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EXISTENCE, UNIQUENESS AND APPROXIMATION FOR THE
SOLUTION OF A SECOND ORDER NEUTRAL DIFFERENTIAL
EQUATION WITH DELAY IN BANACH SPACES
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Abstract. In order to obtain the existence, uniqueness and approximation of
the solution of the initial value problem, associated to second order neutral
differential equation in Banach spaces, Perov’s fixed point theorem is used. The
associated numerical method use the sequence of successive approximations and
a recent trapezoidal type inequality for Lipschitzian functions with values in
Banach space.
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1. INTRODUCTION

Consider the initial value problem:

" {wWﬂ=fwﬂ0ww@»f@%ﬂW®»7tEMH
x(t):(p(t), tE[CLl,CL]
with

¢ €C(la1,0],X), g€ C([a,0],[ar,0])
given, where X is a Banach space.
Suppose that f € C([a,b]x X x X x X x X, X)and a; < g (t) <t,Vt € [a,b)].
The initial value problem (1) is equivalent in C! ([a1,b], X)NC? ([a,b], X)

with the neutral Volterra integro-differential equation:

z(t) =@ (a)+¢ (a) (t—a)+

(2) +f (t—s)f(s,z(s),2(g(s)),2'(s),2"(g(s)))ds, tE€[a,b]
z(t) = ¢(t), t€lar,al.
Indeed, for

z € C' ([a1,b], X) N C?([a,b], X)
a solution of (1), integrating on [a,t] for any ¢ € [a,b], we obtain
t

ﬂw—wmwa/ﬂau@w@@»ﬂwxfm@»m,WEMM.

a
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Integrating again, follows

t
a

xw¢@H@m¢@+/(/fmdwm@@»mmmf@w»®>m.

Computing by parts the above integral, we obtain

2(t) = pla)+(t—a)(a) +
+ [ 9f (a9 (5)) 2’ (5) 1 (o(s)) ds, Ve € [ab],

and then z is solution of (2).
Let

x € C* ([a1,b],X) N C?([a,b], X)
be a solution of (2). Then, since f € C (Ja,b] x X x X x X x X, X), deriving
by t, it follows:
¢
o' (t) = ¢ (a) +/f (s,2(s),2(g(s)),2" (5),2" (g (s))) ds, ¥t € [a,b].

Deriving again,

o (t) = f(t.x(t),z(g(t), 2" (t),2" (g (1)), Vt € [a,b],
hence x is solution of (1).

Since the solution of (2) x € C! ([a1,b],X) and C! ([a1,b], X) is not com-
plete with the metric generated by the Chebyshev’s norm, we will derive equa-
tion (2) with respect to ¢ and we will use the Perov’s fixed point theorem (see
1], [3], [7], [10], [11], [12], [13]) on C ([a1,b],X) to the pair (x,z'). In this
way, since

t
@' (t) = ¢ (a) +/f(5793(5),w(9 (8)),2"(s),2" (g (s))) ds, Vt € [a,}]
and
p e ([a,0],X)
the pair (z,2') € C ([a1,b],X) x C ([a1,b], X) is solution of the system:

(t) = ¢(a) + ¢'(a)(t — a)

5 +ft(t—S)f(s,fr(S),x(g(S)),y(S)vy(g(S)))ds
3 @ ‘
y(t)=¢ (@) + [ f(s,2(s),2(g(s)),y(s),y(g(s))ds, t€]ab]

z(t)=¢ @), y(t)=¢ ), t €[ar,a].
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Conversely, if (x,y) € C(la1,b],X) x C ([a1,b],X) is solution of (3), then
x € C' ([a1,b],X) is the solution of (2) and y = 2'.

For the boundary value problems associated to neutral second order differ-
ential equations with deviating argument was obtained results on existence,
existence and uniqueness of the solution in [8]. Numerical method using spline
approximation for second order neutral delay differential equations can be
found in [2] and [9)].

We have used the Perov’s fixed point theorem for a first order neutral delay
differential equation in [4]. The Perov’s fixed point theorem was also used
for two point boundary value problems associated to second order differential
equations (see [3]) and in the study of smooth dependence by parameters of
the solution of integral equations (see [12] and [13]).

