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GENERALIZATION OF CERTAIN SUBCLASS OF CONVEX
FUNCTIONS AND A CORRESPONDING SUBCLASS OF
STARLIKE FUNCTIONS WITH NEGATIVE COEFFICIENTS
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Abstract. Making use of Salagean operators, D™ and D"™™ (n € No = NU
{0}, m € N = {1,2,...}), we define the class Tj(n,m,,3) (n € No, j,m €
N,—1 < a < 1,8 > 0). In this paper, we obtain coefficient estimates, distortion
theorem , closure theorems and radii of close - to - convexity , starlikeness and
convexity for functions belonging to the class T} (n, m, «, 3). We consider integral
operators associated with functions belonging to the class T} (n, m, a, 3). We also
obtain several results for the modified Hadamard products of functions belonging
to the class Tj(n, m, «, ). Finally, distortion theorems for the fractional calculus
of functions in the class Tj(n,m, a, 3) are obtained.
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1. INTRODUCTION

Let A; denote the class of functions of the form:

(1.1) f(z)=z+ Z apz® (jEN={12,..})

k=j+1

which are analytic in the unit disc U = {z : |z| < 1}. For a function f(z) in
Aj we define

(1.2) D°f(z) = f(2),
(1.3) D'f(z) = Df(2) = zf (2),
(1.4) D"f(z) = D(D""' f(2)) (n€N).

The differential operator D™ was introduced by Salagean [16]. It is easy to
see that

(1.5) D"f(z) =2+ Zk”akzk, n € No = NU{0}.
k=2

With the help of the differential operator D", for—1 <a <1, >0, j,mé€
N and n € Ny, we let S;j(n,m,,3) denote the subclass of A; consisting of
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functions f(z) of the form (1.1) and satisfying the analytic condition :

IR e R B L AR

The operator D"t™ was studied by Sekine [18], Aouf et al. ([3] and [4] ) and
Hossen et all. [7] and Aouf [2].

We note that :

(i) Sj(1,1,0,8) = B—=UCV (e, j), is the class of f— uniformly convex func-
tions of order o, —1 < a <1, 8>0, j €N, that is the class

Red1. @) ')
(1.7) {f(Z)EA].R{l-i- ) }>[3 f()" EU}.

The class 5—UCV(0,1) = B—UCYV was introduced by Kanas and Wisniowska
[10]. The class 1 — UCV(0,1) = UCV was introduced by Ma and Minda [11]
and Ronning [13].
(ii) Sj(0,1,a, B) = B—Sp(a, ), is the class of 3— starlike functions of order
a—1<oz<1 B8 >0, 5 €N, that is the class
2f (2) , Z € U} )

Rl
(1.8) {f(z)eA].R { e }>5 e

The class 8 — S,(0,1) = §— 5, was introduced by Kanas and Wisniowska [9].
The class 1 — S,(0,1) = 3 — S, was introduced by Ronning [14].
We denote by T} the subclass of A; consisting of functions of the form :

,zeU.

[e.9]

(1.9) flz)=2z— Z agz™(ar, > 05 k>j+1; j €N).
k=j+1

Further, we define the class Tj(n,m,«,3) b
(1.10) T(n.m, . 6) = Sj(n.m, o, ) N T;.

Also we not that :

() Tl(nv 1,0é,ﬁ) (
Murugusndaramoorth [15]);

(i) 71(0,1,,0) = T* () and T1(1,1,,0) = C(a) (0 < v < 1) (Silverman
[19]);

(iii) 73(0,1,,0) = To(j) and T;(1,1,0,0) = Co(j) (0 < a < 1,5 € N)
(Chatterjea [5] and Srivastava et al . [20]);

(iv) Tj(n,m,a,0) = Tj(n,m,a) (0 < a < 1; j € N) (Sekine [18] and
Hossen et al. [7]);

(v) Ti(n,1,0,0) =T*(n,a) (0<a <1, néeNy) (Hur and Oh [8]);

(vi) Tj(n,1,0,8) = Tj(n,m,a) (0<a<1; jeN, neNy, g>0) (Dixit
and Pathak [6]).

n,a,3) (-1 <a<1, f>0,n€ Ny (Rosy and
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2. COEFFICIENT ESTIMATES

LEMMA 1. Let the function f(z) be defined by (1.1) with j = 1. Then f(z)
€ S(n,m,a, B) if

(2.1) SRR+ 8) - (a+ B lax] < 1-a

k=2

Proof. 1t suffices to show that
Dner Dner
e B Y Y S

Drf(z D f(z)
We have
Dnerf(Z)_ " Re Dnerf(z)_ Dnerf(Z)_
oty el gty 1 <@ a [l

(146) 3 K07 = 1)

<

o0
L= >0 k™ axl
k=2

This last expression is bounded above by (1 — «) if

KR+ B) — (a+ B |ay] <1 -a,

k=2

and hence the proof is complete.

