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HYPERGEOMETRIC STARLIKE AND CONVEX FUNCTIONS WITH
NEGATIVE COEFFICIENTS

MARZIEH GHAEDI and S.R. KULKARNI

Abstract. In this paper we obtain several interesting properties of the hyper-
geometric function F'(a,b, ¢, d; e; z) where

oo a,n b7n c,n d,n n
F(a,b,c,d;e;Z)=Z( )Ee,nigl,n;( -

n=0
In the class H(a,b,c,d, e, z) of the hypergeometric functions F(a,b,c,d;e; z) in
the open unit disk U = {z||z| < 1}, we consider starlike and convex func-
tions of order o with negative coefficients. These properties include conditions
on a,b,c,d,e to guarantee zF(a,b,c,d;e;z) to be in the subclasses of starlike
and convex functions. We give also several interesting properties of the class
H(a,b,c,d;e; z).
MSC 2000. 30C45.
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1. INTRODUCTION

Let A denote the class of functions of the form f(z) = z+4 > 7, a,2" that
are analytic and univalent in the unit disk U = {z : |2] < 1}. A function f € A

is said to be starlike of order a, 0 < o < 1, if Re{ZJ{ES)} > « for z € U, and

it is said to be convex of order a, 0 < oo < 1, if Re {1 + ZJ{,,ES)} > o for z € U.
We denote by S*(«) the class of functions from A which are starlike of order
a and we denote by K (a) the class of functions from A which are convex of
order ae. The classes S*(0) = S and K(0) = K are called the classes of starlike
and convex functions, respectively.

We define S*[3], K[f] for 0 < <, 3=1—a by

S*[ﬁ]:{f:feAand ZJ{;S)—l'<ﬁforzeU},
K[ﬁ]z{frfeAand Z‘}{;ZS) <ﬂforz€U}.

The classes S*[3] and K[3] are subclasses of S*(a) and K («), respectively [2]
(when =1 — «).

Let consider the hypergeometric function
o (a,7)(b,n) (¢, n)(d, n)

(1) F(a,b,c,d;e;2) —nz% (e,n)(Ln) "
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where e # 0,—1,—2,--- and (A, n) is the Pochhammer symbol defined by the
relations

I'(a+n)

L(a) ~

(=" (a,n)
(1—a,n)” (a,n—1)
(a,n+m) = (a,m)(a+m,n),

(aa TL) =

(2)

(a,—n) = =a+n-1

where n is an integer. The series (1) may be written

2. (a,n)(b,n)(c,n)(d,n n
Z( )(b,n)(c,n)(d,n)

= (e,n)n!

—1g abcdz N ala+ 1)b(b+ 1)e(c+ 1)d(d + 1)22 e
le 1.2 e(e+1)

This series may be regarded as a representation of the Gauss hypergeomet-
ric function which we denote by the symbol 4F}(a,b,c,d;e;z). The elements
a,b,c,d and e of the hypergeometric series are called the parameters and the
element z is called the variable of the series. Also, the general term of the
Gaussian series is given by

_ (a,n)(b,n)(c,n)(d, n)

n —

n

(e,n)n!

so that

Uuny1  (a+n)(b+n)(c+n)(d+n)
Un (e +n)(1+n) -
from d’Alembert’s ratio test, the series (1) converges for all z, real or complex
in |z] < 1 and diverges in |z| > 1. When z = 1, it converges absolutely if
Re(e —d —c—b—a) > 0 and diverges if Re(e —d —c—b—a) <0.
In addition the function F'(a, b, c,d;e; 1) is defined with the gamma function
in the following form:

IF'e)'e—d—c—b—a)
F'le—a)l(e—=bT(e—c)T(e—d)

A special case of this kind of functions is 2 F} (a, b; ¢; z) which was considered
by M.K. Aouf, H.M. Hossen and A.Y. Lashin; they obtained several growth
and distortion properties of functions in the class of operators of fractional
integral and fractional derivative [1]. Also it was considered by H.M. Srivastava
and S. Owa in [9] and many other works by S. Ponnusamy, e.g. [5], [6]. A
quote from M. Jahangiri [4] reads: “A new criterion for close-to-convexity
of partial sums of certain hypergeometric functions. It is well-known that
hypergeometric and univalent or multivalent functions play important roles in
a large variety of problems encountered in probability, statistics, operations
research, applied mathematics and other areas, etc.”

