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A RELATED FIXED POINT THEOREM FOR m MAPPINGS ON
m COMPLETE QUASI-METRIC SPACES

LULJETA KIKINA and KRISTAQ KIKINA

Abstract. We prove a related fixed point theorem for m mappings in m quasi-
metric spaces. This result unifies, generalizes and extends several of well-known
fixed point theorems for metric spaces to quasi-metric spaces.
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1. INTRODUCTION AND PRELIMINARIES

Many authors, in [1], [2], [4], [5], [6], [10], [11] etc. proved several fixed point
theorems for one, two and three metric spaces.

In this paper, we will prove a related fixed point theorem for m mappings
on m quasi-metric spaces, m — 1 of mappings must be continuous. This result
generalizes the theorems of Rhoades [11], Banach [1], Kannan [6], Bianchini
[2], Reich [10], Fisher [4], Jain et al. [5] etc. and in the same time extends
them in quasi-metric spaces constituted to a more general setting than the
metric ones in many applications (see [9]).

Now we give some standard definitions and notations.

Quasi-metric spaces concept is treated differently by many authors. In this
paper our concept is in line with this treated on [3], [7], [8], [9], [12], [13], [14]
ete.:

DEFINITION 1. Let X be an arbitrary set and RT the set of nonnegative
real numbers. A function d : X x X — RT is called quasi-distance on X if
and only if there exists a constant k£ > 1, such that for all x,y and z € X the
following conditions hold:

(1) d(z,y) > 0 and d(z,y) =0 < x = y;
(2) d(z,y) = d(y, z);
(3) d(z,y) < kld(z, z) + d(z,y)]-

Inequality (3) is often called quasi-triangular inequality and k is often called
quasi-triangular constant of d. A pair (X, d) is called quasi-metric space if X
is a set and d is a quasi-distance on X. Metric spaces are a special case of
quasi-metric spaces (for k = 1).

The quasi-distance d is not always continuous. For this reason, in some
articles on fixed point theory, authors require the continuity of the used quasi-
distance, as complementary conditions.

The following example illustrates the existence of the quasi-distance for an
arbitrary constant k£ > 1.
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EXAMPLE 1. [7] Let X = R x R and = = (z1,22) € X,y = (y1,42) € X.
The function d : X x X — R™ such that
d(z,y) = kloy — il + w2 —yof, for |z —y1| < |za — y2
’ |21 =] +klz2 =yl for 21 —uyi] > |22 — y2
is a quasi-distance.

DEFINITION 2. A sequence {z,} in a quasi-metric space (X,d) is called
Cauchy sequence if nh_g)lo d(zp, Tptp) = 0.

DEFINITION 3. Let (X, d) be a quasi-metric space. Then:
(1) A sequence {x,} in X is said to be convergent to a point z € X
(denoted by lim z, = x) if lim d(zy,z) =0.
n—oo n—oo
(2) It is called compact if every sequence contains a convergent subse-
quence.

DEFINITION 4. A quasi-metric space (X,d) is called complete, if every
Cauchy sequence is convergent.

Before stating the main theorem we define new classes implicit functions,
whose role will be crucial in the main result of this paper.

DEFINITION 5. The set of all upper semi-continuous functions with k vari-
ables ¢ : [0, +00)F — R satisfying the properties:

(a). ® is non decreasing in respect with each variable.

(b). @(t,t,...,t) <t te€[0,+00).
will be noted ®;, and every such function will be called a ®;-function.

Some examples of ®4-function are as follows:
1. (,0(751, tg, t3, t4)
(tl, t2, t3, 4) = [maX{tth, t2t3, t3t4, t4t1}]
go(t to s, ta) = [max{t?, 5,8 ¥ 1"
( ) =

. (1, ta, t3, 14 %, where a,b,c,d > 0 etc.

max{tl, t2, t3, t4}

2. MAIN RESULTS

We prove now the main theorem.

