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ENTIRE UNBOUNDED FUNCTIONS ON BANACH SPACES
WITH A MONOTONE SCHAUDER BASIS

JOSE M. ANSEMIL, RICHARD M. ARON and SOCORRO PONTE

Abstract. It is well-known that on any complex infinite dimensional Banach
space there is an entire function that is unbounded on some ball. Here we shall
give an explicit construction of such entire functions on any infinite dimensional
complex normed space with a monotone Schauder basis.

MSC 2010. 46G20.
Key words. Entire function, monotone Schauder basis.

1. INTRODUCTION

From the 1970’s, a property of infinite dimensional holomorphy that has
attracted the attention of several people is the fact that in such a situation
there are always entire functions which are not bounded on balls (see [1, 4]).
This fact deeply depends on the Josefson-Nissenzweig theorem [3], which as-
serts that in the dual of any infinite dimensional Banach space E there exists
a sequence {¢,} such that ||¢,| = 1 for all n and nh%rglo ©n(z) = 0 for every z

in E. Then, as it is proved in [5, p. 157], the function

f(2) =) ¢hz)
n=1

is entire and it is unbounded on some ball of F.

In what follows E will denote an infinite dimensional complex normed space.
For a function f defined on a subset B of E we use the notation: ||f||p =
sup{|f(2)| : z € B}. We recall that a function f : E — C is entire if it is
Fréchet differentiable at every point in E.

In this paper we restrict our attention to normed spaces with a monotone
Schauder basis and construct in a natural way entire functions, which are
bounded on a given ball and unbounded on another given ball not included in
the first ball.

We recall that a monotone Schauder basis in a normed space F is a sequence
{ex} such that for every z € E there is a unique sequence {zj} in C such that
z= pl zker in E and || D7, zre|l < ||z|| for every n. It is normalized if
llen|] = 1 for all n. The coordinate functions ¢y (z) = z; are continuous. This
kind of Schauder basis has been well studied among others by Singer in his
book [6]. For instance the “saw-tooth” functions form a monotone Schauder
basis for C[0, 1] (with the sup norm), the Haar basis of L”[0,1], p > 1, is also a
monotone Schauder basis. (C(K), | ||s), with K a compact metric space, has
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a monotone Schauder basis ([6, p. 215]). The canonical bases of the spaces ¢,
and [,,1 < p < oo, are monotone.

Any normalized Schauder basis in a normed space can be monotonized in
the sense that there is an equivalent norm ||| - ||| such that the new normed
space has a monotone Schauder basis ([6], p. 250). This norm is defined by:

n o0
121 = supll S zepl, where 2 = 3 zpe
" og=1 k=1

However, this is not very convenient for our purposes. We will return to this
later on.

2. THE RESULTS

We start by proving a lemma concerning the existence of certain functionals
on Banach spaces with a monotone Schauder basis.

LEMMA 1. Let E be a normed space with a monotone Schauder basis {en}.
If for a given k, € N the vector z, = 21120:1 zrer has norm 1 and we define M
as the closed subspace of E spanned by the vectors ey, k > k,, then there exists
¢ € E' such that

llell =1, (z0) =1 and p(2) =0 for every z in M.

Proof. First note that each element m in M has a unique representation as
m = Zzo:ko 11 Mmgeg. Indeed, as the coordinate projections are continuous, no
linear combinations of the e, with & = 1,...,k, can appear in the sum that
represents m. So z, does not belong to M and so, by a consequence of the
Hahn-Banach theorem (see [2, p. 232]), there exists ¢ € E’ such that ||p]| =1,
©(zp) = dist(zg, M) and ¢(z) = 0, for every z in M.

Let us compute dist(zg, M). Given m = Zzozkoﬂ myer in M, keeping in
mind that our basis is monotone, we have

ko e ) ko
|20 —m|| = szek - Z mgeg|| = Z ZRe;
k=1 k=1

= [lzol-
k=ko+1
On the other hand, 0 € M, so
dist(zp, M) = inf{||zo0 — m||, m € M} < ||z = 1.
That is, p(z9) = 1. O
LEMMA 2. Let E be a normed space with a Schauder basis {er}. Given
2o € E with ||z|| = 1 and a real number s > 0, there exists z1 € E, which is a
finite linear combination of the ey, ||z1]| =1, and z1 € B(zo, s).

Proof. Since

n

Zo = lim E zrer and lim

n

E RKCL

k=1

= [zl =1,
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there exists kg such that

k‘o kO
. S S
zo—z,zkek <m1n{§,1} and |1 -— szek < 5
k=1 k=1
Let us define
ko ¥
z] = szek and 2 = —
2 Bl

Then z; is a finite linear combination of e, (k=1,...,k,), has norm 1 and

1 s
l21 = zoll < [l21 = 27| + [l — 2oll < Hzi“ll‘ - 1‘+2<s.
[

0

PROPOSITION 3. Let E be a complex normed space with a monotone nor-
malized Schauder basis {er}. Then, for every zop = Z],zozl Arer with norm 1,
and for every r € (0,1) and s > 0 there exists an entire function h on E such
that

1Al B0,y < o0 and ||h] B(z,s) = 00

Proof. For every k € N, the coordinate function ¢y, satisfies 1 < ||¢g|| < 2.
Indeed, if we define Ty(z) = Z?:l zjej, then, since the basis is monotone,
IT%(2)]] < ||z]|- This implies that

9%(2)| = llor(2)er]l = [Ti(2) = Tea(2)]| < 2|2

and, therefore, ||¢| < 2. On the other hand, ¢ (ex) = 1, and so ||¢g| > 1.