F(a,b,c,d;e;1) =
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In this paper we introduce a new approach for studying the relationship
between classes of hypergeometric 4F} and analytic univalent functions.
We need the following theorems that Silverman has shown in [8].

THEOREM (I). Suppose f(z) = z — f anz",an > 0. Then f € S*[5] if and
n=2
only if i (n—a)(ay) < B. Also f € S*[5] if and only if f € S*(«), when

n=2

6=1—a.

THEOREM (II). Let f(z) = z — > anz™,an, > 0. Then f € K|[f] if and
n=2

only if > n(n—a)a, < . Also a necessary and sufficient condition for f(z)
n=2
to be in K(a) is f(z) € K[f] (when f=1— «).

[e.e]
THEOREM (III). Suppose f(z) = z+ > anz",an, > 0. Then:

n=2

1) f e sd] if i::zm — a)an| < 8.

2) f € K[8) if in(n — a)lan| < 8

3) f € K[f] z'mp_lz'es feK(a)

4) f € S*[F] implies f € S*(«).

Also we use the concepts in [8], [7], [3]. Finally, we prove that the class

H(a,b,c,d,e,z) is closed under convex linear combinations and we study con-
volution of members of itself in the open unit disk U.

2. STARLIKENESS PROPERTY
THEOREM 1. Let a,b,c,d >0, e>a+b+c+d+3,0<a<l,f=1-a.
Then the hypergeometric function zF(a,b,c,d;e; z) belongs to S*[F] if

(3)
L'(e)I'(B) abed
(e —a)[(e — b)T(e — )T (e — d) {1 T ) (B=3)(B=2)(B = 1)} =2

where B=e—d—c¢—b—a.

Proof. We have

0 a,n b7n c,n d,n n
zF(a,b,C,d;e;Z)_Z<ZO( )Ee,nsglﬂli( )Z>

B > (a,n—1)(b,n—1)(¢c,n—1)(d,n—1) ,
—Z%—;; (e,n—1)(n—1)! “

(4)
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On the other hand, in order to use Theorem (III), we get

o0

G(a,b,c,d,e,a) = Z(n —a)

n=2

(a,m —1)(byn —1)(e,n —1)(d,n — 1)‘
(e,n—1)(n—1)! )

Therefore

G(a,b,c,d,e,a) = Z(n +1-a) <(a,71)(b(,:)n(;;?)(d, n)>

n=1

_ = (a,n)(b,n)(c,n)(d n)(b,n)(c,n)(d, n)
N Z (e,n)(n —1)! + Z < (e,n)n! > '

G(a,b,c,d, e, )
_abed = (a+1,n—1)(b+1,n—1)(c+1Ln—1)(d+1,n—1)
e ; (e+1,n—1)(n—1)!
+(1 _ a) Z (a’n)(b(vj),’f)c;l?)(dv n)
n=1 ’ :

_ abcd = (a+1,n)(b+1,n)(c+1,n)(d+1,n)
e nz:;] (e+1,n)n!

W > (a,n)(b,n)(c,n)(d;n)
+(1 )nz;) ( (e,n)n! 1)
= GbeCd (a+1,b+1,c+1,d+ e+ 1;1)+ (1 — a)[F(a,b,c,d;e;1) — 1]
_ abcd (e+1)'(e—d—c—b—a—
e <F(e—a) (e—b (e—o)l >

L F(e)F(e—d—c—b—a
+{ )<F(e—a) (e — b)T(e — T (e — ) 1)'

By using the two relations of I'(e + 1) = eI'(e) and

I'(B)

Ne—d—c—b—a—3)= (B=3)(B-2)(B-1)

for B=e—d—c—b—a

we obtain
IFe)l'e—d—c—b—a)

G(a,b,c,d,e,a) = I'le —a)l'(e —b)I'(e — c)T'(e — d)

(5) abed
(B-3)(B—-2)(B—1)

+(1-a|—(1-a).
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But G(a,b,c,d, e, ) is bounded by (1 — «) if and only if

I'(e)I'(B) abed
I'le —a)l'(e = b)'(e — c)I'(e — d) bt (1-a)(B-3)(B-2)(B-1) =2

for 8 = 1— «. Then, according to Theorem (IIT), F(a,b,c,d;e;2) € S*[3]. O

THEOREM 2. Let a,b,c,d > —1, e >0, abcd < 0. Then zF(a,b,c,d;e;z) €
S*(«) ife > a+b+c+d+3— “de . Also, the condition e > a+b+c+d+3—abed
is mecessary and sufficient for zF(a b,c,d;e; z) to be in S.