THEOREM 1. A necessary and sufficient condition for f(z) of the form (1.9)
(with j = 1) to be in the class Ti(n,m,«, ) is that

(2.2) S TEME™M (14 8) = (a+ B)lar < 1o

Proof. In view of Lemma 1, we need only to prove the necessity.
If f(z) € Ti(n,m,a, F)and z is real, then (1.6) yields

o0
1— > kg 2kt Z (k™ — 1)apzh1
k:io —a>p|E
1= kragzk-1 1- Z krayzk—1
k=2 k=2

Letting z — 17 along the real axis, we obtain the desired inequality

(2.3) S EET (14 8) = (a+ B)lax < 1o



122 M. K. Aouf and G. S. Salagean 4

THEOREM 2. Let the function f(z) be defined by (1.9).
Then f(z) € Tj(n,a,m, B) if and only if

STEETAH+B) — (a+ Blap <1 - a.
k=j+1
Proof. Putting ar = 0 (k = 2,3,...,j) in Theorem 1, we can prove the
assertion of Theorem 2 .
COROLLARY 1. Suppose that the function f(z) defined by (1.9) is in the
class Tj(n,m, o, ). Then
ap < 1—a
FT R (14 ) ~ (o + )]
The result is sharp for the function f(z) given by
(1-a)

(2.5) f(z2)=2— P ) - @1 ) (k> +1).

3. GROWTH AND DISTORTION THEOREM

(2.4)

(k>j+1).

THEOREM 3. Suppose that the function f(z) defined by (1.9) is in the class
Tj(n,m,c, 3). Then

. B 11—« Fass
(3.1) [D'f(2)] = |4] (j+1)"*i[(j+1)m(1+ﬁ)—(a+ﬁ)]| "
and

(3.2) 1D f(2)] < |2+ -« |27+

G+ DG+ D)™+ 6) = (e + B)]
for z € U, where 0 < i < n. The equalities in (3.1) and (3.2) are attained for

the function f(z) given by
11—«
B3 O = G D B) — (a4 A

Proof. Note that f(z) € Tj(n,m,«a,() if and only if D'f(z) € Tj(n —
i,m,a, 3) and that

J+1

(3.4) Dif(z) =2 — i kiaz".
k=j+1

Using Theorem 2, we know that

(3.5) GH+D" G+ DA+ B) = (@+B)] Y Kax

k=j+1

< D KEMA48) - (a+B)lap<1—a
k=j+1
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that is, that

1l -«

(3.6) 2 Kk < GG 4 B (a5 )

It follows from (3.4) and (3.6) that

B7) D] > Jel - Y K

k=j+1
11—« .
> |zl — — — P
S S R P o (¢ S e peayy
and
(3.8) |Df(z)| < |2+ j{: k'ay,
k=j+1
1— .
< o+ e s

G+ Dm0+ )™+ ) = (a + 5)]
Finally, we note that the equalities in (3.1) and (3.2) are attained for the
function f(z) defined by

l-«
GG+ D)m(A+5) = (o + B)]
This completes the proof of Theorem 3.

(3.9) Dif(z)=z— ATz e U).

COROLLARY 2. Suppose that the function f(z) defined by (1.9) is in the
class Tj(n,m, o, ). Then

. . -« Pias
G10)  VENzE- g romas g -
and

(3.11) [f(2)] < |z + o S

G+ @G+ 1)1+ 0) = (a+P)]
for z € U. The equalities in (3.10) and (3.11) are attained for the function
f(z) given by (3.3).

Proof. Taking i = 0 in Theorem 3, we can easily show (3.10) and (3.11).

COROLLARY 3. Suppose that the function f(z) defined by (1.9) is in the
class Tj(n,m, o, 3). Then

(3.12) )fvﬁ21f(

1«
JH+G + )™+ B) = (a+ 6]

|2
and

(3.13) V

11—«
G+ G+ Dm0+ 8) = (a+ 5)]

(z)) <1+ |2
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for z € U. The equalities in (3.12) and (3.13) are attained for the function
f(z) given by (3.3).

