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FIXED POINT THEOREMS FOR ASYMPTOTICALLY
NONEXPANSIVE MAPPINGS IN UNIFORMLY CONVEX
BANACH SPACES
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Abstract. In this paper we obtain strong and weak convergence theorems for
the Mann type doubly sequence iteration process with errors using asymptoti-
cally nonexpansive mappings in uniformly convex Banach spaces. Our new re-
sults improve, generalize and extend some recent results (see e.g. [6], [7] and [19]).
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1. INTRODUCTION

Let X be a Banach space with dual X*, and let C' be a nonempty subset of
X. Also, we let J : X — 2% denote the normalized duality mapping defined
by

(1) J@)={feX :(z, /y=lzl*=/IP}, zeX
A mapping T : C' — C' is said to be uniformly L-Lipschitzian if there exists a
constant L > 0 such that

(2) |T"z —T"y|| < L||lz —y|] Vaz,ye€ C and each n > 0.
A mapping T : C — C is said to be nonexpansive if
[Tz - Tyl < |z —yll Va,yel.

A self mapping T : C' — (' is said to be asymptotically nonexpansive if there
exists a sequence {ky} C [1,00), k, — 1 as n — oo such that

(3) |T"z —T"y|| < kullz —y|| VYz,y € C and each n > 1.

Goebel and Kirk [11] proved that if C' is a nonempty closed convex subset of
a real uniformly convex Banach space and T is an asymptotically nonexpan-
sive self-mapping on C, then T has a fixed point. One of the most important
directions in the study of fixed points is the iteration technique. Iterative
techniques for approximating fixed point of nonexpansive self-mappings have
been studied by various authors (see e.g. [3], [4], [13], [14], [16], [17] and
others) using the Mann iteration process or the Ishikawa iteration process.
For nonexpansive mappings, some authors (see e.g.[12] and [18]) have stud-
ied the strong and weak convergence theorems in Hilbert spaces or uniformly
convex Banach spaces. In 1991, Schu [17] introduced a modified Mann it-
eration process to approximate fixed points of asymptotically nonexpansive
self-mappings in Hilbert spaces. On the other hand, there are some attempts
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in the sense of doubly sequence settings (see e.g. [1] and [15]). The concept of
non-self asymptotically nonexpansive mappings was introduced by Chidume
[7] in 2003 as the generalization of asymptotically nonexpansive self-mappings.
The non-self asymptotically nonexpansive mapping is defined as follows:

DEFINITION 1. [7] Let C' be a nonempty subset of a real Banach space X
and let P : X — C be the nonexpansive retraction of X onto C. A non-
self mapping T : C' — X is called asymptotically nonexpansive if there exist
sequences {k,} C [1,00), k, — 1 as n — oo such that

4) |T(PT)" tz—T(PT)" Yy|| < knllz—y||, Vz,y€C andeach n> 1.

T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such
that

(5) |T(PT)" 'z —T(PT)" 'y| < L|z—y||, VYaz,y€C andeach n> 1.
By the following iteration process:
(6) 21 €C, 21 = P((1—an)zy + o, T(PT)" 1x,,),

Chidume [7] proved some strong and weak convergence theorems for non-self
asymptotically nonexpansive mappings. For more information about fixed
points by asymptotically nonexpansive mappings we refer to [5, 8, 10] and
others. Wang [19], generalized the iteration scheme (6) by giving the following
scheme:

1 €C
(7) Tpi1 = P((1 — an)zn + an Ty (PTY)™ tyn)

Yn = P((1 = Bp)xy + BuTo(PTo)" tay),n > 1
where {a,,} and {3, } are two sequences in [0,1) with

lim ap = lim B, =0, 0<aq,, G, <1.
n—oo n—oo
Recently, Moore [15] generalized the Mann type iteration in the doubly se-
quence setting. Very recently, we studied the main results of Moore [15] using
the Mann type doubly sequence iterates with errors (see [1]). In the present
paper we will extend the results of Chidume [7] and Wang [19] in the doubly
sequence setting by adding the errors for their iteration schemes. Now sup-
pose that X be a real uniformly convex Banach space and C' be a nonempty
closed convex subset of X, which is also a nonexpansive retract of X with re-
traction P. Let 17,715 : C' — X are two non-self asymptotically nonexpansive
mappings. For approximating the common fixed points of two non-self asymp-
totically nonexpansive mappings, we further generalize the iteration scheme