Proof. We have

2F(a,b,c,d;e;2) = 2 (i (a,n)(b,n)(c,n)(d,n) z”)

= (e,n)(1,n)
1)(b,n—1)(¢c,n—1)(d,n—1) ,
_Z+Z (e,n—1)(n—1)! :
abcd

(a+1,n—=2)(b+1,n—2)(c+1,n—2)(d+1,n—-2) ,
Z (e+1,n—2)(n—1) =

n=2
By using Theorem (I) we must show that

[e.e]

et in=2)(btln-2)(ctln-2(d+1n-2)
(6) ;(n ) (e+1,mn—2)(n—1)!
- abcd(1 - abcd’ (I1-a)

Let the left side of (6) be denoted by L(a,b,c,d, e, «). Thus

> a+1,n)b+1,n)(c+1,n)(d+1,n
L(a,b,c,d,e,a) = Z(n—|—2—a)( )((€+1,?2§(n+1)!)( )
n=0
B > (a+1,n)(b+1,n)(c+ 1,n)(d+ 1,n)
N 7;) (e +1,n)n!

n 2(1 o) e (a,n)(b,n)(c,n)(d,n)

f abed (e,n)n!

e+ 1)I'(e—a—b—c—d—3)
I'(e—a)l'(e—b)I'(e — c)I'(e — d)

e Fe)'(e—a—b—c—d)

@) abed {F(e —a)l'(e—=b)I'(e — c)I'(e — d)

—-1.

+(1—
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Therefore
I‘(e—l—l)F(e—a—b—c—d—B)
—a)l'(e—b)T'(e —c)T'(e — d)

e—a—b—c—d 3
abed
<

e
1 I )
(1-a) [|abcd| + abcd] 0

Hence 1—1—(1—04)% <0, where cabd < Oore > a+b+c+d+3. O

L(a,b,c,d,e,a) =

COROLLARY 1. Let Fy(a,b,c,d;e;z) = z2(2— F(a,b,c,d;e; z). Then we have
Fi(a,b,c,d;e; z) € S*(a), S*[B] if and only if the parameters a,b, c,d, e satisfy
in the condition (3).

Proof. By using (4) and (5), we have

Fi(a,b,c,d;e;2) = 2 <2 _ <Z (a,n)(b, n)g? Z;M’ n) z”))

n=0 (e’n)
B a,n— —1)(e,n—1)(d,n—1) ,_
N <2_<1+Z (e,n—1)(1,n—1) : 1))

B > (a,n—1)(b,n —1)(c,n —1)(d,n — 1)
Z_Z (e,n—1)(1,n—1

n

~— [ — ~— [ —

n=2
Similarly, by making use of Theorem 1, we obtain that the relation (3) is a
necessary condition for Fi(a,b,c,d;e;z) € S*(a), S*[3]. O

3. CONVEXITY PROPERTY
THEOREM 3. Leta,b,c,d >0, e > a+b+c+d+1. Then zF(a,b,c,d;e; z) €
K[f,0<a<l, f=1-aif
FNe—1Il'(e—1—a—-b—c—d+1)
I'(e—a)l'(e—b)I'(e — c)T'(e — d)

(7)
" abcd L+ 33—« 1 1l <o
1-a)e—a—b—c—d—1,2) l-a)e—a—-b—c—d )

Proof. By using (4), we have

L = (a,n —1)(b,n —1)(e,n —1)(d,n —1)
}*_’(cz,b,c,d,e,z)—z—I—TZ:2 en-D(Ln-1) 2",

According to Theorem (III), we must show that

> (a,n—1)(by,n—1)(c,n—1)(d,n—1)
®) 2 nn—a) cn—(Ln-1) < 0.

n=2
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Let the left side of (8) be denoted by N(a,b,c,d, e, «). Thus

[e.e]

_ nt 1 o) @)(b,n)(c,n)(d n)
N(a,b,c,d,e,a) = ;( +1—a) en)(Ln)
— - n 2 (a7 77,) (b7 n)(c7 n) (dv n)
B nz:l< +1) (c,n)(1,n)
S 1y (@) (0 m) (e n)(d, n)
7;1( wy e,n)(1,n) ‘

Writing (A, n) = (a’")(b’n)(c’n)(d’"), we have

(en)

> (n+1)(n+1-a)