Proof. Note that D' f(z) = zf (z). Hence, taking i = 1 in Theorem 3, we
have Corollary 3.

4. CONVEX LINEAR COMBINATIONS

In this section, we shall prove that the class T)j(n, m,a, ) is closed under
convex linear combinations.

THEOREM 4. The class Tj(n,m, o, ) is a convez set.
Proof. Let the functions
o0
(4.1) fu(z) =2z — Z ary 2" (ag, > 0; v =1,2)
k=j+1

be in the class Tj(n,m,a, ). It is sufficient to show that the function h(z)
defined by

(4.2) h(z) = Mi(z) + (1 =N fa(2) (0<A<T)

is also in the class Tj(n, m, a, 3). Since, for 0 < X <1,

(4.3) h(z)=z— Y {Xags+ (1= Napa} 2",
k=j+1

with the aid of Theorem 2, we have
(4.4) S EET 1+ B) = (a4 B)] {Aaks + (1= Naga} <1 -«
k=2

which implies that h(z) € Tj(n, m, «, 3). Hence Tj(n, m, o, B)is a convex set.
THEOREM 5. Let f;(z) = z and
l—«o

En[Em(1 4 8) — (a+ B)]

for =1 <a<1andf >0. Then f(z) is in the class Tj(n,m, o, B) if and only
if it can be expressed in the form:

(4.5) fr(z)==2 & (k>j+1, neNy, meN),

(4.6) F(2) = Mefr(2),
k=j

where A\, >0 (k> j) and >, Ay = 1.
k=
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Proof. Assume that

1) o0 1—«
f(z):kzj/\kfk(z):z_ Z kn[km(1+ﬁ)—(a+ﬁ)])\k’2k'

k=j+1

Then it follows that

[e.e]

k" [E™(1+ B) — (a + B)] l-a
(4.7) kzj;l T—a (11 8) — (a+ A)
= i Ae=1-X); <1
k=j+1

So by Theorem 2, f(z) € Tj(n,m,a, ). Conversely, assume that the func-
tion f(z) defined by (1.9) belongs to the class Tj(n, m, a, 3).Then

11—«
4.8 < k>j7+1;, neNg; € N).
U9 S i) g K2 e N men)
Setting
K [km (1 -
(4.9) A= Lt tﬂ_)a (a+B),, (k>j+1; neNy; meN)
and
o0
(4.10) N=1— " A,
k=j+1

we can see that f(z) can be expressed in the form (4.6). This completes the
proof of Theorem 5.

COROLLARY 4. The extreme points of the class Tj(n,m, o, 3) are the func-
tions fr(z) (k> j) given by Theorem 5.
5. RADII OF CLOSE-TO-CONVEXITY, STARLIKENESS AND CONVEXITY

THEOREM 6. Suppose that the function f(z) defined by (1.9) is in the class
Tj(n,m, o, 3). Then f(z) is close-to-convex of order p (0 < p < 1) in |z| < ry,
where

11—«

_ n—1r.m —(a ﬁ
(5.1) lerl(n,m,a,ﬂ’p):igf{(l p)k" K™+ 8) — ( +ﬂ)]} ’

(k>j+1).
The result is sharp, the extremal function f(z) being given by (2.5).
Proof. We must show that
‘f/(z) — 1| <1—p for |z]<ri(n,m,a,p,p),
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where 71 (n,m,q, 3, p)is given by (5.1). Indeed we find from the definition

(1.9) that
|f'(z) —1] < Z kay 2"
k=j+1

Thus

|f'(z) =1 <1-p
if

—, k k-1

5.2 <1
(5.2 > (el <

But, by Theorem 2, (5.2) will be true if

(ot < KB (a4 9)

that is, if

_ n—1[rp.m — (v ﬁ
5.3 ‘dg{u PR 6™ (1 + 8) — +m%

k>j+1).
T o (k=j+1)

Theorem 6 follows easily from (5.3).
THEOREM 7. Suppose that the function f(z) defined by (1.9) is in the class
Tj(n,m,a, B). Then the function f(z) is starlike of order p (0 < p < 1) in

|z| < re, where

(5.4)

PE K™ (1 + B) — (o + B)] }“ (k > j+1).

e J A =p)
r2 =712 n7m7a7/6)p = lnf{
( )= (k= p)(1—a)
The result is sharp, with the extremal function f(z) given by (2.5).

