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ON CERTAIN GENERALIZED CLASS OF p-VALENTLY
PARABOLIC STARLIKE FUNCTIONS BASED
ON AN INTEGRAL OPERATOR

SH. NAJAFZADEH, S. R. KULKARNI and G. MURUGUSUNDARAMOORTHY

Abstract. By using an integral operator, we introduce a class p — SP:(a, )
of parabolic starlike functions in the unit disk A and investigate the interesting
properties of this class.
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1. INTRODUCTION AND DEFINITIONS

Let A= {f| f analyticin A}, A={z:]z| <1} and Ag={f e A| f(0) =
f(0) —1 = 0}. Also let A, the class of multivalent function f of the form

f(z) =2+ 3 apz" and normalized by f(0) = f®)(0) — p! = 0.
k=n+p

DEFINITION 1.1. A function f € Ay is said to be in the class of parabolic
starlike functions denoted by SP if (see [1])

(1) fo/—l‘<Re <ZJ{/>26A.

We can extend this definition to multivalent functions as follows:

DEFINITION 1.2. A multivalent function f € A, is said to be in the class
p — S P p-valently parabolic starlike functions if

z2f! zf!
2 — —p| <Re <>ZGA.
. ¥ f
DEFINITION 1.3. If f(2) € A, we define an integral operator from A, to A,
by
_ P  f(s) N
(3) Fep(z) = (1 —8)2" +&p ?ds (0<g<1, e—07).
REMARK 1.1. When f(2) = 2P + 3 ap12P** then
k=1
Fep(z) =27+ Z bp+k:2'p+ka
k=1

_ ¢p
where by, = DR Op+k-
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DEFINITION 1.4. Let p — SPe(o, ) (0 << 1,0<a<1,0< B <o0,p €
Z7T) be the class of functions f € A, for which

zFEN,p(z) zFé:p(z)
Fep(2) Fep(2)

We say p — SP:(a, ) be the class of parabolic p-valent starlike functions.

(4) +1—pla+p)| <p(B—a)+Re|l+

For particular values of £, «, 3, p we obtain some interesting subclasses. For
example:

(i) 1—SPe(3,3) (£ — 1) is the class of parabolic starlike functions in A and
denoted by SP and p — SP:(3,3) (£ — 1) is the class of parabolic p-valent
starlike functions (denote by p — SP) studied by Rgnning [2].

(i) 1 — SP (2, 152) (¢ — 1) is the class of parabolic starlike functions
of order « that is denoted by SP(«) (0 < o < 1) and studied by Rgnning [1,
2] and p — SPg(HT", 1_?0‘) (& — 1) is the class of parabolic starlike p-valent

functions of order a(p — SP(«)).

(iii) 1 — SPe(3, 3) is the class consisting of functions f such that (F¢ ,(z))’
is parabolic starlike function and denoted by SP¢ and p— SPg(%, %) =p—SP:
is the class of parabolic starlike p-valent functions. This class was studied by

Srivastava and Mishra [3].

2. MAIN RESULTS

DEFINITION. A function g € A, is said to be in the class p — UCV P of
parabolic p-valent uniformly convex functions in A if

()

/! !
Zg,+1—p‘ < Re <1+’zg,).
g g
THEOREM 2.1. Let f(z) € Ay then Fgp(z) (£ — 1) is inp —UCV P if and
only if f(z) € p— SP.
Proof. Suppose %E(FEIP) = F{,w%ifi(Fgl:p) = Fllip. Since Fi,(z) € p —
UCV P, then by (5)
2Fp(2) 2Fp(2)
— P 1 —p|<Re |14+ =22
Fi (%) Fi,p(2)
or, equivalently, by putting (3) in above inequality, we have

(2

+1—p/<Re |1+
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or, equivalently, sz’ - p‘ < Re (sz') ; then, by definition of p — SP, f(2) €

p—SP. O

THEOREM 2.2. f € p—SP¢(a, B) if and only if, for every z € A, the values

F
of Z(FF”’((ZZ))) + 1 lie in the interior of the parabolic region.
&,p

Proof. By definition of the class p—SP¢(a, ) if we put values of Z(F;&p(z))

. (2) +1

equal to w we have

jw —p(e+ B)] <p(B — @) + Re(w)

[Re(w) — pla+ B)]* + (Im(w))* < (p(B — a) + Re(w))?
(Re(w))2 +p2(a + /3)2 —2p(a+ B)Rew + (Im(w))2
< p*(B— @)® + (Re(w))* + 2p(B — a)Re(w)

[Im(w)]* < [2p(a + B) + 2p(B — a)|Re(w) — 4p°af

[Im(w))? < 4pB[Re(w) — pal
and that is the interior of the parabolic region in the half-plane (right side)
with vertex at (pa,0) and 4pg is the length of the latus rectum. O

REMARK. We denote the parabolic region that was found in last theorem
by

(6) Q(p,a,8) = {w: w € C and [Im(w)]* < 4pB[Re(w) — pa]}.

REMARK. Taking p =1 in Theorem 2.2, we get a region defined by Srivas-
tava, Mishra and Das [4].

THEOREM 2.3. If f(2) € Ap and F¢ p(z) defined by (3), then f is p-valently
starlike of order «y if and only if F¢ ,(2) (§ — 1) is p-valently convex of order

Y-

F,
Proof. Let Fy, be p-valently convex of order v then Re { ZFf: + 1} > 7.
But by (3) we have

f(2)

Fél,p(z) =p(l -+ 5]97
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and ,
1 zf f
Fep(z) =pp—1)(1 =€)+ ¢&p
and when { — 1 we obtain Fy , = (Z) FLP = pi;72—f and

z2f'—f / /
2P~z zf' = f zf

Re 2 +1 = Re{ +1}:Re{ }>7
{ pH } f !

and so f(z) is p-valently starlike. All the relations are reversible and so proof
is complete. O

THEOREM 2.4. Let f, € p — SP&(Oék,,Bk) with (0 <E<1, 0< o <

1Zk1ak<1 O<ﬁk<oo E=1,...,n) andty >0 (k=1,...,n) and
E ty =1. Then g(z) = H (fx) is in p— SPe(a, B), where a = Y txoy, and
k=1 k=1 k=1
B= > tkbr-

k=1

Proof. We prove this theorem when ¢ — 1. Let
* fr(z
R = -+ [ 1)

Geplz) = (1— )P + /E 9@ (¢ oy,

and

z

Since f, € p— SP¢(ag, Br) (k= 1,2,...,n) then by definition of p — SP¢(a, 3)

we have

2(FE,(2)" 2(Fg,(2))"
7) | - Re (14 &2 — a).
Now we must show
2G, (%) 2G, (2)
&p &p
———+1-pla+pP)|<Re|l+ =] +p(B—a).
G p(2) @+ ( aL () ) T
But when £ — 1 by direct computation we obtain
ZGH Zg/
G etpern) = [ optarn)

n

(o)
i[ ‘ Oék‘i‘ﬁk)}

k=1

IA
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with a simple calculation on (7) when £ — 1~ we obtain

(8) fo/ —p(o + Br)| < Re (fo> +p(Br — o)

and so

@ +1-pla+8)| < ZZ: |:tk <Re <?Z“> + plon +ﬂk))]

&p k=1
/
= Re <z§> +p(8 —a).
So g € p—SPe(a,8) (when § — 1). The proof of Theorem 2.4 is completed. [
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