(a,n)(b,n)(c,n)(d,n)

o Z (e,n)(1,n)
Ny A s (e D(An)
_7;< +1) (1,n) nz_:l (Ln)
e n 2(A,n) . = 7’L2 n (A,n)
nz:l( +1) (1,n) —nz:l( +2 +1)(1,n)
00 n 2 1
(10) =2 (An <(1,n B RO VR W
e () (A (4,n)
_;(1,72—2)_'_3;(17 -1 ;(1 ")
(DA S (An) | = (An)
(11) 7; 1,n) —nz_:l (In—1) +nz_:1 (1,n)

We put (10), (11) in (9), yielding

- (A, n) W (A, n) (1—-a)(A,n)
> +O -y )

= n—1

(12) (a,1)(b,1)(c, 1)(d, 1) (e+ 1) (e—a—b—c—d—1)
(e, H)T'(e — a)'(e — b)T'(e — ¢)I'(e — d)
Fe)l'le—a—b—c—d)
I'(e—a)l'(e—b)I'(e — c)I'(e — d)
Fe—1)l(e—a—b—c—d+1) _1}
I'(e—a)l'(e—b)'(e —c)T'(e — d)

+(B3—-a)

+<1_a>{

. (A,n+1 > A,n (1-a)(An—-1
22(7 ha )+Z(3—a)(1( ))+Z( I )
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The relation (12) is bounded by (1 — «) if and only if (7) holds. This
completes the proof. O

COROLLARY 2. Let Fy(a,b,c,d;e;z) = z2(2— F(a,b,c,d;e; z). Then we have
Fi(a,b,c,d;e; z) € K[B], K(«) if and only if the parameters a,b, c,d, e satisfy
the condition (7).

Proof. By using Theorem (II) and a similar way with the proof of Corollary

1, this proof is sharp. O
THEOREM 4. Let zF(a,b,c,d;e;z) = z+ Y, by2"™ and F(a,b,c,d;e;z) =
n=2
[eS) a,n)(bn)(c,n)(dn) n
Yoo ( )((e,nggl,ng( J2n. Then bn| < 2, neN.

Proof. We proved in (4) that b, = (a’nfl)((le_ll))((iﬁzil)(d’nfl). Then [3,

Lemma] implies that
(a,n—1)(by,n—1)(c,n—1)(d,n —1)
(e,n—1).(n—1)!

2
< —,néeN.
n

4. CONVOLUTION OPERATOR

DEFINITION. Let g(z) be an analytic, univalent function in the unit disk
U = {z : |z] < 1} defined in the following form: g(z) = z — > ~", a,2" and
denote by F'(a,b,c,d;e; z) the Gaussian hypergeometric function as defined in
(1) for |z| < 1. Also let A denote the class of every g(z), z € U. Then we
define the Hadamard or convolution operator HOgp ¢ d.(9)(2) as

HOupcde(9)(z) = 2F(a,b,c,d;e; z) x g(2)

(13) _ o (an)(byn) (e n)(d ) nt1
“T T; (e,n)n! Gnt12
THEOREM 5. Let g(z) = z — > an2" and F(a,b,c,d;e; z) be the Gauss-
n=2
ian hypergeometric function defined in (1). Then HOgqp cd4.(9)(2) belongs to
S*[6](S*(«)) if and only if
(14)
I'(e)I'(B) max{an }nen 14 abed <9
Ie—a)l'(e —b)'(e —c)T'(e —d) 1—a)(B-3)(B-2)(B-1)] =
where B=e—a—b—c—d, a,b,c,d>0ande>a+b+c+d—+3.

Proof. According to the definition of the operator HOqp ¢ d.(9)(2) in (13)
we have

(19) HOupaala)e) == -3 (=10 = e — S =)

n=2

anz".
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In view of Theorem (I), we need only to show that

i(” ) (a,n—1)(byn—1)(c,n—1)(d,n—1)

n<1l—oa.
(e;n—1)(n— 1) tn=27d

n=2
We have (see (15) and Theorem (I))
> a,n)(b,n)(c,n)(d,n
P(a,b,cjd,e,a)zg(nﬁ-l—a) <( )( (6,)7’5)71‘)( )>an+1

An+41

B > (a,n)(b,n)(c,n)(d, n)a L > (a,n)(b,n)(c,n)(d,n)
N ; (e,n)(n —1)! wirt(1=a) ) (e,n)n!

n=1

abcdi (a+1,n—-1)0b+1L,n—-1)(c+1,n—-1)(d+1,n—1)
e

e+t1l,n—1)(n—1)! -+l

n=1

1oy (@G mte ) )

n=1

_abcd i (a+1,n)(b+1,n)(c+ 1,n)(d+ 1,n)
e vt (e+1,n)n!

