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LOEWNER CHAINS AND QUASICONFORMAL EXTENSIONS OF
HOLOMORPHIC MAPPINGS IN Cn

PAULA CURT

Abstract. In this paper, by using the method of Loewner chains, we give an
univalence criterion which contains as particular cases some univalence criteria
for holomorphic mappings in the unit ball of Cn. Also, we obtain a sufficient
condition for a normalized quasiregular mapping f ∈ H(B) to be extended to a
quasiconformal homeomorphism of R2n onto itself.
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1. INTRODUCTION AND PRELIMINARIES

Let f : U → C be a complex valued function that is holomorphic and locally
univalent in the open disc of the complex plane and satisfies the condition:

(1.1) (1− |z|2)|zf ′′(z)/f ′(z)| ≤ q, |z| < 1.

Becker [1] has shown that q = 1 implies that f is univalent in |z| < 1, and
q < 1 implies that f can be extended to a quasiconformal homeomorphism of
the whole plane onto itself. Becker’s work is based on the theory of Loewner
chains and the generalized Loewner differential equation. Pfaltzgraff [16], [17]
obtained the n-dimensional (n > 1) generalizations of the previous results.

The problems of univalence criteria and quasiconformal extensions for quasireg-
ular holomorphic mappings on the unit ball in Cn have been studied by P. Curt
[3], [4], [5], [7], H. Hamada and G. Kohr [14], [15], P. Curt and G. Kohr [9],
[10], [11], A.A. Brodskii [2].

In this paper we shall generalize the results due to J.A. Pfaltzgraff [16], [17],
P. Curt [3], [4], [5], [7].

Let Cn denote the space of n-complex variables z = (z1, . . . , zn) with the

usual inner product 〈z, w〉 =
n∑
i=1

ziwi and the Euclidean norm ‖z‖ = 〈z, z〉1/2.

Let B denote the open unit ball in Cn.
Let H(B) be the set of holomorphic mappings from B into Cn. Also, let

L(Cn) be the space of continuous linear mappings from Cn into Cn with the
standard operator norm

‖A‖ = sup{‖Az‖ : ‖z‖ = 1}.
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By I we denote the identity in L(Cn). A mapping f ∈ H(B) is said to be
normalized if f(0) = 0 and Df(0) = I.

We say that a mapping f ∈ H(B) is K-quasiregular, K ≥ 1, if

‖Df(z)‖n ≤ K|detDf(z)|, z ∈ B.

A mapping f ∈ H(B) is called quasiregular if is K-quasiregular for some
K ≥ 1. It is well known that quasiregular holomorphic mappings are locally
biholomorphic.

Definition 1.1. Let G and G′ be domains in Rm. A homeomorphism
f : G → G′ is said to be K-quasiconformal if it is differentiable a.e., ACL
(absolutely continuous on lines) and

‖Df(x)‖m ≤ K|detDf(x)| a.e. , x ∈ G

where Df(x) denotes the real Jacobian matrix of f and K is a constant.

Note that a K-quasiregular biholomorphic mapping is K2-quasiconformal.
If f, g ∈ H(B), we say that f is subordinate to g (and write f ≺ g) if there

exists a Schwarz mapping v (i.e. v ∈ H(B) and ‖v(z)‖ ≤ ‖z‖, z ∈ B) such
that f(z) = g(v(z)), z ∈ B.

Definition 1.2. A mapping L : B × [0,∞)→ Cn is called a subordination
chain if the following conditions hold:

(i) L(0, t) = 0 and L(·, t) ∈ H(B) for t ≥ 0;
(ii) L(·, s) ≺ L(·, t) for 0 ≤ s ≤ t <∞.

A key role in our discussion is played by the n-dimensional version of the
class of holomorphic functions on the unit disc with positive real part

N = {h ∈ H(B) : h(0) = 0, Re 〈h(z), z〉 > 0, z ∈ B \ {0}}

M = {h ∈ N ; Dh(0) = I}.
I. Graham, H. Hamada, G. Kohr ([12], Theorem 1.10) and P. Curt, G.