3 Fixed point theorems for asymptotically nonexpansive mappings ... 105

(7) as follows:
r1,1 € C

(8 Thni1 = P((1 — an)Thp + D1 (PT)" Yypn + anven)

Yen = P((1 = Bn)Trn + 5nT2(PT2)"_1:Ek7n + Bnuky), k, n>1

where {a,, } and {f,} are two sequence in [0,1). If T} = T3, 3, =0 and vy, =
upy, = 0 for all k,n > 1, the iteration scheme (8) will be the generalization
of the scheme (6) in double sequence setting.

2. PRELIMINARIES
For clearness , we start by the following concepts and results:

DEFINITION 2. (see e.g [15]) Let N denote the set of all natural numbers
and let X be a real Banach space. A double sequence in X is meant a function

f:NxN — X defined by f(n,m)=x,m € X.

The double sequence {z;,,} is said to converge strongly to z* if for a given
€ > 0 there exist integers N, M > 0 such that Vn > N, m > M, we have
that

|Znm— 2% < e
IfVvn,r > N, m,t > M, we have that
[y — zmell < e

then the double sequence is said to be Cauchy. Furthermore, if for each fixed n,
we have that =, ,, — x;, as m — oo, then z;, — 2™ as n — 00, 50 Tpm — =~
as n,m — oo.

Let X be a Banach space with dimension X > 2. The modulus of convexity
of X is a function ¢ from (0,2] into (0,1] defined by

. 1
0(e) = mf{l — Sz —yll. wye X, |zl =yl =1, ]z -yl = e}

the Banach space X is uniformly convex if and only if d(e) > 0 for all € > 0
and € € (0, 2].

A subset C' of X is said to be retract if there exists a continuous mapping
P : X — C such that Px = x for all z € C. Every closed convex subset of a
Banach space is retract.

A mapping P: X — X is said to be retraction if P? = P.

Now we define the Opial’s condition using doubly sequence sense.

DEFINITION 3. A Banach space X is said to satisfy Opial’s condition if for
any sequence {zj,} in X, x, — x implies that

lim sup|lzg, — 2| < lim supllzg, —y|| Yy € X with y # z,
k,n—o0 k,n—o00

) )

where 1, — « denotes that {z} ,} converges weakly to x.
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DEFINITION 4. A mapping T : C — X is said to be semi-compact if, for
any sequence {xj} in C such that ||y, — Tk | — 0 (n — 00), there exists
subsequence {zy n;} of {zgn} such that {zy ,;} converges strongly to z* € C.

DEFINITION 5. A mapping 7" with domain D(7T) and range R(T) in X is
said to be demi-closed at p if whenever {zy,} is a sequence in D(T) such
that {z,} converges weakly to 2* € D(T) and {T'x,,} converges strongly to
p, then Tx* = p.

LEMMA 1. [18] Let oy, and t,, be two nonnegative sequences satisfying
n+1 L apn+t, V>l
If 3702t <00, then lim,_oou exists.

LEMMA 2. Let X be a real uniformly convex Banach space and let
0 <p <ty <q <1 for all positive integer n > 1. Also suppose that
{zn} and {yn} are two sequences of X such that limy ;oo sup ||zg | < 7,
limy, 00 SUP ||Yknll < 7 and limg p—oo [|[tn@rn + (1 — to)Yknl = 7, hold for
some r > 0, then
lim ||zkn — Yknl =0.
M—00

Proof. The proof of this lemma is very similar to the correspondence one in
[17].

LEMMA 3. [7] Let X be a real uniformly convexr Banach space and let C
be a non-empty closed subset of X. Suppose that T : C — X be a non-self
asymptotically nonexpansive mapping with sequence {k,} C [1,00) and k, — 1
asn — o0o. Then I — T 1is demi-closed at zero.