Proof. 1t is sufficient to show that

zf'(z)

f(2)
where ra(n,m, a, 3, p) is given by (5.4). Indeed we find, again from the defini-
tion (1.9) that

-1

<1—p for |z| <re(n,m,a,p,p),

o

k— k—1
Zf/(Z) B 1‘ - k:zj:—i-l( 1)a‘k ‘Z|

f(Z) 1— i ag |Z|k—1
k=j+1
Thus )
2f!(z
1) ‘431_p
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if
(5.5) i k=p ap |2/t < 1
- 1—p -
k=j+1
But, by Theorem 2, (5.5) will be true if

(k—p>Mm4§H%Wﬂ+5%%a+m]
1—p 11—«

that is, if
1—p)k"k™(1 —
=y
Theorem 7 follows easily from (5.6).

}“l(kzj+n.

COROLLARY 5. Suppose that the function f(z) defined by (1.9) is in the
class Tj(n,m, o, 3). Then f(z) is convex of order p (0 < p < 1) in |z| < 73,
where

(1- p)k" 1™ (1 + ) — (o + )] }

(57) r3:r3(n,m,oz,ﬁ,p) _Hlif{ (k._p)(l_a)

(k>j+1).
The result is sharp, with the extremal function f(z) given by (2.5).

6. A FAMILY OF INTEGRAL OPERATORS

THEOREM 8. Suppose that the function f(z) defined by (1.9) is in the class
Tj(n,m,c, B) and let ¢ be a real number such that ¢ > —1. Then the function
F(z) defined by

z

/tcl f@®dt (c>—1)

0

c+1
ZC

(6.1) F(z) =

also belongs to the class Tj(n,m, o, 3).

Proof. From the representation (6.1) of F(z), it follows that

F(z)=z— Z b2",
k

=j+1
c+1
b = .

2 KT+ — (et Al = D) k”[km(lw)—(aw)J(Cﬂ)ak

c+k
k=j+1 k=j+1 T

where

Therefore, we have
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< D KETA48) — (et B)lap <1—a,

k=j+1
since f(z) € Tj(n,m,a, 3). Hence, by Theorem 2, F(z) € Tj(n,m, c, 3).
o0
THEOREM 9. Let the function F(z) = z — Y. apz* (ax > 0) be in the
k=j+1

class Tj(n,m, o, 3), and let ¢ be a real number such that ¢ > —1. Then the
function f(z) given by (6.1) is univalent in |z| < R*, where

o (48 — (0t Bl + 1)) T
(6.2) R _H,if{ 0ot ® } (

E>j+1).
The result is sharp.
Proof. Form (6.1), we have

fo) = 2EEE) i <C+k> apt.

c+1

In order to obtain the required result, it suffices to show that
|f'(z) = 1] <1 wherever |z < R,

where R*is given by (6.2). Now

|f,(2)—1‘§ Z k(C-i-k)ak ’Z‘k_l.

o et
Thus |f'(z) — 1| < 1if
(6.3) S "“((CCL’? ap |2l < 1.

k=j+1
But Theorem 2 confirms that
= B4 6) -~ (atB)]

l—«

(6.4) r < 1.
k=j+1
Hence (6.3) will be satisfied if
et k) |t KEm(0+6) = (a4 )
(c+1)

1—a ’

that is , if

n—171.m — (a c ﬁ

Therefore, the function f(z) given by (6.1) is univalent in |z| < R*. Sharpness
of the result follows if we take
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o (1—a)(c+k) . ,
6O IO = G - alern” FZITD

7. MODIFIED HADAMARD PRODUCTS

Let the functions f,(z) (v = 1,2) be defined by (4.1). The modified
Hadamard product of fi(z)and fa(2)is defined by

(7.1) (fi® fa)(z) =2 — Z ag1ag22".

k=j+1
THEOREM 10. Let each of the functions f,(z) (v = 1,2)defined by (4.1) be
in the class Tj(n,m, o, B). Then (fi® f2)(2) € Tj(n,m,6(j,n, m, o, 3), 3), where
G+ D™ =11 +8)(1 - a)
G+DMG+DmA+08) = (@+ PP = (1 —a)*

(7.2) 0(4,n,m,a,3) =1—

The result is sharp.

