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A MULTIPLICITY RESULT FOR A
DOUBLE EIGENVALUE P-LAPLACIAN EQUATION
ON UNBOUNDED DOMAIN

ILDIKO ILONA MEZEI

Abstract. We present a multiplicity result concerning a class of quasilinear
eigenvalue problems with nonlinear boundary conditions on unbounded domain.
The proofs are based on the Mountain Pass theorem applied to weighted Sobolev
spaces. Our paper completes the results obtained in this direction (see for in-
stance [1], [3], [5], [6], [8]).
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1. PRELIMINARIES

The eigenvalue problems involving the p-Laplacian operator have been in-
tensively studied by many authors in the last decade. This is motivated by
the importance of their applications to mathematical physics.

Let Q € RY be an unbounded domain with smooth boundary I'. We assume

throughout this paper that m,p,q and a1, as are real numbers satisfying
N N —
(1) L<p<N, péqéjf , —-N<a1<q- P

_N,

N -1 N —
(2) pgmgp-r and —N<as<m- Np—N—|—1.

We define the weighted Sobolev space E as the completion of C§°(2) in the
norm

lulle = ( [ (7utoP + Wwwm); .

We denote by L(Q;w;) and by L™(I';wy) the weighted Lebesgue spaces
with respect to

(3) wi(z) = (1+ |z|)*,i = 1,2

and norms
[l |8, =/Qw1(w)U(x)\qdw and  [|ul| w, :/Fw2(w)IU(m)!mdF-
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We shall use in our paper the following embedding result from [7].

PROPOSITION 1. Assume that (1) holds.

Then the embedding E — L1(Q;w1) is continuous. If the upper bound for q
in (1) is strict, then the embedding is compact. Suppose that the inequalities
in (2) are satisfied. Then the trace operator E — L™ (I';wg) is continuous. If
the upper bound for m in (2) is strict, then the trace operator is compact.

Notations: The best embedding constant of E < L7(€;w) will be denoted
by Cqw, and that of E < L™(I';wa) by Cpy s -
We assume throughout this paper that a € L*°(Q) and b € L*>°(I") such that

(4) a(x) >ap >0 for ae. z€Q
and
c C
5 —— <bz) L ———— for ae. z€el,
®) Gy =P S

where ¢, C' > 0 are constants.

REMARK 1. Note, that

lulf; = [ a@)IVu(z)Pds + [ bo)uto)rar
Q r
defines an equivalent norm on E, see [6], Lemma 2.

The main result of this paper is based on the following Mountain Pass
Theorem.

THEOREM 1. Let f : E — R be a C' functional satisfying the Palais-Smale
condition and verifying the hypotheses
(a) there exist constants « > 0 and p > 0 such that f(u) > «, for every

lull = p;
(b) there is e € E with ||e|]| > p and f(e) < a.
Then the number

— inf
c ;Ielmrél[gi]f(g(v)),

where [0, €] is the closed line segment in E joining 0 and e and
I'={ceC([0,¢], X) : g(0) = 0,9(e) = e},

s a critical value of f with ¢ > a.

2. MAIN RESULT

For A > 0 and p € R we consider the problem
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—div(a(z)|VulP~2Vu) = M\ f(x,u) in Q,
(P) a(z)|VulP~2Vu - n + b(z)|uP~2u = Aug(x,u) on T
u#0in Q,

where n denotes the unit outward normal on I', and f : @ xR — R is a
Carathéodory function.
We consider the following assumptions:

(F1) f(-,0) =0 and |f(2,s)| < fo(z) + fi(z)]s|", where p <1 <

and fy, f1 are measurable functions which satisfy

N —p’

0 < fo(z) < Crwi(z), and 0 < fi(z) < Crwi(x) ae. x €9,

1

foe L1 (Qwl 7).