Let S := {x € X : ||z|| = 1} denote the unite sphere of the Banach space
X. Then, X is said to have a Gateaux differentiable norm if the limit

eyl ]

n— oo t
exists for each z,y € S, and we call X smooth. Also, X is said to have a
uniformly Gateaux differentiable norm if for each y € S the limit is attained
uniformly for (z,y) € S x S. It is known that if X is smooth, then any duality
mapping on X is single-valued, and if X has a uniformly Gateaux differentiable
norm, then the duality mapping is norm-to-weak™ continuous (see [9]).
Let C be a nonempty closed convex and bounded subset of the Banach space
X, and let the diameter of C be defined by

d(C) = sup{lla — yl| : 2, € C}.
For each x € C, let
r(z,C) =sup{||lr — y| : z,y € C} and let r(C) := inf{r(z,C) : x € C}

denote the Chebyshev radius of C relative to itself. The normal structure
coefficient N(X) of X is defined by
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N(X) := inf{ fgg; : d(C) > 0}, where C is a closed convex and bounded
subset of X.

A space X such that N(X) > 1 is said to have a uniform normal structure.
It is known that every space with a uniform normal structure is reflexive, and
that all uniformly convex and uniformly smooth Banach spaces have uniform
normal structure (see [2]).

LEMMA 4. [6] In a Banach space X, there holds the inequality
(9) lz+yl? < lzl* +2{y, j(z+y)), zyeX,
where j(x +y) € J(z +y).

LEMMA 5. [20] Let {an}32, be a sequence of non-negative real numbers
satisfying the property

anp1 < (1 =)an+vm Y, n>0,

n

where {n}22y C (0,1) and {Zn};’ozo are such that

(1) limpoeoyn =0 and > 07 7y = 00,

(it) either limsup, oo Y., <0 or > > |lwm>.,| <o
Then {an}o2, converges to zero.

In 2004, Chidume et al [7] proved the following theorems:

THEOREM 1. Let X be a real Banach space with a uniformly Gateaux dif-
ferentiable norm possessing uniform mnormal structure, let C' be a non-empty
closed convex and bounded subset of X, T : C — C be an asymptotically
nonexpansive mapping with the sequence {k,} C [1,00). Let u € C be fized,
{tn}n C (0,1) be such that lim, o t, = 1, and lim, lf:%ti = 0. Then,

(i) for each integer n > 0, there is a unique x,, € C' such that
ln ln
=(1-— —T"x, ;
Tp = ( kn)u+/€n Tn ;
and if, in addition, lim,, .« ||z, — Txy,|| = 0, then,
(ii) the sequence {xy}, converges strongly to a fixed point of T.

THEOREM 2. Let X be a real Banach space with a uniformly Gateaux dif-
ferentiable norm possessing uniform normal structure, C a non-empty closed
convex and bounded subset of X, T : C — C' be an asymptotically nonexpansive
mapping with sequence {kp}, C [1,00). Let u € C be fized, {t,}n C (0,1) be
such that limy, o t, = 1,t,k, < 1 and lim,,_. kk:%; = 0. Define the sequence
{zn}n tteratively by zp € C,

t

t
(10) Znt1 = (1 — k—n)u + k—nT”zn n=0,1,2,... .
n n
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Then,

(i) for each integer n > 0, there is a unique x,, € C' such that
t t

(11) Tp = (1= u+ Ty,
Ey kn,

and if, in addition, lim,_, ||y — Txy|| = 0, lim, oo |2 — T2 || = O then,
(7i) {zn}n converges strongly to a fixed point of T

3. NON-SELF ASYMPTOTICALLY NONEXPANSIVE MAPS

Suppose that C be a nonempty closed convex nonexpansive retract of a
real uniformly convex Banach space X. Let 17,75 : C — X, be two non-self
asymptotically nonexpansive mappings with sequences {k,},{l,} C [1,00),
lim,,—oo kp, = limy, oo, = 1 and

F(T)NF(Ty) ={x € C: Tix = Tox = x} # ), respectively.
Suppose {z} is generated iterative by

T1,1 € C
Thnt+l = P((l - O‘n)mk,n + anTh (PTl)n_lyk‘,n + anvk,n)

Yen = P((1 = Bo)xpn + BnTo(PT2)" Yo pn + Botign), kyn>1

where {a,,} and {3, } are two sequences in [0, 1).