Proof. Employing the technique used earlier by Schild and Silverman [17],
we need to find the largest 6 = 6(j,n, m, «, 3) such that

o0

EPE™(14+8) — (0 +
k=j+1
Since
0 EMEM(146) — (a+
(7.4) Z Ll 1ﬁ—)a ( 6)]%.1 <1,
k=j+1
and
N KPR (1 4 8) — (a+
(7.5) [k 1ﬂ_)a ( m]ak_z <1
k=j+1
by the Cauchy-Schwarz inequality, we have
kMR (1 4 B) = (a+
k=j+1

Thus it is sufficient to show that
k" [E™(1+ ) — (0 + B)] EME™(1+ 6) — (a+ 0)]
1-96 11—«
(7.7) (k=j+1),
that is, that

ag1ak2 <

Vak10k.2

(" (14 6) — (a+ B)](1 = 9)
T8 Voo = G )~ G+ A1 - a)

(k>j+1).
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Note that
(1-a)
(79 Va2 S R 5) — (o + OI0 - a)
Consequently, we need only to prove that

-« "1+ ) — (a+ B)|(1-9) ,
FI 5 —(at A = k(1T p) -6+ A1 —a) T

or, equivalently, that

(k>j+1).

(7.10)

(k™ —1)(1 + B)(1 - a)?

(7.11) 5§1_wﬂmﬂ+ﬁ%ﬂa+@?—ﬂ—aﬁ(k2j+n'
Since

- (k™ = 1)(1 4 B)(1 - a)?
(7.12) P = (4 8) - (a+ P — (1= )

is an increasing function of k(k > j+1),letting k = j+1 in (7.12), we obtain
[(G+ D)™ = 1]+ B)(1 — o)
G+DMG+D)™A+8) = (a+B)P = (1—a)?’

which proves the main assertion of Theorem 10.
Finally, by taking the functions f,(z) (v = 1,2) given by

(7.13) 6<B(j+1)=1-

=2z — l—a A (y =
W) L@ = G e B @i b

we can see that the result is sharp.

THEOREM 11. Suppose that the function fi(z) defined by (4.1) is in the
class Tj(n,m, o, 3), and the function fa(z) defined by (4.1) is in the class
T](na mvr}/vﬁ)‘ Then (fl ® f?)(z) € T‘j(namag(jvna m7a7’y5/6)’/6)7 where

(7.15) &(g,ny,m,a,v,06) =1
“[G+1)™ =11+ 81 —a)(l—7)
AU+ DG+ A+ 5)
—(@+ G +D"A+8) - (v+B)] - (1 —a)(1 -7}

The result is the best possible for the functions

L 1l-« P
(7.16) fi(z) = G+1)G+ 1)1+ 8) — (a+ )]

and

(7.17) fa(z) = 2 — e o

G+DME+D)™A+8) = (v +6)]
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Proof. Proceeding as in the proof of Theorem 10, we get

(k" =11 +8)(1 —a)(1—7)

e=1- krkm(1+8) = (a+ Pk (14 6) = (v +B) = (1 —a)(1 =)

(7.18) (k>j+1).

Since the right-hand side of (7.18) is an increasing function of k , setting k =
j+1in (7.18), we obtain (7.15). This completes the proof of Theorem 11.

COROLLARY 6. Let the functions f,(z) (v = 1,2,3) defined by (4.1) be in
the class Tj(n,m, o, 3). Then (fi ® fa ® f3)(z) belongs to the class
T](”’ m7 C(j’ n7 m7 a? 6)75)7 whe’r.e
(7.19)
. 1) — 1)1+ 8)(1 - a)?
o) -1 G+ )" 10+ 8)(1 — )

G+D*G+ D)1 +8) = (@+B)P = (1 —a)®
The result is the best possible for the functions f,(z) (v =1,2,3) given by

11—«
G+DMG+1)™A+ ) = (a+ )]
Proof. From Theorem 10, we have (f1® f2)(z) € Tj(n,m,6(j,n,m,a, ), 3),

z)

where § is given by (7.2). Now, using Theorem 11, we get (f1 ® fo ® f3)(2) €
Tj(n,m,((j,n,m,,3),3), where

(7.20)  f,(2) =2 — AT (v =1,2,3).

[+ D)™ =11+ 81 —a)’
G+ + 1)1+ 8) — (a+B)P - (1 —a)
This completes the proof of Corollary 6.