(F2) lim L‘g)_l
s—0 fO(.’IJ)‘S‘p

F3) limsup F(z,s) < 0, uniformly for z € Q, max F(-,s) €

F) TP R e )
LY(Q) for all M > 0, where F' denotes the primitive function of f with

=0, uniformly in x € ;

respect to the second variable, i.e. F(x,u) = f(x, s)ds;
0
(F4) there exist g € Q, Ry > 0 and sp € R such that | milnR F(z,s0) > 0.
r—x0|<Ilo
(G1) Let g : T' x R — R be a a Carathéodory function such that g(-,0) =0
and

lg(x,5)| < go(x) + g1(x)]s[™ ",

N
where p < m < PN and gg, g1 are measurable functions satisfying
-D

0 < go(z) < Cywa(x) and 0 < g1(x) < Cywo(x), ae. z €T,

1
go € L#(F;wg_q);
(G2)
i 9(@:8)

lim go(x)|s|p_1 =0, uniformly in x €T}

1
G3) limsup —————G(x, s) < 0, uniformly for z € T, max G(-,s) € L}(T
(G3) limsup Gl ) max G(.3) € L1(T)
for all M > 0, where G is the primitive function of g with respect to

u

the second variable, i.e. G(x,u) = / g(z, s)ds.
0
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We introduce the functionals Jp, Jg, J, : E — R, defined by
Tew) = [ Flu@)is, o) = [ Glaa@)ar,
Q r

Ju(u) = Jr(u) + pla(u).

A standard argument, which is based on the embedding results from Propo-
sition 1 and the assumptions (F1), (G1) shows that the functionals Jg, Jg
hence J,, too, are well defined, are of class C! and their directional derivative
in direction v € F are

Ur(u).0) = [ Flu@)oteps, ol = [ Glau@)oaar.

(Tu(u),0) = /Q Fla, u(z))v(@)de + 1 /F G, u(x))o(z)dT,

for each u € E (see for instance [10], Lemma 3.10).
Now, we can define the energy functional £, , : £ — R corresponding to
(Py,p.) as follows

Ex () = ; /Q o(2)|Vu(x)[Pdz + ; /F () () PAT — AT (1) — Aue(w).

Ex,p is well defined and the solutions of problem (P ;) will be found as critical
points of £, ,. Therefore, a function v € E is a solution of problem (P ,)
provided that, for any v € E,

(&3 (u), ) /Qa(x)|Vu(:E) P2V u(z)Vo(z)dz

+ Ab(m)|u(x)|p_2u(x)v(x)df
- )\/Qf(a:,u(x))v(m)dm—i—)\u/rg(x,u(x))v(a:)df:0.

The main result of this paper is the following;:

THEOREM 2. We suppose that the functions f : QxR - R andg: T' xR —
R satisfy the conditions (F1) — (F4) and (G1) — (G3) respectively. Then there
exists Ao > 0 such that to every \ €]y, +0o0] it corresponds a nonempty open
interval Iy C R such that for every u € Iy the problem (Py ) has at least two
distinct, nontriwial weak solutions wy , and vy ,, with the property

g)\,u(uknu) <0< 5/\,;;(1)/\,#)-
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3. PROOF OF THE MAIN THEOREM

We start with some auxiliary results.
LEMMA 1. [5, Lemma 3.3] Suppose that the conditions (F1), (F3), (G1)

and (G3) are satisfied. Then, for every A > 0 and p € R the functional &y,
18 coercive on E.

LEMMA 2. &), : E — R satisfies the Palais-Smale condition.

Proof. Let {u,} C E be a (PS)-sequence for the function &, ,, i.e.

(1) {&xpu(un)} is bounded;

(2) &, . (un) — 0.

Since &), is coercive, we have that {u,} is bounded. The reflexivity of
the Banach space E implies the existence of a subsequence notated also by
{un} such that {u,} is weakly convergent to an element v € FE. Because
the inclusion F — LP(Q,w;) is compact, we have that u, — wu strongly in
LP(Q,w;). We want to prove, that u, converges strongly to u in E. For this
end, we will use the following inequalities from ([2], Lemma 4.10)