In this section :

(1) Strong convergence theorems of {z,} to some ¢ € F(T1) N F (1) are
obtained under conditions that one of 17 and T» is completely continuous or
demi-compact and

i(kzn —1) < o0, ,i(ln —1) < 0.
n=1 n=1

(2) If X is real uniformly convex Banach space satisfying Opial’s condition,
then the weak convergence of {xy,} to some ¢ € F'(T1) N F(15) is obtained.
Now, we will prove the following lemmas.

LEMMA 6. Let C' be a non-empty closed convex subset of a normed space X,
and let Ty, Ts : C' — X are two non-self asymptotically nonexpansive mappings
with sequences {kyn}, {ln} C [1,00) such that

o (o ¢]

Z(kn —1) < o0, Z(ln —1)< o0, kyp—1, I, =1 as n— oo, respectively.
n=1 n=1

Suppose that {xy .} is defined by (8), where {on,}, {Bn} are two sequences
n [0,1). If F(Tv) N F(T2) # 0, then, limy p—oo ||Tkn — ¢l exists for each
q € F(T1) N F(T).
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Proof. Setting k, =14+ A\, 1, =14 ~y,. Since

D (kn—1) <00, > (In—1) < o0,
n=1 n=1

then
x oo
Z)\n<oo and Z%<OO-
n=1 n=1

For any ¢ € F(T1) N F(T3), by (8) we have
lzknr1 —all =111 = an)(@rn — @) + an(Ti(PT)" Y — @) + il
< (1= an)lzrn = gll + an(l + An) lyrn — qll + anllvrnll
= (1= an)llzen — all + anl(X + X)[yen = all + ornll;

where
en = all = 11 = Bu) @kn = 0) + Bu(T(PT2) 0 — @) + Bt
< (1= Bu)llwrn — all + Bn(L 4+ )| Zkmn — all + Bnllukll
< (1 + ﬁn'yn)ka n — QH + ﬁn”uk nH
Thus
|Zkn1 — all < (1 — an)l|zrn — all + an(l + X)) lykn — all + anllognll
< (1= an)lzrn = qll + an(1 + A0) (A + Boyn) 28,0 — qll
+ anfn(1+ M)t + anl[vem|l
< [+ an(An + B + ABoyn)lzkn — 4
+ anfn(1+ At + anl[vem|l

< expn=t On ) |13y 4 — g 4 (14 M)

where 1 + 2 < e*Va > 0 and > o7 (A + Y0 + Anyn) < 00, then {zy,} is
bounded. It implies that there exists a constant M > 0 such that ||z, — ¢ <
M for all n > 1 so,

(12) 2k n1 = all = k0 = gl + (An + 3 + Anyn) M+ My

[ee] [ee]
where, My = (1+ Ao)|tknll + [kl D trn <Y vkn < 00.

n=1 n=1
It follows from Lemma 1 that limy, ;o0 ||k, —¢|| exists. The proof is therefore
completed.

LEMMA 7. Let C' be a non-empty closed convex subset of a uniformly convex
Banach space X, and let T1,To : C — X are two non-self asymptotically
nonexpansive mappings with sequences {ky},{ln} C [1,00) such that
[e.e] o0
Z(k:n —1) < o0, Z(Zn —1)<oo, kn — 1, I, = 1asn— oo, respectively.

n=1 n=1
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Suppose that {xy,} is defined by (8), where {o,}, {Bn} are two sequences in
[0,1) ,limy,—00o B = 1. If F(Th) N F(T3) # 0, then

im |zgn — ThZpnll = |76, — Totrmll = 0.

k,n—o00

Proof. Setting kp, =1+ A\, I =1+, q € F(T1) N F(T3), then by using
Lemma 6, we see that limy, p oo ||2kn — ¢|| exists. Assume limy p—oo |25 n —
q|| = c. From (8), we have

(13) ”yk,n - QH <(1+ 5n7n)ka,n - QH + /BnHuk,nH
Taking lim sup on both sides in (13), we obtain

(14)  lim sup ||y, — gl = lim sup[(1+va)l|zkn — all + Bnlluenll] < e
k.n—oo k.n—oo

Since 77 is asymptotically nonexpansive mapping, then
T2 (PT)" gk — all < knllyrn — all,
taking lim sup on both sides in this inequality, we have

(15) im sup [Ty (P g —all <

Since limy, ;00 SUP || n4+1 — q|| = ¢, then

% lzlgloo H(l - O‘n)(:l:k,n - Q) + an(Tl (PTl)nilyk,n - Q) + anvk,nH <ec.