In this paper, using Perov’s fixed point theorem we will obtain existence,
uniqueness and approximation of the solution in C' ([a1,b] , X) x C ([a1,b] , X) .
Afterward, we construct a numerical method for (3) using the sequence of
successive approximations and a recent error estimation in the trapezoidal
quadrature rule for Lipschitzian functions on Banach spaces from [6].

2. EXISTENCE AND UNIQUENESS
Consider the product functional space

Y =C([a1,b],X) x C (Ja1,b],X)

and define the metric
d:Y xY — R?,
by
d((ur,v1), (u2,v2)) = (lur —wellp, [lvr —vallp)
where,
lullp = maox {Jfu (8)]1 =20~ s € [ar, 0]}

It is easy to see that (Y, d) is complete metric space.
We impose the conditions:

(i) feC([a,b] x X x X x X x X, X), o € C'([a,b],X);
(ii) g € C([a,b],[a1,b]) and a1 < g (t) <t, Vt € [a,b];
(iii) there exist ai, g, 01,82 > 0 such that for every s € [a,b] and every
21, 29, U1, U2, V1, V2, w1, Wws € X the following inequality holds

(4) ||f(87213u17v17w1)_f(SaZQaUQaUQawZ)HX
< a2 = 2y +aal|ur —uzl[x + B l[vr — v2lx + Be [lwr — wal

(iv) 3M > Osuch that || f (s, z,u,v,w)||y < M, Vs € [a,b], Vz,u,v,w € X.

We will use Perov’s fixed point theorem:
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THEOREM 1. (Perov, see [13], [7]) Let (X,d) a complete generalized metric
space (i.e., d(x,y) € R™ for z,y€ X). Let A: X — X be a function with
the property

d(A(z), Ay) < Qd(z,y), Yo,y € X,
where Q € M, (Ry). If all the eigenvalues of Q lies in the open unit disc
from R?, then the operator A has an unique fized point x* € X. Moreover, the
sequence of successive approximations Ty, = A (xm;,—1) converges to x* in X
for any xg € X and the following estimation holds:
(5) d(zm,2*) < Q™ (I, — Q) ' d (0, 1), Ym € N¥,
where I, is the unit matriz in M, (R).

We define the operator
AY — Y, A= (A1, Ay)

by

A1 () (1) = 9 (), t€ara
®) { Ao (e,9) (1) = &' (5, ¢ € lar,al,
where
(7)

A1) = p(@) + ()t~ a)+
=) f (5,0 (5),5(9(5)) 5 (), (g (s)) ds, € [a,8],
and
A (@.9) () = ¢' (o) +

® T F(52(5),3(0()),9(5),9 (9 () ds, ¢ € [a,b].

THEOREM 2. Under the conditions (i), (ii), (iii) the operator A has an
unique fized point (x*,y*) € Y such that

e C ([a,b],X), y* = («*)

and x* is the unique solution of the equation (1). Moreover, the sequence of
successive approrimations given by

B (t), t € [a1,al
9) o (t) = { Zg(a) +¢'(a)(t—a), te€ [a,lb],

(10) win={ o 1l
and, fort € [a,b],
T (t) = @(a) + ¢'(a)(t — a)+

() = ) (5 Emt (), Bt (905)) s Yoot (5), s (9(5))) s,
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t
(12) ym(t) = (P/(a) + / f (Sa xm—1(8)7xm—1 (9(3)) 7ym—1<3>7ym—1 (9(3))) ds,
(13) (@m(t), ym () = (p(1),¢'(t)), t € [a1,a], m € N7,
converges in Y to (x*,y*) and the following error estimation holds:
(14) d ((.Tm, ym) ) (.CC*, y*)) < Qm (In - Q)_l d ((.CC[), yO) ) (.261, yl)) )
Vm € N*, where

o= (Tl TR,

Proof. From (i) and (ii) we infer that
AY)cCY.
In a classical way, using (iii) we obtain, for all ¢ € [a, b],
[ A1 (w1, v1)(8) = Ar(ug, v2) ()]l x

t t
<(b—a) %Hul _ UQHB/Hee(sal)dS + %”Ul _ u2HB/069(9(8)a1)d8

t t
+ %H’Ul — U2||B/9e6(s—a1)d8 +%||U1 _ U2||B/986(g(8)_a1)d8

Since a; < g (t) <t, Vt € [a,b], from the above, we infer that
| A1 (u1,v1) () — Aq (u2,v2) ()|l o—0(t—a1)
< (b—a) [ B1+ B2

0
Analogous, we obtain

| A2 (u1,v1) (t) — Az (ug,v2) (t)]| o—0(t—a1)

a1+« +
< 10 2HU1—U2HB+61952

o] + Qo

ot — sl + on —vzHB} Ve [ab].

o1 —vollp, V€ [a,b].