(6) € = CP < My(JE[P2E = [CP20)(€ = ¢), forp>2
(7)€ —¢? < Ma(IEPP2€ — [CP720) (€ = Q] + <> P, for p €]1,2],

where M and M, are some positive constants. We separate two cases. In the
first case let p > 2. Then we have:

ot — | = /Q o(2)| Vi (z) — Vau()[Pdz + /F b(@) |t () — u(a)[PdT
< Ml/ﬂa(a:) [\Vun($)|p72Vun(:c) — ]Vu(:z)\pfszx)] (Vuy(x) — Vu(x))dz

01 ) @) o) = ()2 u@)] (@) = ()T

= M1(<S$\,,u(un)7 Up — Uu) — (5;\7#(u),un —u) + )‘<J}«“(un) - J};(u),un —u)
NI (i) — o), 0 — )

< My(lI€x pu(un)ll + Al TE (un) = Tp W)l + Al Jg (un) = Je)]) - [Jun — ully
— My (&}, (u), un — u).

Since u, — u weakly in E and J}, J;; are compact (see [6]), we have that
5 (un) = Jp(w)|| = 0 and ||Jg(un) — JG(w)]| — 0. Moreover £} (u) = 0 and
1€} . (un)|| = 0, s0 [|un — ul[y — 0, ie. u, converges strongly to u in E.

In the second case, when 1 < p < 2, we use the following result: for all
s € (0,00) there is a constant Cs > 0 such that

(8) (v +9)* < Cya® +y7), for amy 7,y € (0,00).
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Then we obtain

(9)
—ul|? = a(x)|Vu,(x) — Vu(z)|Pde + )| un, () — u(x)Pdl
||Un ||b (/ ( )‘ n( ) ( )’p /Fb( )’ n( ) ( )|p

</Q o vu(x)pdx) K (/r b()|un(x) — u(a:)lpdr) %

Now, using the (7) and the Holder inequalities we get
Joal !Vun (2) = Vu(@)Pde = [ a(2)(|Vun(z) - Vu(@)?)2de
< M fQ z) (([Vun ()P~ Vun () - \VU( P2V (@) (Vun (2)
~Vu(a >>>£<|Vun< )|+ V() 5" de
= Ms [q [a(@)(IVun (@) P72 Vun (@) = [Vu(@)""*Vu(2)) (Vua(z) = Vu(@))]
@)V () + V() ] da .
< M2 (fﬂ x)|[Vug(z |pd33+f9 x)|Vu(z )|pd33) 2

-(f a(x)(|Vun (@) [P~ Vg ( ) = [Vu(z)P~ 2Vu(x))(Vun (@) — Vu(z))dz)
s | (o) Vs @)Pdn) 7+ (fy a(o) Fulo)Pda) *

(fg )([Vun (@)~ 2Vun< ) = [Vu(@) P~ Vu(z)) (Vg (z) — Vu(z))dz)

< % (Hunufp) +lull, )

[ a(@)([Vun (@) P2 Vg (2) — [Vu(@) P2 Vu(z)) - (Vun (@) = Vu(z))de] > .

Then usmg again the relation (8) and the above inequality we have:

[V

<G,

VS|

(M|

(M|

(M|

2

(10) < /Q a(x)|Vun(9:)—Vu(:E)\pdx)p
< M3 (Jfunl 7+ [fully )

'/Qa(x)(|Vun(x)|p_2Vun(x) — |Vu(z) [P2Vu(z)) (Vg (z) — Vu(z))dz.

In a similar way we obtain the following estimate

(11) ([ polunto) - u(m)\pdr)?’

< M ( [ 30 P2 00) — )P ) ) ~ u(w))dr) ~
(1l 577 + Iz ™)

We introduce the following notation: I(u) = %Hu\ 7. As we used before, the
directional derivative of I, in the direction v € F is

(' (), v) = /Q o(2)| V(@) P2 V() Vo(z)dz + /F b(a) u(z)P~2u()v(z)dT .



7 A multiplicity result for a p-Laplacian equation 203

Using the inequalities (9), (10), (11) we have
lln = ullf < Mj - (I (un) = I'(w), un —w) - ([l + [Jully ).

Since u, is bounded, the same argument as in the first case (when p > 2)
shows that u,, converges to u strongly in E.
Thus &), satisfy the (PS) condition for all A > 0 and p € R. O

Using the assumption (F4) one can prove the existence of an element ug € E
such that Jr(ug) > 0 (see [5], Lemma 3.2).