By Lemma 2, we have

(16) im @ — TL(PTL)" il = 0.

In addition,
|z = all - < lzkn = To(PT)"  ypnll + 1T (PT)"  yan — 4l
< Nk — T (PTY) yrnl + (14 X lyrn — all-
Taking lim inf on both sides in the above inequality and using (16), we obtain

(17) lim inf ||yx, —q|| > c.
k,n—o00

)

Thus, it follows from (14) and (17) that limy ,,— inf ||y, — ¢|| = ¢, which
implies that

lim [|(1 = Bn)(@kn — @) + Bu(To(PT2)" 2k — q) + Bougn| = c.

,M—00
Then by Lemma 2, we obtain

(18) im 2y, — To(PTo)" tay || = 0.

Further, by (8), we have
(19) im g = To(PTo)" Mgl = 0.
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We now prove that

lim ||xk7n — TQ(PTQ)n_1$k,n|’ =0.

k,n—oc0
Since,
2k, — T1(PTL)™ 2|
= Narn — To(PT)™ "ypn + T1(PT)™  ypn — TL(PT)™ 2|
< Nlakn — TPTY) Ykl + knllzkn — Yl
< Narn = Ti(PTY)" Yl + knll Bn (@0 — To(PT2)" @k — urn) |-

Thus by (16) and (18), we have

(20)

lim ka,n - Tl(PTl)n_lwk,nH =0.

,N—00

Further, it follows from (18) and (20) that

(21)

lim || Ty (PT)" ‘ogn — To(PT2)" oy, = 0.
k,n—o0

By (8) and (16), we still have

(22)

hm ||z nr1 — T (PT)" el = 0.
k,n—o0

)

Since T is asymptotically nonexpansive mapping, then 77 is uniformly L-
Lipschitzian for some L > 0. Hence

IN + + A

+

|2kn — Thzknll = |2k — To(PTY)" 2, + Ti(PT)" Y opn — Thxg, ||
|z — TL(PTL)" 2|

Ty (PT)" Y 2p s, — TH(PTY)" M ypen |

1T (PT)" Yyt — Thxpn |
[z — TL(PT)" @l + knllTkn — Yen—1]]
LTy (PTY)" g — Tponl-

It follows from (22) that

(23)

lim ||T} (PT1)n72yk,n—1 — Znl = 0.
k,n—o0

In addition,

(24)
<
<

+

1%kt — Yol = l|Zkns1 — T PT)™ Yykn + T1(PTY)™  Ykn — Yionl
Zkmtr1 = TLPT) el + b — Zrnll + [2kn — TL(PT)™  ypnl|
Tkt — T1(PTY)" il + Bl To(PT2)" 2 — Tkl
1 Zka — T1(PTY)" Ykl + Bl

Using (16), (18) and (22), we obtain

(25)

lim_ (2041 — yion]l = 0.
k,n—o00
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By (20), (21) and (24), it follows from (18) that

lim ka,n - Tl:z:k,nH = 0.

k,n—o00
Similarly, we may show that

lim ||z, — Toxky| = 0.

k,n—o0

The proof is completed. O

THEOREM 3. Let C be a non-empty closed convex subset of a uniformly con-
vex Banach space X, and let T1, Ty : C — X are two non-self asymptotically
nonexpansive mappings with sequences {kn}, {ln} C [1,00) such that

(o ¢] o0

Z(kn —1) < o0, Z(ln —1)<o0, kn — 1, ,, = 1 asn — oo, respectively.
n=1 n=1
Suppose that {xy,} is defined by (8), where {an}, {Bn} are two sequences in
[0,1). If one of Th and Ts is completely continuous, and F(T1) N F(Ty) # 0,
then, {xkn} converges strongly to a common fized point of T and Tb.