THEOREM 1. Let (X;,d;) for i = 1,2,...,m be m complete quasi-metric
spaces with constants kl- and continuous quasi-distances d;. Let T; : X; —
Xip1 fori=1,2,. —1land T,, : X,, = X1 be m mappings from which
(m—1) are contmuous If there exists ¢ € |0, ) kE=max{k; :i=1,2,...,m}

and the following inequalities hold
dy (Tm . TyTyzy, T, . ..T2T1x1> <

d1 1‘1,1‘1) ,d1 (Qfl,Tm .. .T1$1) d1 (.231, .Tlx/1> y
cp1 | do T1331,T11U/1) , d3 (T2T1901,T2T1$1) e )
d,, (Tm_l Ty, Ty .. .Tlg;’l)

(1)
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dy (Tle - TyToas, TT,, .. .Tg,TQa:;) <
do :m,xé) ydo (2, Th Ty, . .. Toxa) , da (xlz,Tle . ..Tgﬂ:;) ,
2) ds Tng,TQm;) Jdy (Tnga;g,Tngx'g)
R VR (Tm_l o Towg, Tos . .. Tgx’g) ,
d (Tm . Toag, T . .. TQ:U’Q)

d; (Ti_lTi_g . NI T .. Tias, T Ti—s . .. T T T - TJ;) <
d; (@, x;) i (i, T, Ti—o .. . TV Tt - .. Tiy)

di (2, T 1 Ti—g ... Ty T Tt .. T:):) disa (Tx Tx) ,
dit2 <Ti+1Ti$i,Ti+1Ti~f;> yees

coi | dpm (Tm,le,2 o Tizg, Tyn1 T .. Tm) , :
dy (TuTo - Ty, T T . Tia})

do (T\Ton T - . iy, Ty Ton Ty - Ta:) L
di 1 <Ti_2 T\To .. . Tizi,Tig ... TiTy . Tza:z>

dpm (Tm,le,2 . T\ Ty Tyn1 s - . - Tlex;n> <
Ao | Toms mlm) (T, Ton—1Tn—2 .. . Ti Ty,
(m) d (2 Tre1Tons - . - Tlea:/m> Jdy (mem, me;n) ,
LA P (Tlexm, Tlea;;n) .
A1 (Tm_QTm_3 T Tt Ton9Ton3 - - TIme;n)

for all xi,x; € X;and @; € o fori=1,2,...,m, then the maps:
ToTm1.. Ty, TiTy ... To,..., T 1T o.. W ... Tyyo .., Ty ... Th T
have unique fized point oy € X1, ag € Xo,..., a; € X;,..., am € X,
respectively. Further, Tio; = a1 fori=1,....,m —1 and Tpom = ay.

Proof. Let xél) be an arbitrary point in X;. We define the sequences
{:;;53)}, {%(12)}7 e {ng)},. . {a:,(lm)} in X1, X,5,...,X;,..., X, respectively, as

follows: xg) = (TnTm-1 - 'Tl)nxél)7 937(12) = Tlﬂfgzl, RN a:gf) = Ti—lﬂfgfl),
) wglm) = Tm—lfﬂgzm_l), n € N.
We prove that {z\;} are Cauchy sequences for i = 1,2,...,m. Denote

d7(’LZ) = dl(xglz%xslll)al = 172’ RRRRE
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We will assume that :cﬁ} ) #* .Z'SZ_)H for all n, otherwise if xnl

(4)

n, we could put a; = " .

Applying the inequality (2) for zo = =

d? = dy(2?),
(2)

n—17
d2 177(12)

ds T2$(2)

n—1

do |z T

< coo

n

,Tle . .TQ.’L’

(2)

),dg(m

) T2x7(12)

()

n—1

(2)

n—17

(2)

n ’

) dy (Tngaz(Q)

/
and =5 =z, /,

(4) (@)

- xn+1

(2)

we have:

2?) = dy (Tle T3Toz? | T T .. .TQx,?))