Consequently,

d(A (ulvvl) 7A (u2702)) < Qd((ula Ul) s (u2702)) ’ v(ubvl) ) (uQa UQ) € Y»
where

b—a b—a
Q=TI TRIY )

Taking
6> (b—a)(ar+ a) + 51 + B,
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we have 0 < A1, A2 < 1 and with the corresponding metric d, A is a Q-contrac-
tion, that is
Q™ — 0, for m — oc.

Using Perov’s fixed point theorem, the map A has an unique fixed point
(z*,y*) € Y, and the estimation (14) follows. Using the conditions (i) and (ii),
after elementary calculus, it follows

¥ € C (lag, 0], X) N C?([a, 0], X), y* = (z*)

and z* is the unique solution of (1). O

3. THE NUMERICAL METHOD
Suppose that
g(t)=t—7, Vtea,b] for7>0, ay=a—7

and there exist
[ € N* such that b —a = I7.
To compute the terms of the sequence of successive approximations we will

use in the calculus of integrals from (11), (12) the trapezoidal quadrature rule
for Lipschitzian functions with values in Banach spaces, obtained in ([6]):

b n—1 .
b—a " " i(b—a)
(1) a/F(:z)da:— o F()+2;F< = >+F(b)
+ Ry (F),
with
(© 2 () < 2O 20

where L is the Lipschitz constant of F' : [a,b] — X.

Consider the uniform partitions A’ € Div [a — T, a],
ANia—1T=tg<t; < - <th1<tyh=a,

with '
L Vi=Tm,

T
n

t; =1tg +
and A" € Div|a,b],
A'ra=t, <tpy1 < <ty1 <ty=b,
ti+1—tizz, ‘v’i:n,q—l.
n
Let A=A’UA”. Then A € Div]a—T,0],

(c3) Ata—T=tg<t1 < - <tg1 <ty=bh.
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On the knots of the partition A” we have for every i € {1,...,n} and every
m € N*
zm (ti) = ¢ (a) + ¢’ (a) (ti — a)

(15) + } (ti — ) f(Ss@m—1(8), Tm—1 (s = T) s Ym—1 (8) s Yym—1 (s — 7)) ds,

Ym (ti) = ts_o’ (a) +
(16) 5 (8) Zmt (5 — 7) st () sy (5 — 7)) ds.

Applying the quadrature rule (c1)+(c2) to (15) and (16) we obtain the follow-
ing numerical method:

(17) Tm (tl) =@ (tz) y Ym (tz) = ()0/ (tz) ’ Vi = 07 n, Vm € N7
. (ti), \V/’L = O,TL
1e) @) ={ {ls -0, VioniTE

(pl(a)7 Vi=n+1,q,
and for every m € N* and every i € {n+1,...,q}
Zm(ti) = p(a) + ¢ (a)(t; — a) + G5 [(ti — a)-

(20) fla,zm—1(a),zm-1(a —7),ym-1(a),ym-1(a — 7)) + 2j§:il(ti —t))-
Pt 1 (8)s 21 (8 = 7)., ym1 (), Y (8 = 7))
+Rm,i7

(19) Yo (tl) — { Sol(ti)v Vi = 0,771

Ym(ti) = ¢'(a)
~|—l’2_7?[;f; (a,7m-1(a), rm-1(a —7),ym-1(a), Ym-1(a — 7))
+2 Zﬂf (5, Tm-1(t5); Tm-1(t; = 7), ym-1(t;), ym-1(t; — 7))
j=n
+f (ti, 2m-1(ts)s Tm—1(ti = 7)) Ym—1(t:), Ym—1(ti — 7))] + Win -

4. LIPSCHITZ PROPERTIES

(21)

We define the functions:
Fm@Gm : [a>b] — X, meN, i=n.q,

(22) Foni=ti—s)f(s,2m(s),2m (s —=7),ym (5),ym (s — 7)),
Gm(s) :f(s,xm(s),xm(s—T),ym(s),ym(s—T)), Vs € [a,b].