Proof. By Lemma 6, {z},,} is bounded. In addition, by Lemma 7,

lim kam - Tla:km” =0
k,n—o00
also, limy 5o ||k — T2k pnl| = 0, then {Tix;,}, and {Thx,,} are also
bounded. If 77 is completely continuous, there exists subsequence {1174y, }
of {ThZn} such that Thz,,, — p as j — oo. It follows from Lemma 7 that

lim ”$k,nj — lek,njH = hm ka,nj - Tgxk,nj” = 0.
J—00 J—00

So be the continuity of 77 and Lemma 6, we get that limy oo ||Zkn — p||
exists. Thus limy, ;.00 || Zk,n — p|| = 0. The proof is completed. a

THEOREM 4. Let C be a non-empty closed convexr subset of a uniformly
convexr Banach space X, and let T1,T» : C — X are two non-self asymptoti-
cally nonexpansive mappings with sequences {ky}, {l,} C [1,00) such that

o0 o

Z(kn —1) < o0, Z(l” —1)<oo, ky — 1, l, = 1 asn — oo, respectively.
n=1 n=1
Suppose that {xy .} is defined by (8), where {an,}, {Bn} are two sequences
in [0,1). If one of Ty and Ty is demi-compact, and F(Ty) N F(Ty) # 0, then,
{xkn} converges strongly to a common fized point of Ty and To.

Proof. Since one of Ty and T3 is demi-compact, {z}} is bounded and

lim ||zp, — Tixg,| = lim ||zg, — Texk,| =0,

k.n—oo k,n—o0

then there exists subsequence {xknj} converges strongly to ¢. It follows from
Lemma 3 that ¢ € F(T1) N F(T5). Thus, limy, 5,00 ||k, — ¢ exists by Lemma
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6. Since the subsequence {zy n;} of {xg,} such {zy ,,} converges strongly to
q, then {z},} converges strongly to a common fixed point ¢ € F(T1) N F(15).
The proof is therefore completed. O

THEOREM 5. Let C be a non-empty closed convexr subset of a uniformly
convexr Banach space X, satisfying Opial’s condition. Suppose T1,Ts : C' — X
are two non-self asymptotically nonexpansive mappings with sequences {ky},
{ln} C [1,00) such that

oo oo

Z(kn —1) < o0, Z(l” —1) < o0, ky, — 1,1, — 1 as n — oo, respectively.

n=1 n=1

Let {xyn} be defined by (8), where {an},{Bn} are two sequences in [0,1). If
F(Ty) N F(Tz) # 0, then, {x,} converges weakly to a common fized point of
T1 and TQ.

Proof. For any q € F(T1) N F (1), it follows from Lemma 6 that the limit
limy, p—oo [|Tkn — ¢l exists. We now prove that {zj,} has a unique weak
subsequential limit in F(77) N F(T%). Firstly, let ¢; and g2 are weak limits
of subsequences {zyn,} and {xy,,} and of {zy .}, respectively. By Lemmas
3 and 7, we know that ¢1,qo € F(Ty) N F(T3). Since one of 71 and T is
demi-compact, {z} is bounded and

lim Hlik,n - Tlxk,nH = lim ||‘731€,n - T2$k,nH =0,
k,n—oo k,n—o0
then there exists a subsequence {kaj} converges strongly to ¢. It follows from
Lemma 3 that ¢ € F(T1) N F(T3). Thus, limg o0 ||2k,n — ¢|| exists by Lemma
6. Since the subsequence {zy n;} of {xg,} such {zy .} converges strongly to
q, then {z},,,} converges strongly to a common fixed point ¢ € F/(1T1) N F(T3).
The proof is completed. O

4. ASYMPTOTICALLY NONEXPANSIVE MAPPINGS

In this section we will prove, under appropriate conditions on C' (where C
be a nonempty closed convex and bounded subset of a real Banach space with
a uniformly Géateaux differentiable norm possessing uniform normal structure)
that a sequence defined iteratively by: zp0 € C' and

128 tn tn
26 z =1-—)u+ — — n=0,1,2,..
( ) k,n+1 ( kn) kn kn k.n

converges strongly to a fixed point of the asymptotically nonexpansive map 7.