NTn ... Toall, ).

n—1- T3T2$C7(12)> P

for some

dm (Tm_le_Q . TQIL'(Z)

d1 (Tme_1 e TQQ?(Q)

n—1°

:CQ[)Q <d(2) d(2) d(2) d(3) d(4)

n—1""n—1"n »“n—1"Yn—-17"""

n—1- Tm_le_Q e TQ"L",(E)) s
Ty T 1 ... TM”)

).
2)

Between the coordinates in the left side of the inequality, d;,’ can not be
the greatest, because in contrary, applying the properties of ¢ we will have the
inequality d,(f) < cdg) from which it follows xg) gi)rl, which contradicts
the assumption. Then applying the properties of ¢ replacing the coordinates

with the greatest we have:
(2" dﬁf) < cmax {d(l) d? g3 g ,

n—1 “n—1""n—1 "n—1»
()

n—1

» Yn—17"Yn—1

=X

and z = asg)

d(m)l
Applying inequality (i) for z; = x , we obtain:
d) = di(al), 2)),)

=d; (E71E72 T, Tiﬂvq(f),p
o) odi (23 Tia Tha AT T Tl )
di (23, T Tis .. T T .. Tl
dit1 (szs),l,Tsz‘g)) ydiyo (ﬂﬂﬂigzl,ﬂﬂﬂlﬁ)) yees

LTy DT .. Tal))

d; 20

n—1’

<eti | dm (TnrTona o Tl T i Toua . Tial)))
d (T T . Tixl) | T Ty Txp) ,
do TV T Tin—1 - - - Tixs)_l, T T - - ng;)) L

diot (TioTig T Tt Tis o TiTh . Tial)

g

= cpi(d Ly df) D d D D D A,
Since the function ; satisfies the properties (a) and (b), we will have:
di < cmax(d? | dD D g g g g ® o ahy
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By (*), for i = 3 we have d3 < cmax(dn?’_)l,d?(f_)l, ... ,d;m_)l, dfll_)l,dg)).
By this inequality and (2’) it follows:

3 1 2 3 4 m
(3) dY <emax{d P a2 42, A

n—1> “n— n—1>“n— ’» Un—1

In similar way, for ¢ = 4,5,...,m — 1 and by the inequalities (2'), (3'),.

((i —1)") we get:

n—1""n—1""n—1 "n—1»

(m)

n—1

(i) d$§>§cmax{d(” d?, d® . qW ...,dn”j)l} i=2.3,...m—1.

(m)

Applying inequality (m) for z,, =z and ), = x5 ', we have:

™) = d (20, 2

n—1»

— d,, (Tm_le_z T Tn™, T 1 s . .TlexW)

dm (x(n_z)l, xq(lm)% dm (x(m) To-1Tm—2... Tlexq(‘ZT_l)l) 5

n n—1
dm xglm)aTmfle72 e Tle-Tv(lm) )

< oPm dy (me;T)l,me;m)>,d2 (Tle:c(m) Tlex;m)),...,

n—1>

dy 1 (Tm_ng_g T T2 ™ T ST s .TlexSZ”))

n—1»
- cgom(dgﬁ)l’ dT(ITﬁ);l’ d7(1m)7 d£11317 d7(7,2)7 d7(7,3)7 ey dgmmil))
By the properties of ¢, we have

dyt < cmax(dnrf)l, dﬁfll, d® d® . dm=D)y,

By this inequality and by (2'), (3'), ..., ((m —1)’) it follows:
(m') d™ < emax(d,, d?,,d® . d™).
Applying inequality (1) for z7 = xle_)l and x| = ZL‘S), we have:
A = dy (2D, 20 ) = dy (Tmz}n,1 Tz Ty Ty .TQTle))
di (ol aD) iy (o) T Tl )

dy (2, T Ty ... T1aP)

< c¢1 =
d2 Tlef_)l,Tlxg)> , ds (T2T1$£L1_)1,T2T1$£11)) yees

o (Tm_le_2 T T 1 Tons .. .TIxS))
= o (d ), dV dP dD D dlm).

n—1>“n—1°

By the properties of ¢ we have:
dY < emax{d,, d dV dl, ... dDy.