Fix t € (1,400) such that tr < 1 and consider a natural number v such
that $st771 > 1. By Lemma 1 we obtain ¢ € E’ such that [|¢[| = 1, ¢(20) = 1
and ¢(z) = 0 for every z in the closed span of ey, k > k,. Let us check how
the mapping

= ol ¢k(z) g
k=ko+1 k
satisfies the required conditions.
oo
Let us see why h is entire on E. For any z = > zpex € E, ¢p(z) = 2z, — 0
k=1

and then, since the coordinate functions are unifo;mly bounded (by 2), we get
that ¢, — 0 uniformly on the compact subsets of E. Let K be an arbitrary
compact subset of E. Then for every z € K,

3 |28 < 5 ((tHwH >“’tu¢kuf<)k.
> foull | =, 2=\l 5
As ;
lim (¢ll)" ——léxllx = O (note that [|6el) = 1),
dm, o
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the series which defines h is uniformly convergent on K and then h is entire
on F.
Now we show that h is bounded on B(0,r). Indeed, for all z € B(0,r),

e k 0
h(z)| < Z [tw(z)]”tq’jl;(]) < Z (t]] 2|y DR
k=ko+1 k k=ko+1
S [(tr)0)" < o
k=ko+1

since tr < 1.

Now we prove that ||A| 5 oo. For that we consider the vectors,

20,8) —
S —
20 + ) [¢m|l em € B(zo, ),
where m is any fixed natural number bigger than ky. We have that

h (20 + 3 ldmllen)

o

= > (e (ot homllem)) 755 (zO+§u¢m\em)r

k=ko+1

m
= <t7+1 ;s> .

Since t7713s > 1, we conclude that

S
sup |h (zo + 3 lloml| em>‘ =0

m>kg

and thus [|h[|(,s) = |2l 5(,,5) = 00 O

20,

PROPOSITION 4. Let E be a normed space with a monotone normalized
Schauder basis. Then, for every R > 0, every Zy € E with ||Z,|| > R, and
every S > 0 there is an entire function F' on E such that

I1Fl| Bo,ry < o0 and ||F||B(ZO,S) = 00.

Proof. Let r = |I§)II’ s = ﬁ and zg = ”g—g” If we apply Lemma 2 to zg
and s we obtain z; € F, which is a finite combination of elements of the basis
such that ||z1|| = 1 and 21 € B(zp,s). If we apply Proposition 3 with z1,7 and
s’ such that B(z1,s") C B(z,s), we have the existence of an entire function f

on F such that

11l < oo and [|fllp(, s = oo
If we define F(z) = f(m), then F is an entire function on FE, ||F|[g(,r) =
1l B0y < 00 and [|Fl|p(zy,5) = | Bzo.5) 2 [ fllB(z1.s7) = 00 -
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THEOREM 5. Let E be a normed space with a monotone Schauder basis.
Then, for every B(z1,71), every point zo € E\B(z1,71), every ro > 0 and
every € > 0 there is an entire function f on E such that

HfHB(zl,rl) <e
and
||f||B(zz,r2) = 00.

Proof. Let us translate z; to the origin using the mapping z — 2z — 2.
The point 2, = z3 — z; does not belong to B(0,71). If we apply the above
proposition, we obtain an entire function F' on F such that

IEl o) <00 and  [|F[[p(z,r,) = oo

Then f(z) = % e satisfies the requirements of the theorem. O
371
Let us construct an example to see how our technique works. Let E be
any of the spaces ¢, or [,,1 < p < oo with the usual basis {e;}. Consider
21=0, z0 =€9, T = 1% and s = %0' Then the function h defined by

0 31 k
h(z) = Z [<1(1)22> Ezk] , z={z} €E,

k=3

is bounded on B (0, 1%) and unbounded on B (62, 1—10)
If we have a non-monotone basis on a Banach space and we renorm the
space in such a way that the basis is now monotone, a constant C' appears so

that
IIz]] < |||z]|| < CJlz] for every z € E.

C is bigger than 1 and is obtained using the open mapping theorem. In this
situation the following result can be obtained: Given a ball B(z1,71), s > 0
and zg such that zo ¢ E\B(z1,Cr1), there is an entire function f on E such
that

HfHB(zl,rl) < oo and Hf||B(z2,s) =00

(all balls are in E with its original norm).

A similar result to the above Theorem 5 can be obtained for Hilbert spaces.
If a Hilbert space is separable then it is isometric to lo, which has a monotone
Schauder basis, but this is not the case for non-separable Hilbert spaces.

For a Hilbert space H let us consider a maximal orthonormal system {u }ach-
Then every z € H can be written as a countable sum of < x,u, > u,. With
minor modifications of the proof of the above Lemma 1 we can obtain the
following lemma:

LEMMA 6. Let us fix a point zg = ;:021 <zo,uaj>uaj € H with norm 1 and
consider a countable set {uqx;n € N}, where none of the Uay, J =1, Jo, 18
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included. Let M be the closed subspace of E spanned by the vectors uqx, n € N.
Then there is ¢ € H' such that

lell =1, p(zo) =1 and p(z) = 0 for every z € M.

From this lemma, using a similar technique to that in the above results, the
following result can be obtained:

THEOREM 7. For any complexr Hilbert space H and for every balls By and
Bs, such that By is not contained in By, and every ¢ > 0 there is an entire
function f on H such that ||f||p, <€ and ||f||B, = cc.
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