T"zkm +

THEOREM 6. Let X be a real Banach space with a uniformly Gateaux dif-
ferentiable norm possessing uniform normal structure, C' a nonempty closed
convex and bounded subset of X, T : C — C be an asymptotically nonexpan-
sive mapping with sequence {kp} C [1,00). Let u € C be fized, {tn}n C (0,1)
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be such that lim, . t, = 1, and lim,_,~ kn=1 — ), Then,

——
(i) for each integer n > 0, there is a unique xy, € C' such that
t t, t
Thn=1—-——)u+— —
b = = U, Fon
and if, in addition, limy, p—oo ||Tkn — Tkl = 0, then
(i) the sequence {x n}kn converges strongly to a fized point of T

n .
T Tpn + Vk,ns

Proof. In view of Theorem 2 of [21] and Theorem 3.1 of [7], our theorem is
easy to prove. ]

COROLLARY 1. Let X be a real reflexive Banach space with a uniformly
Gateaur differentiable norm, C' a nonempty closed convex and bounded subset
of X, T : C — C a completely continuous, asymptotically nonerpansive
mapping with sequence {kn} C [1,00). Let u € C be fized, {tp,}n C (0,1) be
such that lim,_ . t, = 1, and lim,,_ k=l — Then,

k;n_tn
(i) for each integer n > 0, there is a unique xy,, € C such that
ln ln ln
Tppn=01——)u+ —=T"xn+ —v
k,n ( kn) kn k,n kn k.n

and if, in addition, limy, o0 ||€kn — T2k p| = 0, then,
(1) the sequence {xypn}trn converges strongly to a fized point of T

Proof. For each integer n > 0, the mapping f, : C — C defined for each
x € C by fpr := (1 - ,i—z)u + Z—ZT”Q} + Z—kam is a contraction. It follows
that there exists a unique z,, € C such that f,xy, = xr,. Since T is
completely continuous there is a subsequence {1y, n; }ij of {TTkn}rn that
converges strongly to some y* € C, and since ||y, n; — TTg, o, || — 0 as 4,5 —
oo, we have that y* = Ty*. The rest of the proof follows as in the proof of
Theorem 6. ]

THEOREM 7. Let X be a real Banach space with a uniformly Gateaux differ-
entiable norm possessing uniform normal structure, C' be a nonempty closed
convex and bounded subset of X, T : C — C be an asymptotically nonexpan-
sive mapping with sequence {ky}n, C [1,00). Let u € C be fized, {tn}n C (0,1)
be such that lim, .o t, = 1, t,k, <1 and lim,_ . kk:%ti = 0. Define the
sequence {2 b iteratively by zoo € C,

ln ln

t
(27) Zk,n+1 = (1 - ?)u + L TnZk7n + kivk,n n = 07 17 27
n n n

Then,

1) for the integers k,n > 0, there is a unique ., € C such tha
) the int k.n >0, th ] j 7 C h that

th th th

28 Ton=1——)u+—T"Tp, + —Vkn;
(28) o= (= Pk T+ o

and if, in addition,

liLn |k — Tap | =0, . lim ||zgn —T2pn|| =0

k,n—o0 ,N—00
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then,
(1) the sequence {2k trn converges strongly to a fized point of T.

Proof. From (27), we have

t t t
Lkm — Rkn = (1 - )(u - Zk,n) + ~ (mek,m - Zk,n) + = Vk,m-
. ko, km,

Applying inequality (9), we estimate as follows:

Tk m — 2kn )

t t t
O ) T )
m m m
t?n m 2 tm .
< kTHT Thom — 2k + 'Uk,mH + 2(1 - ?)(U — Zkn s ](:L'k,m - zk,n)>
m m
2
< o ITwkm — 2?4 20T Tk m — 2kl |0k
m
t .
+ loml? + 201 - kﬂ)Ku — s §(@hm = 2hn)) F Kl Tkm — zkn1?)
m
t?n m m m 2
< kT[HT Tkom — T Zk,n” + HT Rk,m — Zk,n“]
m
+ 2||Tmmk,m - Zk,n” HU/amH
t .
+ ||vk,m||2 + 2(1 - ﬂ)Ku — Tkm > ](xk:,m - Zk,n)> + kgonk,m - zk,n”g]a