By this inequality and by (2°),(3"),...,(m’) it follows:
) 8 < emaeldly 62, a0,

-1 "n—1 “n-1>

ey
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It now follows from (1°),(2’),...,(m’) that for large enough n

d) = dy(al)aly) < emax{dl d2 A )
< c max{dgz)%dq(f)wdf)z’ . d(mz}
< c max{d() 1(12)3ad513)37 o d(m3}
< M max{dY, dP?, 4P, dMy =t

where | = max{dgl), d&”, df’), e ,dgm)}-

Let us prove that the sequences {:z:gf)} are Cauchy sequences:

di(aD, 2y, < Rildi(e, 2l ) + dily 2l
< hidi(z, fz)+1)+k2[d( 5:117 5512)"“1( Ezzrwxgrp))]
< k.d.( (4) (1) )—i—kz2d( (2) () )—f—k‘gd( (2) :E(i) )
= Ty’ n+1 n+1’ n+2 n+2’ n+3
o R di (@, i, ) + i), 2]
< kTN A KR A KT TP R Y
< K™ ML+ (ki) 4 (kic)® + -+ + (ki)Y =
1,1 — (kic)? l
_ n—1 7 n—1
= kil 1—kic < kic 1—kc

Since k;c < 1, letting n tend to infinity, we have: hm d; (:1:%), SJ)rp) = 0. So,

{ng)} is a Cauchy sequence for ¢ < %, where k = max{k:i ci=1,2,...,m} .
Since the quasi metric spaces are completes we have: lim ng ) = a; € X, for

i n—oo
1=1,2,....m

Now suppose that T; for ¢ = 1,2,...,m — 1 are continuous. We have
lim x( ) — lim Tlx(l)l = Tiap = ay and hm :z:(j_rl) lim Ta:%) = Tio; =
n—oo n—oo n—oo
g1, fori=2,3,...,m—1.

Later we will show that T,,a,, = a1. To prove that a; is a fixed point
of Ty, Typ—1...Th. Using the inequality (1) for 1 = a3 and 1:/1 = xgblzl, we
obtain:

dy (Tme_1 Tlal,x;)) —d (Tme_1 .. Tiay, T Ty ... Thia'"

dq 041,33511_)1) ydi (a1, T/ T—1 ... Thaq) , dy ( 7(11)1,367(11)) ;
<cpr | da T101,T1$£21) , d3 (T2T1041, T2T1$£21) e
dpm (Tm_le_g ..Tvar, 1Tz . .. Tla;ﬁ}ll)
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Since d;,T; for ¢ = 1,2,...,m — 1 are continuous and ¢ is upper semi-
continuous, letting n tend to infinity, we have
di (a1, 1), dy (a1, T Tt ... Thon)
di (a1, 1) ,do (Thay, Tran) ,
ds (ToTon, ToT o), . ..,
dm (Tm—l e Tlal, Tm—l e Tlal)
= CP1 (O,dl (Oél,Tm. . .Tl()él) ,0,0,. . .,0 ) S Cd1 (al,Tm.. .Tlozl) .
Thus T,,T—1...Tia1 = a1, since 0 < ¢<1 and so «7 is a fixed point of
T Tm—1...11.
We now have TleTm_l PN Tgag = TleTm_l NN TQTlal = T1a1 = (9 and
in general

dy (T, .. . ToTia, 1) < ey

TiaTico.. . ' T T ... Tioy = T (Ti—o ... ' T To—1 - .. TiTi—10ti—1)

= 1;— 101 :ai,i:2,3,...,m.

Hence «; are fixed points of T;_1T;_o.. . TV TmThm—1...T;,1=2,3,...,m.

We now prove the uniqueness of the fixed point «;. Let us prove for «;.
Suppose that T;,T,,—1...71 has a second fixed point 0/1 # «1. Using the
inequality (1) for z; = oy and z; = o/ we have:

d1 (al,o/l) = d1 (Tm . .TQTlal,Tm .. .T2T1a1> S

dl(oq, Oéll), d1 (Oél,Tm PN Tloq) ,d1 (Ozll, Tm RPN Tloéll) s
<cpr | d (Tlallea,1> , ds (TQTlal,T2T10/1> sy
dm (Tm_le_Q e Tlozl, Tm_le_Q e T1Oé/1)

dl(oq, Oéll), 0, 0, dz (Tloq, Tloéll) ,d3 (TQTloél, T2T1a/1> goouy
dm <Tm,1Tm,2 e Tloq, Tmfle,Q e Tlo/l)

= C(pl

Between the coordinates in the left side of inequality, dy (oq, o/1> can not be
the greatest. In contrary, applying the properties of ¢ we will get the inequality
dq (041,0/1) < cdq (on, o/1> from which it follows a1 = 04/1, which contradicts

the assumption.