Kohr [8] proved that normalized univalent subordination chains satisfy the
generalized Loewner differential equation.

By using an elementary change of variable, it is not difficult to reformu-
late the mentioned result in the case of nonnormalized subordination chains
L(z, t) = a(t)z + . . . , where a : [0,∞) → C, a(·) ∈ C1([0,∞)), a(0) = 1 and
lim
t→∞
|a(t)| =∞.

Theorem 1.3. Let L(z, t) : B × [0,∞)→ Cn be a Loewner chain such that
L(z, t) = a(t)z + . . . , where a ∈ C1([0,∞)), a(0) = 1, and lim

t→∞
|a(t)| = ∞.

Then there exists a mapping h = h(z, t) : B×[0,∞)→ Cn such that h(·, t) ∈ N
for t ≥ 0, h(z, ·) is measurable on [0,∞) for z ∈ B and

(1.2)
∂L

∂z
(z, t) = DL(z, t)h(z, t), a.e. t ≥ 0, ∀ z ∈ B.
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We shall use the following theorem to prove our results [6]. We mention
that this result is a simplified version of Theorem 3 in [3] due to Theorem 1.2
in [12].

Theorem 1.4. Let L(z, t) = a(t)z+ . . . , be a function from B× [0,∞) into
Cn such that

(i) L(·, t) ∈ H(B), for each t ≥ 0
(ii) L(z, t) is absolutely continuous of t, locally uniformly with respect to

B.
Let h(z, t) be a function from B × [0,∞) into Cn such that
(iii) h(·, t) ∈ N for each t ≥ 0
(iv) h(z, ·) is measurable on [0,∞) for each z ∈ B.
Suppose h(z, t) satisfies:

∂L

∂t
(z, t) = DL(z, t)h(z, t) a.e. t ≥ 0, ∀ z ∈ B.

Further, suppose
(a) a(0) = 1, lim

t→∞
|a(t)| =∞, a(·) ∈ C1([0,∞)).

(b) There is a sequence {tm}m, tm > 0, tm →∞ such that

(1.3) lim
m→∞

L(z, t)
a(tm)

= F (z)

locally uniformly in B, where F ∈ H(B).
Then for each t ≥ 0, L(·, t) is univalent on B.

Recently, P. Curt and G. Kohr [11] proved the following result that will be
used in the next section.

Theorem 1.5. Let L(z, t) : B × [0,∞) → Cn, L(z, t) = a(t)z + . . . , be
a Loewner chain such that a(·) ∈ C1[0,∞), a(0) = 1 and lim

t→∞
|a(t)| = ∞.

Assume that the following conditions hold:
(i) There exists K > 0 such that L(·, t) is K-quasiregular for each t ≥ 0.

(ii) There exist some constants M > 0 and β ∈ [0, 1) such that

(1.4) ‖DL(z, t)‖ ≤ M |a(t)|
(1− ‖z‖)β

, z ∈ B, t ∈ [0,∞)

(iii) There exists a sequence {tm}m∈N, tm > 0, lim
m→∞

tm = ∞, and a map-

ping F ∈ H(B) such that

lim
m→∞

L(z, tm)
a(tm)

= F (z) locally uniformly on B.

Further, assume that the mapping h(z, t) defined by Theorem 1.4 satisfies
the following conditions
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(iv) There exists a constant C > 0 such that

(1.5) C‖z‖2 ≤ Re 〈h(z, t), z〉, z ∈ B, t ∈ [0,∞)

(v) There exists a constant C1 > 0 such that

(1.6) ‖h(z, t)‖ ≤ C1, z ∈ B, t ∈ [0,∞).

Then the function f = L(·, 0) extends to a quasiconformal homeomorphism
of R2n onto itself.

2. MAIN RESULTS

Theorem 2.1. Let f, g ∈ H(B) be such that f(0) = g(0) = 0, Df(0) =
Dg(0) = I and g is quasiregular in B. Also let c ∈ C \ {−1} with |c| ≤ 1 and
let α be a real number, α ≥ 2.