C(j?n7m7a7ﬁ) =1-

THEOREM 12. Let the functions f,(z) (v = 1,2) defined by (4.1) be in the
class Tj(n,m,a, ). Then the function

o0

(7.21) h(z)=2z— Z (ai’l + aig)zk
k=j+1

belongs to the class Tj(n,m,7(j,n,m,«, 3), ), where

2+ )™ —1]j(1 +p)A —a)?
G+ DM+ D™A+B)(a+ B —2(1 - a)*
The result is sharp for the functions f,(z) (v =1,2) defined by (7.14).

(7.22) 7(j,n,m, 0, 8) =1 -

Proof. By virtue of Theorem 2, we obtain

3 {k"[km(1+ﬂ)—(a+6)]}2a2

1—a k,1

k=j+1
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i K™ (14 8) — (a + B)]

(7.23) < Py — aprp <1
and

o niem 2

S {k [ (1415_)06— (04+5)]} a2,

k=j+1
2

(7.24) !y K [E™ (14 8) = (a4 0)] s b <1

v 11—«
It follows from (7.23) and (7.24) that

o nlgm o 2
(7.25) 3 ;{k [k (14;?)06 (a+ﬂ)]} (1 +aly) <1
k=j+1

Therefore, we need to find the largest 7 = 7(j,n, m, «, 3) such that
(7.26)

k" [k (1-&1?)7( +5)]§;{k[/~c (ltﬁ_)a( _,_ﬁ)]} o),
that is,
2(k™ —1)(1 + B)(1 — )2 .
(7.27) T<1- kn[km (1 + B) — (a+ B)2 — 2(1 — a)? (k>j541).
Since
(7.28) D(k) =1 2(k™ — 1)(1+ B)(1 — a)?

C R Em (14 B) — (a+ B)2 —2(1 — a)?
is an increasing function of k(k > j + 1),we readily have

2[(j + D)™ =11+ B)(1 —a)?
G+ +D)mA+8) — (a+B)]? —2(1 — a)?’
and Theorem 12 follows at once.

(729) T<D(j+1)=1-

8. APPLICATIONS OF FRACTIONAL CALCULUS

We begin with the statements of the following definitions of fractional calcu-
lus ( that is , fractional derivative and fractional integral ) which were defined
by Owa [12].

DEFINITION 1. The fractional integral of order u is defined, for a func-
tion f(z), by

(8.1) D) = s [ L >0
0
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where f(z) is an analytic function in a simply-connected region of the z-plane
containing the origin, and the multiplicity of (z — () is removed by requiring
log(z — () to be real when z — ¢ > 0.

DEFINITION 2. The fractional derivative of order u is defined , for a func-
tion f(z) , by

(8.2) DEf(z) = (1) a / - ! (% & (0<p<1),

where f(z) is constrained, and the multiplicity of (z — {)™# is removed, as in
Definition 1.

DEFINITION 3. Under the hypotheses of Definition 2, the fractional deriva-
tive of order n + p is defined by

d n
THEOREM 13. Suppose that the function f(z) defined by (1.9) is in the class
Tj(n,m,c, 3). Then
(84) [DIH(D'f(2))|
|21 +# { - (1—-—a)l(+2)T(2+ p) W}
G+ DG+ D)™ A+8) = (a4 BTG +2+ p)

(8.3) Dy f(z) = ——DEf(2) (0<p<1; né€No).

TTR2+p)
and
(85) | D; (D f(2)|
i { (1 - )T + 2T+ p) W}
STRr2w) U GO G+ )71+ B) — (a+ AILG +2+p)

(bL>0;0<i<n;zel).

The result is sharp

Proof. Let
(8:6F(2) = T(2+p)2#DI*D'f(2))
= - v~ Lkt )0 2+M)k‘ia 2k =z 3 U(k)klayz”
L T e e X vk
where
(8.7) wh) = DEEDLC+R) s oy

I'(k+1+ )
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Since

L+ 2)T(2+ p)

(8.8) 0<Wlh) =¥+ =—Fr5 )

)

Therefore, by using (3.6) and (8.8), we see that

89  F@)| =2 -TG+ 1) ) Ko
k=j+1
(1—a)T(j+2)T(2+ p) ‘Z|j+1
G+ G+ D)1+ 8) = (a+ BTG + 2+ p)

> |2] -
and

(810) [F()| < |l +0(+1) [P Y ke
k=j+1
(1= )T +2)0(2+ ) S

> [z] + G+ DG+ 1)1+ 8) — (a+ BTG + 2+ p)

which proves the inequalities (8.4) and (8.5) of Theorem 13. The equalities in
(8.4) and (8.5) are attained for the function f(z) given by

Zl+u
2+ p) -
(1-a)l(j+2)T(2+p)
G+ G+ 1)1+ 8) = (a+ BTG+ 2+ p)

(8.11) D;H(D'f(z)) =

2J

or , equivalently , by

e (1-a) i
(8.12) DIE) =2 GG+ D7 (L + B)— (a1 B) .