DEFINITION 1. (see [5]) A set Z C C ([a,b],X) is equally Lipschitz if there
exists L > 0 such that Vh € Z,

Ih ()~ h ()] < L]t~

, Vi, t' € [a,b].
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We impose the conditions: there exist v > 0, d > 0 such that for every
s € [a,b] and every z,u,v,w € X

(23) Hf(slvzﬂu7v7w) —f(SQ,z,u,v,w)HX §7|81 _32|7

(24) le@®) —e ()| <ot—1t|, Vt,t' € [a—7,4a].

THEOREM 3. Under the conditions (i), (ii), (iii), (iv), (23) and (24) the
subsets

{Foni}ment ima C C ([a,8], X)),
{Gm}meN - C ([CL, b] vX)

defined in (22) are equally Lipschitz.
Proof. For sy, sy € [a,b], we have for m = 0 and for all i € {n,...,q}

1 Fo,i (51) — Foi (s2)ll ¢

< M sy —sa| + (b—a) [y]s1 — s2| + a1 [|zo (1) — o (s2)|lx
(25) +ag |20 (51 —7) — 20 (52 — 7)[| x + 51 [lyo (51) — yo (s2)]| x

+52 |lyo (s1 — 7) — wo (s2 — 7) I x]

SM+(b—a) (v + 1¢]l¢ (a1 + a2) + 6 (B1 + B2))] [s1 — s2f,

and

(26) [1Go (s1) — Go(s2)llx < [v+ [|¢'|l (a1 + a2) + 6 (B1 + B2)] [s1 — s2l .
For m € N* we obtain

[ Fomyi (51) = Fini (52) |l x
< M |sy — so| 4+ (b—a) [y|s1 — s2|
+ a1 || (51) = 2m (82) | x + 2 [|[2m (51 = 7) — 2 (52 — 7)) x
+ 61 |ym (51) = ym (52)ll x + B2 |Ym (51 = T) = ym (52 — 7) || x]
SM’81—82|+(b—a)[’y‘81—82’
(27) + a1 ([[¢" (a)] x [s1 — s2| +2M (b — a)[s1 — s2])
+ agmax {[|¢[| o, [|¢" (a)[| x +2M (b —a)} [s1 — s2f
+ B1M |51 — s2| + Bo max {M, 0} |s1 — sa]
< [M+(b—a)(y+ a1 (¢ (a)|x +2M(b-a))
+ agmax {[|¢[| ¢, [|¢" (a)|| x +2M (b —a)}
+ 51 M + Pomax {M,0})] |s1 — sa|, Vs1,s2 € [a,b], Vi=m,q,

and

[Gm (s1) = Gm (s2) [ x < 7v[s1 — s2| + a1 [|[2m (s1) — 2m (s2) 1 x
tag [[Tm (51— 7) = zm (52 = 7) | x + B |ym (51) — ym (52) |l x
(28) +B2 |Ym (51 = T) — Ym (52 — T)HX
<[v+ai(l¢' (a)llx +2M (b—a))
+agmax {|[¢'|lc, l¢" (a)llx +2M (b —a)}
+61M + Bomax {M,0}][s1 — s2|, Vs1,s2 € [a,b].
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Let
Ly = max{M + (b—a) [y + ||¢'|| ; (1 + @2) + 6 (B1 + B2)],
M+ (b—a) [y + a1 ([[¢' (a)]| x +2M (b - a)) + cx max{||¢']| ; ,
¢’ (a)|| +2M (b—a)} 4+ B1M + By max {M, 6}]}
and

Ly =max{y+ ||¢'|c (a1 + a2) + 6 (B1 + B2),
v+ a1 (¢ (a)llx +2M (b — a))
+agmax {[|¢'|| o, ¢ ()| x +2M (b—a)}
+61 M + e max {M,5}}.

Then, from (25), (26), (27), (28) we infer that
| Frni (51) = Finyi (52)|l y < L1 |s1 — 82|, Vs1,82 € [a,b],Vi =7,q, Vm € N,

and
|Gm (s1) — G (52)|| x < La|s1 — s2|, Vs1,52 € [a,b], Vm € N,
from which we conclude the equally Lipschitz property. O

COROLLARY 1. In the conditions of Theorem 3, the second derivative of the
solution of (1) is Lipschitzian with the constant Lo.