km

which implies that

¢
[ Zkam — 2knll® < k%[kfn“xk,m — 2kl
m

+ kaka,m - Zk,n” ||Tmzk,n - Zk,n”
T 2k = 2knll®] + 21T @k m — 2l [ Okm | + [0k
t .
2(1 = (= @im s F@hm = 21)) + K 7m = 2l
m
t
< (1-(1- kﬂ))%anxk,m — zknl? + 11T 2k — 20l [2Km | 28,m — 2bn
m
+ T 2k0 = 2kl + 2lomll] + 2kml|lZem — 2kl [Vkm ]l
t .
+ 2(1- kﬂ){@ + V. — Theym > J(Thym — 2kn)) + k?onk,m - Zk,nH2]
m
t
< (1 + (1 - 7m)2)k72n|‘$k,m - Zkz,n”2 + HTmZk,n - Zk,n”M

km
+ kaka,m - Zk,n” Hvk,mH + 2(1 -

tm

2 )<u - Tkm ](xk,m - zk:"»’
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for some constant M > 0. It follows that

lim sup(u — g m, J (26,0 — Thm))

k,n—o00
[k — 1+ Ko (1 — 72)%]
= 2(1 — L) o, SUP 17k = 2
M —Tm
b i sup Ml = Tl
k,n—o00 (1 — ﬁ)

]—1—%(1—2—2) — 0, m — oo.

tm
[k?n—l-i-k?n(l—m)ﬂ . km(km""l)[ km—1

Observe that 21 m) = 3

Since {2} and {xkym}mare bounded, {T™ %, } is bounded and
|2k — T2kl — 0 as k,n — oo, it follows from the last inequality that

km _t"’L

(29) lir_r}Oo sup lim sup(u — Zim , J(Zkn — Thm)) < 0.

5 ,— 00

But by Theorem 6 we have that zj,,, — 2* € F(T) as k,m — oco. Moreover,
j is norm to weak™® uniformly continuous on bounded sets. Therefore, there
exists N > 0 such that

. €
|<LL’* — Tkm ](zk,n - xk,m)>| < 5 and

(a =", j(zn = Tem) = 3 (hn — 2| < 5,
for all n,m > N. This implies that
(30) [(u = Tkm  J(zkin — Trgm)) = (u— 27, j(zkn — 7))
<Hu—2km s §(Zkn — Thm)) — (w =2, (260 — 7))
(u =2, j(zZkn = Tem)) — (u— 2", j(zkn — 7))
= 2" = zrm » 3(2kn — Thm))
+Hu—2", j(Zhn — Thm) — J(2kn — 7)) <€
for all n,m > N. Thus, from (29) and (30),

lim sup(u —2*, j(zkn — %))

k,n—o0

< lim sup lim sup(u — Zkm , J(Zkn — Thm)) + €

k,m—o0 k,n—o00
Since € > 0 is arbitrary, we obtain that

lim sup(u —2*, j(zkn, —2%)) <0.

k,n—o0

Now from the iteration procedure (27) and inequality (9) we have that

ki =" l2 < I — 2[4 201 = ) = 2%, ok — 7))
n n
¢ . t . .
< ﬁHZk,ni‘r ||2+2(177n)<u71, ) ](Zk,n-i-li$ )>7
kn kn

<(1- O‘n)sz,n - ‘T*H2 + 200n
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where a, = (1 — };—z) So By = (u—a*, j(2kn+1 — ")), and hence
lim sup o, 3,, < 0. Now it follows from Lemma 1 that 2z, — z* as k,n — oo,
completing the proof. O

COROLLARY 2. Let X be a real reflexive Banach space with a uniformly
Gateauz differentiable norm, and let C be a nonempty closed conver and
bounded subset of X, and let T : C — C be a completely continuous, asymptot-
ically nonexpansive mapping with sequence {k,} C [1,00). Let u € C be fized,
{tn}n C (0,1) be such that lim, oo t, =1, tpk, <1 and lim, lf::ti =0.
Define the sequence {2 }in iteratively by zoo € C,

t t t
Bl  zkm == Jut ET 2+ 0k, n=0,1,2,..
) kn kn k] kn k]
Then,
(i) for the integers k,n > 0, there is a unique xy, € C such that
128 In ln
T =1 ——)ut+ —T"Tp0 + v,
and if, in addition,
lim ||zg, —Txryl =0, and lim ||zp, —T2p,| =0,, then
k,n—o00 k,n—o0

(1) the sequence {2k }trn converges strongly to a fized point of T.

Proof. Asin the proof of Corollary 1 there exists y* € C such that Ty* = y*.
The rest of the proof follows as in Theorem 7. O
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