If the following conditions hold

(2.1)
∥∥∥(c+ 1)[Dg(z)]−1Df(z)− α

2
I
∥∥∥ < α

2
, z ∈ B

and

(2.2)
∥∥∥‖z‖α{(c+ 1)[Dg(z)]−1Df(z)− I}

+(1− ‖z‖α)[Dg(z)]−1D2g(z)(z, ·) +
(

1− α

2

)∥∥∥ < α

2
, z ∈ B

then the function f is univalent on B.

Proof. We shall show that (2.1) and (2.2) enables us to embed f as the
initial element f(z) = L(z, 0) of a suitable subordination chain.

We define

(2.3) L(z, t) = f(e−tz) +
1

1 + c
(eαt − 1)e−tDg(e−tz)(z), t ≥ 0, z ∈ B.

Since a1(t) =
e(α−1)t(1 + ce−αt)

1 + c
we deduce that a(t) 6= 0, a(0) = 1,

lim
t→∞
|a(t)| =∞ and a(·) ∈ C1([0,∞)).

It is easy to check that:

L(z, t) = a(t)z + (holomorphic term) so lim
t→∞

L(z, t)
a(t)

= z

locally uniformly with respect to z ∈ B, and thus (1.3) holds with F (z) = z.
Obviously L satisfies the absolute continuity requirements of Theorem 1.4.

From (2.3) we obtain:

(2.4) DL(z, t) =
1

1 + c
e(α−1)tα

2
Dg(e−tz)

{
I −

(
1− 2

α

)
I

+
2
α

e−αt{(c+ 1)[Dg(e−tz)]−1Df(e−tz)− I}

+
2
α

(1− e−αt)[Dg(e−tz)]−1D2g(e−tz)(e−tz, ·)
}
.
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If we let, for each fixed (z, t) ∈ B × [0,∞), E(z, t) the linear operator

(2.5) E(z, t) = − 2
α

e−αt{(c+ 1)[Dg(e−zz)]−1Df(e−tz)− I}

− 2
α

(1− e−αt)[Dg(e−tz)]−1D2g(e−tz)(e−tz, ·) + I

(
1− 2

α

)
then (2.4) becomes:

(2.6) DL(z, t) =
1

1 + c
e(α−1)tα

2
Dg(e−tz)[I − E(z, t)]

Next, we shall show that for each z ∈ B and t ∈ [0,∞), I − E(z, t) is an
invertible operator.

For t = 0, E(z, 0) =
(

1− 2
α
− 2
α
c

)
I, we have I −E(z, t) =

2
α

(1 + c)I and

since 1 + c 6= 0 it follows that I − E(z, 0) is an invertible operator.
For t > 0, since E(·, t) : B → L(Cn) is holomorphic, by using the weak

maximum modulus theorem we obtain that ‖E(z, t)‖ can have no maximum
in B unless ‖E(z, t)‖ is of constant value throughout B.

If z = 0 and t > 0, since α ≥ 2, we have

(2.7) ‖E(0, t)‖ =
∥∥∥∥(1− 2

α
− 2
α
ce−αt

)
I

∥∥∥∥ =
∣∣∣∣1− 2

α
(1 + c)e−αt

∣∣∣∣ < 1.

Also, we have

(2.8) ‖E(z, t)‖ ≤ max
‖w‖=1

‖E(w, t)‖.

If we let now u = e−tw, where ‖w‖ = 1, then ‖u‖ = e−t and so

(2.9) E(w, t) = − 2
α
‖u‖α{(c+ 1)[Dg(u)]−1Df(u)− I}

− 2
α

(1− ‖u‖α)(Dg(u))−1D2g(u)(u, ·) + I

(
1− 2

α

)
.

By using (2.2), (2.7), (2.8) and (2.9) we obtain:

‖E(z, t)‖ < 1, t > 0.