Applying the properties of ¢ replacing the coordinates with the greatest we
have:
dg (Tloq, T10(I1> ,d3 (TQTlal, T2T10¢/1> goouy

dm (Tm,1 e Tloq, Tm,1 e Tloé/1>

Further, using inequality (2) for 9 = Thay and :z/2 = Tlo/l, we have

(1" di(ay, o)) < emax
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dy (Tlal, Tlo/l) — dy (Tle TyTyTyon, TyT, . . TngTlo/l)
do (Tran, Tla;) \dy (Tvar, T T . .. ToTha)

do (Tyo),, T\ T .. .TQTIO/1> ds (Tngal,Tngo/1> ,
<ecps | dy T3T2T1a1,T3T2T1a’1),..., -
d, (Tm,le,2 o TyTian, Ton 1T - .- Tngo/l) :
dy (Tn Tt ... ToTion, Ty Tt . .. ToTha)

ds Tlozl,Tlo/1> 10,0, ds (TQTlal,Tleo/l) ,

— cppd dy T3T2T1a1,T3T2T1a’1),...,

don, (Tm_1 TyTiay, Ty - .. TQTlo/l) dy (041, o/l)

In similar way and taking in consideration (1”) we obtain:

2" dy (Tloq, Tlo/l)

ds (T2T10417T2T10/1) ,dy (T3T2T1041, T3T2T104/1> ;
< cmax
dm (Tm—l NN T2T10¢1, Tm_1 . .TQTlOéll) ;

Similarly, applying the inequality (i) for x; = T;_1T;—2 ... ToTia; and
z; =T, 1Tj_o... TyTia; and using these inequalities (17), (2"),...,((i —1)"),
we have

d; <Tz’—1Ti—2 Ton, T AT o -T1Oél1> <

di1 (TiTi—y ... Tron, TiTi—q ... Tha) ),
(i") divo (Ti1 Ty .. . Thon, Tip1 Ty ... Thaty) ...,
d, (Tm_l o Tyar, T 1 Tos. - .Tio/l) dy (al, ozll) ,
ds (Tloq,Tlo/1> i (E_g Ty, Ty . ..Tla’l)
dis1 (TTi-1 ... Tion, TiT-1 ... Tha ),
=cmax | diyo (Ti1 Ty ... Thay, Ty Ty ... Thay ), ...,

dpm (Tm_1 ... Ty, T .. .ﬂ-a’l)
By (i”) for i = m — 1 we get:
(m—1)") dm (Tm_QTm_g . Ty, TonoTo_s . - .Tlo/l)

< cdy, (Tm_le_2 Ty, Ty 1T . - .Tlo/l) .
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/ ’

Applying the inequality (m), for @y, = T ... Thaa, z,, = Tp—1 ... 110y
and using the properties (a) and (b) of ¢,,, we have

dm (Tm_le_g .. .Tlozl, Tm_le_Q e Tlo/1>

dl <Oé1, O/l) 7d2 (TlalaTlall) PRI
< cmax ,
A1 (Tm_QTm_g Ty, Ty oTon s . - .T1a1>

In the above inequality, on using these inequalities ((m — 1)"),((m — 2)"),
...,(1”) we now have

(m")  dm <Tm_1Tm_2 . Tyan, Ty 1 Tons - .- Tlo/l)
< cdy, (Tm_lT g Tien, Ton 1 Tons .- .Tlo/l>
and so
d, (Tm_le_2 Tvon, Ty 1T ..Tlo/l) —0.
Returning back we get:

dm-1 <Tm—2Tm—3 Tar, Ty ol 3. .. Tlall) =0,

dm,Q <Tm,3Tm,4 e Tloq, Tm,3Tm,4 e Tlo/l) == 0,

d2 (Tloq,Tlozl1> = O,
dy (ozl,ozl1> =0 a; = 0/1.