Thus we complete the proof of Theorem 13 .

Taking ¢ = 0 in Theorem 13, we have

COROLLARY 7. Suppose that the function f(z) defined by (1.9) is in the
class Tj(n,m,a, 3). Then

—u ’2’14—#
(8.13) |Dz f(z)‘ > m

y {1_ (1—a)T(j+2)T(2+ p) W}
GG +1)™1+8) = (a+B)T( +2+p)
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and
| |1+M

(2)] < L2+ p)

y {1+ (1-a)T(+2)T(2+p) W}

G+ DG+ 1)+ 8) = (a+ BTG +2+p)

(u>0; z€U).
The equalities in (8.13) and (8.14) are attained for the function f(z) given by
(3.3).

(8.14)  |D ¥ f(z

REMARK 1. We note that the results obtained by Rosy and Murugusundar-
moothy [14, Theorem 4 and Corollary 2 | are not correct. The correct results
are given by Theorem 13 and Corollary 7 after putting j =m = 1.

THEOREM 14. Suppose that the function f(z) defined by (1.9) is in the class
Tj(n,m, o, 3). Then

—H(Dif(y |Z’17“
(815) DD > o=
{1 ) (- arG+2re-p) W}
G+ G+ D)™+ 8) — (a+ B0 + 2+ p)
and
(8.16)  |D;M(D'f(2))| < L
: T I2-p)
{1+ . (1—@)F(]—|—2)F(2—,u,) |Z|j}
G+ G+ D)mA+8) = (a+ BTG +2+p)

0<pu<l; 0<i<n-—-1; z€l).
The result is sharp .

Proof. Let
- . L L T(k+ D024 p) i
(817) G =TC =P DUDSE) === 3 “gy oy Hoest
- Z 0 kz—i—l
k=j+1
where
518 o) = T(k+ 12+ p) (k> j+1).

I'k+1+p) -
It is easily seen from (8.18) that

LG+ DT(2 =)

(8.19) 0<0(k)<0(j+1)= TG +2-p)
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Consequently , with the aid of (3.6)and (8.19) , we have

(8:20) |G(2)] = |2| =0 + )= D K ay
k=j+1
(1—=a)l'(j+2)T(2 — ) ‘Z|j+1

2 G G+ D+ B) - (et BTG+ 2+ 8)

and

(821) [G()| <[z +0G+ 1) | Y K a
k=j+1
(1= )P + 202~ p) L
G+ G+ D)™A+8) = (a+ BIL(G + 2+ p) ‘
Now (8.15) and (8.16) follows from (8.20) and (8.21), respectively .

Since the equalities in (8.15) and (8.16) are attained for the function f(z)
given by

<lz|+

,- '
(8.22) |DDf(2))| < T2 =7

i (-l 2T - )
G+ G+ DA+ ) = (a+ BTG +2+ p)
or for the function D?f(z) given by (8.12), the proof of Theorem 14 is thus
completed

Taking ¢ = 0 in Theorem 14, we have

COROLLARY 8. Suppose that the function f(z) defined by (1.9) is in the
class Tj(n,m, o, ). Then
|2

(8.23) [DLf(2)] > m

y {1_ (1—a)T(j+2)T(2 - p) W}
G+ +D)mA+6) = (a+ BTG +2—p)

and
8.24 D® < 2"
(8.24) |DLf(2)] < m

GG+ +B8) = (e+BIL(+2+p)
0<pu<l; zel).
The equalities in (8.23) and (8.24) are attained for the function f(z) given by
(3.3).
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REMARK 2. We note that the results obtained by Rosy and Murugusun-
darmoothy [14, Theorem 5 and Corollary 3 | are not correct. The correct
results are given by Theorem 14 and Corollary 8, respectively, after putting
j=m=1.
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