Proof. From inequality (28) follows,
|G (51) = G (s2)||x < La|s1 — sa|, Vs1,82 € [a,b], Vm € N*.
That is,

1f (s1,2m (81) s T (51— T) s Ym (1) s Y (51 — 7))
- f (82a ITm (82) y Tm (82 - T) » UYm (82) » Ym (32 - T))”X < Ly ’81 — S21.
By Theorem 2
unif unif 4

Ty — 2" and Y, — Y,

and since f is continuous, after passing to limit for m — oo, we obtain:

If (s1,2" (1), 2" (51— 7),y" (51),y" (51 — 7))
— [ (s2,2" (s2),2" (s2 = 7), 4" (82) ,y" (52 — 7))l x < La2|s1 — s2f.

Because y* = (z*)’, from the above follows

1f (s1,2% (s1) 2% (51— 7), () (s1) , (=)' (51 — 7))

—f (52,33* (52),2* (52 —7), (%) (s2), (z*)" (52 — 7')) HX < Lo |s1 — s9f,
that is,

| (@*)" (s1) = (=*)" (32)HX < Lo |s1 — sa|, Vs1,s2 € [a,b].
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5. THE ALGORITHM

In (20) and (21) the remainder estimations are

Ly (b—a)? -

(29) 1 Bomill < 1(4nza) Vi=n+1,q, YmeN,
Lo (b —a)? -

(30) [wm,illx < Anl Vi=n+1,q, VYm € N*.

The relations (17)—(21) lead to the following algorithm:

z1(ti) = ¢(a)+¢' (a)(ti —a)
+ b%?_[l(ti —a)f(a,¢(a),pla—1),¢'(a),¢'(a—T))
(31) + 2 .:%:H(tz tj)f (t5,20(ts), Zo(tj—n), yo(ts), yo(tj—n))]
+ Ri;=
= fl(ti)‘f‘Rl,i, Vi=n+1,q,
n(ti) = ¢'(a)+ 531 (a,0(a),pla—71),¢(a),¢(a—7))

)+
2 ST £ (15 w0(t), 20ty 00(55). w0t )
n+1

f](tu»”m(t) 20(ti—n), y0(t2), Y0 ()] + w1
yl(ti) +w1,z, Vi=n-+ n+1,q y 4,

(32)

m+ +
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(34)

T2 (tz)

m+ 4+ + 10+ 4+ + I

y2(ti)

I+ 4+ +

I+ +

p(a) + ¢'(a)(t; — a)
bgn‘i [ (ti —a)f (a,(a), p(a—7),¢'(a), ¢ (a—T))

2 Z (ti —t;)f (5, @1(t5) + Ruj, T1(tj—n)
j=n+1

Rijn,U1(tj) + wi5,71 (tj—n) +wijn)) ]+ Raj;

<P( )+ ¢'(a)(ti — a)

in [(tz— a)f (a,¢(a), p(a —7),¢'(a),¢' (a — 7))

2 Z (ti — ;) f (t5:,T1(t), T1(tj—n), U1 (t5), Ua (tj—n)) ]

=n+1

RQ,Z’ B
52(151) + R2,i7 Vi=mn+ 1a q,

¥ ( ) + bzn? [f (aagp(a)v(p(a - T),(p/(G,),(p/(a - T))

2 Z 1f(?fmm( i)+ Rij, T1(tj—n) + Rijn, U1 (t))
j=nt

w1, Y1 (tj—n) + wij—n) + f (i, T1(t:) + R1i, T1(tion)
Rlz nvyl( )+w1,17y1( i— n)+wl,z n) ] +w2,z
¢'(a )+ bt [ fa,p(a),pla—7),¢(a),¢'(a—T7))

2 Z f(tj,m( ), T1(tj—n)s U1 (t5), U1 (tj—n))

f(t,,:cl(t) Ti(tion) Y1 (t), J1 (tin)) | + oy
Yo(ti) + Wa.

