

(5) Ce = An—g+1+ Z M 41 — Zmn o

i=n—~+2 j=1
for all £ € {1,...,n}.
Let m" = max{0,a; — ¢h—i+1} and m; = max{0,c,—jy1 — a;} for
all 4,7 € {1,...,n}. Since |u| = || it is clear that Y. ,m' =

Z?_l mj. We define the sets M’ = { e m +1,...,30 mk} and

{Zk 1My + ng 1mk} for all 4,5 € {1,...,n}. Obviously
mt = ,my = ‘M , ,]\4“ﬁM’2 = M; NM,, = 0 for any i1,i2 € {1,...,n},
i1 7& iz and ji1,j2 € {1,...,p}, j1 # jo, hence U, M; = UL, M. Remark
that M* # 0 = M; =0 and M; # 0 = M’ = .
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We set m§ = ’M’ N Mj’ for 1 < j < i < n and show that this is a valid
choice. In equation (5) we have three cases.
If c; = ap_gy1, then m" "l =m, y1=0= M =M, =0 = mh g =

m?‘“l =0forall 1 <j<n-—¥¢+4+1<i<n, hence the equation is true in
this case. A

Ifcp < ap_gy1thenmy 1 =0=M;=0=m]_, , =0foralln—{+1<
i < n so we have to show only that m” ¢+ = Z?:_f m?_é“. This last equal-

ity is true if and only if M™—1 N (U;L;f Mj) = Ml — Ml C
U?:_f M;j. The last inclusion is true because % ¢ < Z?:l Ap—j+1 =
Uy M7 D U, Mgy = ULy MEC U, M, for all k€ {1,...,n}
and M L) —= M, _,.1 = 0.

In case ¢y > an—¢+1 We can make an analogue reasoning. ]

REMARK 4. Using Theorem 3 one can also give an easy proof for Theorem 2.
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