Let us define m = /F |G (2, up(x))|dT,

B I(up) 1
0 Jr(uo) A(1+m)
LEMMA 3. For A > Ao and |u| €]0, uy] we have

A

>0 and p) = (A =2X0)JF(up) > 0.
7}22&7“(“) < 0.

Proof. 1t is sufficient to prove, that, for X > Ao and |u| €]0, 3] we have
Exu(uo) < 0. Indeed,

Exp(uo) = I(uo) — AJy(uo) — A (uo)

< XoJr(uo) — AJp(ug) + A|pm
= (Ao = A)Jr(uo) + Alulm
— (- A)W + Aulm
= —(L+m)Au + Alpulm
= ok — mAG — Jul) <0,
for all A > Ag and |u| €]0, p3]. O

LEMMA 4. For every A > Xg and p €]0, i3], the functional £y, satisfies the
Mountain Pass geometry.

Proof. From the assumptions (F1),(F2), (G1) and (G2) results the existence
of ¢i(¢), ea(e) > 0 for every € > 0, such that

(12) [F (2, u(@))] < efo(2)|u(@)[” + ci(e)(fo(x) + fr(x))[ul2)]",

(13) |Gz, u(x))] < ego(@)[u()]” + c2(e)(g0(2) + g1 () u(2)]™,

where r €]p, p*[ and m € [p,p%—:ﬂ. Using again the (F1) and (G1) assump-
tions, we get

(14) |F (2, u(z))| < ewr(z)Crlu(@)|” + 2e1(e)Cpwi () Ju(@)]",
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(15) |G (2, u(2))] < ews(x)Cylu(x)[P + 2¢2(e) Cqwa () [u(x)[™.

Fix A > A\g and p €]0, 3], then using the (14) and (15) inequalities for every
u € E we have

1
Enule) = lullf = M
1
> il =) [ PG u@)ide - Ml [ GG, u(@)lar
p Q T
1
>l - A<y / w1 (2)[u(@)Pdz — 2rer ()C / w1 (&) |u(@) [ da
Q Q
~AuleCy [ wa(w)u(@)PdL ~ 2Aulea()Cy [ wa(ofu(w)mdr
I I
1 '
= Il = ACplull, ~ 2xer(EICllul
AHECy Ul 0y — 2Alptlea ()Cl w1
1
> (5 =2, = AHeCu ) Il
201 () Oyl 1l — 2\ e () Cy Ol 1l

Using the notations

1
A= (p — XeCCh . — /\\u\anC’g,w) ,

p,w1

B =21 (e)CyCT

W10

C = 2X|p|ea(e)CyCy

m,wa?
we get
Expu(w) = (A= Blfull, ™" = Clull," ") lul[;-

1 1 .
We choose ¢ € }0, 35 NeC; CT o HHIECSCh mg) [, so A>0. Now,let[: R, — R

be the function defined by [(t) = A — Bt""P — Ct"™~P. We can see, that [(0) =
A > 0, so because [ is continuous, there exists an €* > 0 such that I(t) > 0,
for every t €]0,e*[. Then for every u € E, with ||u|| = ¢** < min{e*, ||uol|},
we have &y ,(u) > n(A, p,€*) > 0. From Lemma 3 we have &) ,(up) < 0.
Therefore the functional £ , satisfies the hypotheses of the Mountain Pass
theorem 1. g

Proof of theorem 2.

Fix A > Ao and p €]0, g} [= I). From the lemma 2 we have that the func-
tional &), satisfies the (PS)-condition, from the lemma 1 we have the coer-
civeness of £, ,. Then there exists an element wuy ,, € £ such that &y ;,(ux ) =
51612 Expu(v) (see [9]). By using lemma 3 we have &) ,(uy ) < 0. On the other

hand by lemma 4 and the Mountain Pass Theorem 1, there exists an element
Uap € E such that & (vr,) = 0 and &, u(va,) = n(A, p,€%) > 0, which
completes the proof. O
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[10]
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