Hence for t > 0, I − E(z, t) is an invertible operator, too.
Further computations show that

∂L

∂t
(z, t) =

1
1 + c

Dg(e−tz)e(α−1)tα

2

[
I + I

(
1− 2

α

)
− 2
α

e−αt[(c+ 1)[Dg(e−tz)]−1Df(e−tz)− I]

− 2
α

(1− e−αt)[Dg(e−tz)]−1D2g(e−tz)(e−tz, ·)
]
(z)

and

(2.10)
∂L

∂z
(z, t) =

1
1 + c

e(α−1)tα

2
Dg(e−tz)[I + E(z, t)](z).
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In conclusion, by using (2.6) and (2.10) we obtain

∂L

∂t
(z, t) = DL(z, t)[I − E(z, t)]−1[I + E(z, t)](z), z ∈ B.

Hence L(z, t) satisfies the differential equation (1.1) for all z ∈ B and t ≥ 0
where

(2.11) h(z, t) = [I − E(z, t)]−1[I + E(z, t)](z), z ∈ B.
It remains to show that the function defined by (2.11) satisfies the conditions

of Theorem 1.4. Clearly h(z, t) satisfies the holomorphy and measurability
requirements and h(0, t) = 0.

Furthermore, the inequality:

‖h(z, t)−z‖‖ = ‖‖E(z, t)(h(z, t)+z)‖ ≤ ‖E(z, t)‖·‖h(z, t)+z‖ < ‖h(z, t)+z‖
implies that Re 〈h(z, t), z〉 > 0, ∀ z ∈ B \ {0}, t ≥ 0.

Since all assumptions of Theorem 1.4 are satisfied, it follows that the func-
tions L(·, t) (t ≥ 0) are univalent in B.

In particular f = L(·, 0) is univalent in B. �

Remark 2.2. If α = 2, f = g and c = 0, then Theorem 2.1 becomes the
n-dimensional version of Becker’s univalence criterion [17].

If α = 2, f = g, then Theorem 2.1 becomes the n-dimensional version of
Ahlfors and Becker’s univalence criterion [3].

If c = 0 then Theorem 2.1 becomes Theorem 2 [4].
If f = g and c = 0 then Theorem 2.1 becomes Theorem 2 [5].

Next, we present a sufficient condition for a normalized quasiregular holo-
morphic mapping on B to be extended to a quasiconformal homeomorphism
of R2n onto itself.

Theorem 2.3. Let f, g ∈ H(B) be such that f(0) = g(0) = 0, Df(0) =
Dg(0) = I and g is quasiregular in B. Also let a ≥ 2. If there is q ∈ [0, 1)

such that 1− 2
α
≤ q < 2

α
,

(2.12)
2
α

∥∥∥(c+ 1)[Dg(z)]−1Df(z)− α

2
I
∥∥∥ ≤ q < 1

and

(2.13)
2
α

∥∥∥‖z‖α{(c+ 1)[Dg(z)]−1Df(z)− I}

+(1− ‖z‖α)[Dg(z)]−1D2g(z)(z, ·) +
(

1− α

2

)
I
∥∥∥ ≤ q < 1, z ∈ B

then f extends to a quasiconformal homeomorphism of R2n onto itself.

Proof. We shall show that the conditions (2.12) and (2.13) enable us to
embed f as the initial element f(z) = L(z, 0) of a suitable subordination
chain.
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We define L by (2.3). In the proof of the previous theorem we showed that
L (defined by (2.3)) is a subordination chain which satisfies the generalized
Loewner differential equation where the mapping h is defined by (2.11) and
the mapping E : B × [0,∞)→ L(Cn) is defined by (2.5).