+(1—a) [(Z (a,n)(b(,:);;;?)(d, n) an+1> - a1] )

n=0

Apn+4-2

Suppose A = max{ay, }nen. By using (5) a; = 1 we have

P(a,b,c,d,e,a) <

abcd A i (a+1,n)(b+1,n)(c+1,n)(d+ 1,n)
e (e +1,n)n!

> (a,n)(b,n)(c,n)(d,n
<A2< )(<e,)rf>n!)( >>_1]_

n=0

n=0

+(1—«)

On the other hand, (5) and B =e —d — ¢ — b — a imply that

abcd A <F(e+1)F(e—d—c—b—a—3))
I'le —a)l'(e = b)'(e — c)I'(e — d)

P(a,b,c,d,e,a) < [
e

o F(el(e—d—c—b-a) _
+0-) (4 O e —are=s )|
_I'(e)Me—d—c—b—a)A(l —a)
" T(e—a)l(e—b)(e—c)T(e—d)

abed -1
(1-a)(B—-3)(B—-2)(B— 1>] (

Therefore P(a,b,c,d, e, a) is bounded by (1 — «) if and only if (14) holds. O

I ~a).
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THEOREM 6. Let g(z) = z—Y o2 5 anz" and F(a,b, ¢, d;e; z) be the Gaussian
hypergeometric function defined in (1) for a,b,c,d > 0 and e > a+b+c+d+3.
Then HOqp ca.(9)(2) belongs to K[3] (K () if and only if
(16)

I'(e — 1)I'(B) max{an }nen abed N 3—a) 1
I'e—a)l'(e—b)T'(e—c)l'(e—d) | (1 —a)(B-1,2)

where B=e—a—b—c—d.

Proof. We replace (A,n) with (A4,n) max{aynen in the proof of Theorem
3 and a simple calculus implies (16). O

THEOREM 7. Let HOupcde(9)(2) = 2(2 = HO,,, . 4.(9)(2)), where g(2) =
z — Zzozl an+1zn+1 € A and HOqpcd.c(9)(2) defined in (13), for B = 1 —
a. Then the following conditions are true, where HOy, . ,.(9)(2) denotes

4 (HO).
(1) HOup.c,de(9)(2) € S*[B](S*()) if and only if (14) holds.

(II) HOgpc.a.e9(2) € K[B](K () if and only if (16) holds.

Proof. By using (15), we have
(17)
— d X (a,n—1)(byn—1)(e,n—1)(d,n—1)
HOupcde = 1—— n n
Qubede =2 ( dzz (e,n—1)(n—1)! In”

n=2

_ > n(a,n—l)(b,n—l)(c,n—1)(d,n—1)a n
N Z (e,n—1)(n—1)! e

n=2

Hence part (I) holds. Similarly, part (II) is true by the form (17) and

Theorems 6. O
5. INTEGRAL OPERATOR

THEOREM 8. Let a,b,c,d,e >0 and e > a+ b+ c+d. Then a sufficient
condition for foz F(a,b,c,d;e; \)dA to be in S* is that

F'e)l'e—a—b—c—d)
Tle — a)[(e = BT (e — (e —d) = >

Proof. Suppose that

(18)

F(a,b,c,d;e;2) = i (a,n)(b,n)(c,n)(d,n)

n=0

n

(e,n)n!

Then

z > ((1771_1)([)7”_1)(c?n_1)(d’n_1)
F . . f— n'
/0 (a7 b,c,d;e; )\)d/\ ot nz:z (e;n— 1)n! )
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From Theorem (IIT), [ F(a,b,c,d;e; \)dX € S* if
> —1 —1 —1 —1
(19) Zn<(aan )(b7n )(C,?’L )(dvn )) <1.

(e,n—1)n!

n=2

We denote by L(a,b,c,d,e) the left side of inequality (19). Therefore
00 1 . . L

L(CL, b, C, d7 e) — Z ((I,TL )(é)’n :l))((can 1)')(d,n )
e,n — n—1)!

(20) n=2 ( ) ( )
T'el(e—a—b—c—d

(a,b,c,d;e;1) I'le—a)l'(e —=b)I'(e — c)I'(e — d)

where a,b,c,d,e >0 and e > a4+ b+ ¢+ d. Then (20) is bounded above by 1
if and only if (18) holds. O

i]_’
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