For m > 3, we obtain by induction:

Tm(ti) = ¢(a) + ¢'(a)(t; — a)

b—a
_|_

+2Z

j=n+1

ﬁ[(ti —a)f(a,¢(a), pla —7),¢'(a),¢'(a — 7))

tja$m 1( ')‘}'Emfl,jafmfl(tjfn)

+ Rt Um—-1(t5) + ©m—15, U1 (tj—n) + Tm—1-n)] + R
= p(a) +¢'(a)(ti — a)

b—a

+ W[(tz - a’)f(av (p(a)a <p(a - 7'), (p/(a)a (p/(a’ - T))



128 A .M. Bica and R. Gabor

12

b—a

51 (@ (), pla—7),¢(a), ¢'(a = 7))

Ym(ti) = ¢'(a) +

1—1
+2 Z F(t5, Tm—1(tj) + Rm—15,Tm-1(tj—n) + Rmn—1,j-n,
j=n+1

Um—1(t5) + Wm—1,5, Um-1(tj—n) + ¥1,j-n)
+ f(ti, Tm—1(ti) + Rn—1,is Tm—1(ti—n) + Rm—1,i—n,

gmfl(ti) + wmfl,ia ymfl(tifn) + wmfl,ifn)] + Wmg
b—a
= () + 2w pla) pla = 7). (a). ¢ a — 7))
i—1
+2 Z J5, Tm1(t5), Tm—1(tj—n), Um—1(t5), Upm—1(tj—n))
Jj=n+1
+ f(tiufm—l(ti))fm—l(ti—N)7ym—l(ti)agm—l(ti—n))] + me‘
= @m(tl) + Wi, Vi=n+1, q.

For the remainder estimations, from (29) and (30), we have

Ly (b—a)?
o, < 22
”RLZHX = anl
Ly(b—a)®
iy < 22— Vi=n+1gq
will x < y Vi=n-+1,q
Using the Lipschitz inequality (iii) we obtain
_ Li(b—a)?
HRQ,’LHX S ||R2,1”X+(b—a)2(a1+a2)1(4nl)
Lg(b — a)2
b—a)? —_
+ (0= a) (B + o) =
Ll(b— a)2
< [1+4b-a)? —_
< [ +(b—a)*(q +a2)] .
Lo(b — a)? _
b oB-a2B+ )20 T
4nl
and
_ Ll(b — a)2
@aallx < lwnall + (b= a)far +a2) =
LQ(b — CL)2
£ (b a2
Li(b—a)? Lo(b—
< (b — a)(Oél + a2)1<4nl) + [1 + (b — a)(ﬁl + ﬁz)] 2(

a)?

4nl

9
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Vi=n+1,q.
Let L' = max{L;, L} and D = max {(b —a),(b— a)2} . Then,

- Lb—a? ,
HRz,iHX < [1+D(a1—|—a2+ﬁl+ﬁ2)}47nl’ Vi=n+1,q
and
L' (b—a)?
[@2,illx < [1+D(a1+a2+ﬁ1+52)]m, Vi=n+1,q

By induction, we obtain for m > 2:

|[Rmillx <[1+ Doy +as+ B+ B2)+ ...
(37) L'(b—a)?

o+ D" Nag 4 ag 4 B+ F2)™ P Vi=n+1,q
and
lom,illx <[1+D(os +ag+ 1+ P2)+ ...
(38) L'(b—a)? -
o+ D" ey +a2+ﬂ1+52)m_1](7a), Vi=n+1,q.

4nl
THEOREM 4. In the conditions (i), (ii), (iii), (iv), (23), (24), if

D (o1 + az + B1 + f2) < 1,

where D = max {(b —a),(b— a)2} , then solution (x*,y*) of the system (3) is
approximated on the knots t;, i =n+ 1,q, of the partition A € Div|a — 1,b],
by the terms of the sequence (T (i), Up (ti)) men- given in (31)—(36) and the
error estimation s

9 () T 00lx ) < o (1 01t (e 1) (o
(ot Zom ol ) <@t - @) (o) (o)) +

L' (b—a)?
4nl[1—D (a1 +az+61+062)]
L' (b—a)?
4Anl[1—D(a1+az+B31+062)]

Proof. Follows from (14), (37), (38), (35), (36), since

2% (t:) = Tm (E)ll x < 2" () — 2m ()| x + lZm (8) — T (8] x

, VmeN* Vi=n+1,q.

Vi=n+1,q, YVm € N*,
and
5™ () = U ()l x < [ly7 (&) — ym ()l x + [[Ym (&) = Ui (80l x »
Vi=n-+1,q, Ym e N*, ]
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