Further, we shall show that ‖E(z, t)‖ ≤ q for all (z, t) ∈ B × [0,∞).
We have

‖E(z, 0)‖ =
2
α

∥∥∥(c+ 1)[Dg(z)]−1Df(z)− α

2
I
∥∥∥ ≤ q < 1, z ∈ B,

by the condition (2.12). Next, fix t ∈ (0,∞). In view of the maximum principle
for holomorphic mappings into complex Banach spaces, we obtain that

‖E(z, t)‖ ≤ max ‖E(w, t)‖

=
2
α

max
‖w‖=1

∥∥∥‖we−t‖α[(c+ 1)[Dg(we−t)]−1Df(we−t)− I]

+(1− ‖we−t‖α)[Dg(we−t)]−1D2g(we−t)(we−t, ·) + I
(

1− α

2

)∥∥∥, z ∈ B.

We deduce from the condition (2.13) that

‖E(z, t)‖ ≤ q < 1, z ∈ B.
Therefore ‖E(z, t)‖ ≤ q < 1, z ∈ B, t ∈ [0,∞) and hence I − E(z, t) is an

invertible linear operator.
On the other hand, taking into account the conditions (2.12) and (2.13) in

the hypothesis, we deduce that

(1− ‖z‖α)‖[Dg(z)]−1D2g(z)(z, ·)‖

≤ qα
2

+ ‖z‖αα
2
q + (1− ‖z‖α)

(α
2
− 1
)

= ‖z‖α
(
q
α

2
− α

2
+ 1
)

+ q
α

2
+
α

2
− 1

≤ max
x∈[0,1]

{
x
(
q
α

2
− α

2
+ 1
)

+ q
α

2
+
α

2
− 1
}

= max
{
q
α

2
+
α

2
− 1, qα

}
= qα = 2β,

where β =
qα

2
< 1.

Since α ≥ 2, we deduce from the above relation that

(2.14) (1− ‖z‖2)‖[Dg(z)]−1D2g(z)(z, ·)‖ ≤ 2β.

From (2.14), by using a similar argument with that used in the proof of
Theorem 2.1 [17] we obtain that there exists M > 0 such that

(2.15) | detDg(z)| ≤ M

(1− ‖z‖)nβ
, z ∈ B,

and hence

(2.16) ‖Dg(z)‖ ≤ L

(1− ‖z‖)β
where L = n

√
MK.
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It remains to prove that the mappings L(·, t), t ≥ 0 are quasiregular. Since
g is a quasiregular holomorphic mapping and the following inequality holds

1− q ≤ ‖I − E(z, t)‖ ≤ 1 + q, z ∈ B, t ≥ 0,

by using (2.6) we easily obtain

(2.17) ‖DL(z, t)‖ ≤ α

2
e(α−1)t 1

|1 + c|
‖Dg(ze−t)‖ · ‖I − E(z, t)‖

≤ |a(t)|1 + q

1− q
· L

(1− ‖z‖)β
=

L∗|a(t)|
(1− ‖z‖)β

.

On the other hand, we have

(2.18) ‖DL(z, t)‖n ≤
(α

2

)n
en(α−1)t 1

|1 + c|n
‖Dg(ze−t)‖n(1 + q)n

≤
(α

2

)n
en(α−1)t 1

|1 + c|n
K|detDg(ze−t)|(1 + q)n

≤
(

1 + q

1− q

)n
K|detDL(z, t)|, z ∈ B, t ≥ 0.

Since all the conditions of Theorem 1.5 are satisfies we obtain that the
function f(z) = L(z, ·) admits a quasiconformal extension defined on R2n. �

Remark 2.4. If α = 2, c = 0 and f = g in Theorem 2.3, we obtain the
n-dimensional version of the quasiconformal extension result due to Becker
[17].

If α = 2 and f = g in Theorem 2.3, we obtain the n-dimensional version of
the quasiconformal extension result due to Ahlfors and Becker [3].

If α = 2 and c = 0 in Theorem 2.3, we obtain Theorem 2.1 of [7].
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[4] Curt, P., A univalence criterion for holomorphic mappings in Cn, Mathematica (Cluj),
37(60) (1995), 67–71.

[5] Curt, P., A sufficient condition for univalence of holomorphic mappings in Cn, Mem.
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