The fixed point oy of T;,Ty,—1 ... 71 must therefore be unique.

Similarly, it can be proved that «; is the unique fixed point of
Tl',lj—%,g . .TleTm,1 NN T%, for i = 2,3, ceey M.

We finally prove that also have T,,c,, = a1. To do this, note that

Tmam = Tm(Tm_le_g e Tleozm) = Tme_le_Q e T1 (Tmam)

and so T, is a fixed point of 15, Ty 1Tm—o ... T1. Since auy, is the unique
fixed point, it follows that T,,c., = «1. This completes the proof of the
theorem. O

3. COROLLARIES

The next corollary follows from Theorem 1 in the case m =1, 171 =T and
k1 = k.

COROLLARY 1. Let (X,d) be a complete quasi-metric space with constant
k and continuous quasi-distance d. Let T : X — X a self map of X. If for
some c € [0, %) the following inequality holds

d(Tz, Ty) < ep{d(z,y),d(z,Tx),d(y, Ty)}
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forallx,y € X and p € @3, then T has a unique fixed point o in X.

For different expressions of ¢ in first corollary we get different theorems:

In the cases: %) (tl,tz,tg) = max{tl,tg,tg}, 2 (tl,tg,tg) = tl, (%2 (tl,tQ,t3) =
%, @ (t1,ta,t3) = min{ta,t3} and @ (t1,ta,t3) = % we obtain, re-
spectively, the extensions of Rhoades’s Theorem [11], Banach’s Theorem [1],
Kannan’s Theorem [6], Bianchini’s Theorem [2] and Reich’s Theorem [10] to
quasi-metric spaces.

The next corollary follows from Theorem 1 in the case m = 2, T1 = S and

T, = R.

COROLLARY 2. Let (X,d) and (Y, p) are complete quasi-metric spaces with
constants ki, ko and continuous quasi-distances d, p respectively. Let S : X —
Y, R:Y — X be two maps, at least one of them being continuous. If for
some c € [0, %), k = max{ki, ka2}, the following inequalities are satisfied:

cp1(d (a:, a:’) ,d(z,RSz),d (ac', RSx’) P (Sa:, Sm’)),
cp2(p (y.y') .o (y, SRy) ,p (¥', SRY') ,d (Ry, Ry'))

for all z,2’' € X,y,y €Y and @1, ps € P4, then RS has a unique fized point
a € X and SR has a unique fixed point 5 € Y. Moreover, Saa = 8 and
RS = .

d (RS:C, RSa;')

<
p (SRy,SRy') <

For different expressions of ¢ and ¢y in Corollary 2 we get different theo-
rems:

If o1 = po = ¢, where @ (t1,t2,t3,t4) = max{ty,ts,t3,t4}, we obtain an
extension of Fisher’s Theorem [4] to quasi-metric spaces; and in the cases
2 (tla t27 t3a t4) = max {tla t?a t3}7 ' (tla t27 t37 t4> = w and

at1 + bty + cts + cty
a+b+c+d

we obtain, respectively, the extensions of Bianchini’s Theorem [2], Kannan’s
Theorem [6] and Reich’s Theorem [10] from one metric space to two quasi-
metric spaces.

In the same way, we are concluded for the cases m = 3,4, ...

%) (tlat27t37t4) -

COROLLARY 3. From Theorem 1, in the case m = 3 and @1, 2, p3 € Ps,
we obtain a generalization and extension of Jain’s et al. Theorem [5] from
three metric spaces to three quasi-metric spaces.

For different expressions of ¢1, 2 and @3 we have different corollaries, for
example the corollaries which extend the Theorems of Kannan [6], Bianchini
[2] and Reich [10], from one metric space to three quasi-metric spaces.

At last, we would like to emphasize the fact that all the above corollaries
hold not only for 1, 2 and 3 quasi-metric spaces, but also for an arbitrary
number of metric spaces.
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