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CONDITIONS FOR STARLIKENESS AND FOR CONVEXITY

VIOREL COSMIN HOLHOŞ

Abstract. In this paper we define new classes Pn,m [α, M ] and we give a suf-
ficient condition for starlikeness and also a sufficient condition for convexity of
analytic functions in the unit disc.
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1. INTRODUCTION

Let An , n ∈ N∗, denote the class of functions of the form

f(z) = z +
∞∑

k=n+1

akz
k

which are analytic in the unit disc U = {z : z ∈ C , |z| < 1}.
For f ∈ An we define the differential operator Dn (Sălăgean [3])

D0f(z) = f(z)

D1f(z) = Df(z) = zf ′(z)

Dn+1f(z) = D(Dnf(z)); n ∈ N∗ ∪ {0} .

For f ∈ An we define the class Pn,m [α, M ] where α ≥ 0 ; M > 0 and
m ∈ N = {0, 1, 2, ...} by

Pn,m [α, M ] =
{

f ∈ An :
∣∣∣∣(1− α)

Dm+1f(z)
z

+ α
Dm+2f(z)

z
− 1

∣∣∣∣ < M

}
.

Remark 1. For m = 0, we have Pn,0 [α, M ] = Pn [α, M ] and this class was
studied by Liu Jinlin [1].

Let f(z) and g(z) be analytic in U. Then we say that the function g(z) is
subordinate to f(z) in U if there exists an analytic function h(z) in U such
that |h(z)| < 1 and g(z) = f(h(z)). For this relation the symbol g(z) ≺ f(z)
is used. If f(z) is univalent in U, we have that the subordination g(z) ≺ f(z)
is equivalent to g(0) = f(0) and g(U) ⊂ f(U). The function f ∈ An is called
convex if Re

[
zf ′′(z)
f ′(z) + 1

]
> 0 for every z ∈ U .

Definition 1. Let the function f be in the class An. Then f is said to be
m-starlike, m ∈ N, if it satisfies the condition

Re
Dm+1f (z)
Dmf (z)

> 0, z ∈ U.
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Lemma 2. [2] Let p(z) = a + pnzn + . . . (n ≥ 1) be analytic in U and let
h(z) be convex in U with h(0) = a. If p(z) + 1

czp′(z) ≺ h(z) , where c 6= 0
and Re c ≥ 0, then

p(z) ≺ c

n
z−

c
n

∫ z

0
h(t)t

c
n
−1dt.

2. MAIN RESULTS

Theorem 3. Let f(z) ∈ Pn,m [α, M ]. Then∣∣∣∣Dm+1f(z)
z

∣∣∣∣ ≤ 1 +
M

1 + nα
|z|n

and

(1) Re
Dm+1f(z)

z
≥ 1− M

1 + nα
|z|n , z ∈ U.

Proof. The condition f(z) ∈ Pn,m [α, M ] is equivalent to the subordination

(1− α)
Dm+1f(z)

z
+ α

Dm+2f(z)
z

≺ 1 + Mz.

For p(z) = Dm+1f(z)
z we have

zp′(z) = z
z(Dm+1f(z))′ −Dm+1f(z)

z2
=

=
zDm+2f(z)− zDm+1f(z)

z2
=

Dm+2f(z)
z

− Dm+1f(z)
z

and
Dm+2f(z)

z
= zp′(z) +

Dm+1f(z)
z

= zp′(z) + p(z).

Then (1− α) p(z)+α (p (z) + zp′ (z)) = p(z)+αzp′(z) ≺ 1+Mz and for this,
by Lemma 3, we have

Dm+1f(z)
z

≺ 1
nα

z−
1

nα

∫ z

0
(1 + Mt) t

1
nα
−1dt = 1 +

M

1 + nα
z.

If we get
Dm+1f(z)

z
= 1 +

M

1 + nα
ϕ(z),

where ϕ (z) is analytic in U and |ϕ (z)| ≤ |z|n, z ∈ U, we obtain∣∣∣∣Dm+1f(z)
z

∣∣∣∣ ≤ 1 +
M

1 + nα
|z|n

and

Re
Dm+1f(z)

z
≥ 1− M

1 + nα
|z|n .

Remark 2. If m = 0 we obtain the result of Jinlin: Let f(z) ∈ Pn [α, M ] ;
then f is starlike in U, for M ≤ (1+n)(1+nα)√

1+(n+1)2
.
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If m = 1, for the class

Pn,1 [α, M ] =
{

f ∈ An :
∣∣∣∣(1− α)

D2f(z)
z

+ α
D3f(z)

z
− 1

∣∣∣∣ < M

}
we obtain the next theorem:

Theorem 4. Let f(z) ∈ Pn,1 [α, M ]. If M ≤ (1+n)(1+nα)√
1+(n+1)2

, then f is convex

in U .

Proof. Since f(z) ∈ Pn,1 [α, M ], it follows from Theorem 4 that∣∣∣∣D2f(z)
z

− 1
∣∣∣∣ ≤ M

1 + nα

is equivalent to∣∣∣∣arg
D2f(z)

z

∣∣∣∣ < arcsin
M

1 + nα
≤ arcsin

1 + n√
1 + (n + 1)2

and ∣∣∣∣arg
Df(z)

z

∣∣∣∣ < arcsin
M

(1 + n) (1 + nα)
≤ arcsin

1√
1 + (n + 1)2

.

Using this inequality, we obtain∣∣∣∣arg
D2f(z)
Df(z)

∣∣∣∣ ≤
∣∣∣∣arg

D2f(z)
z

∣∣∣∣ +
∣∣∣∣arg

Df(z)
z

∣∣∣∣ <

< arcsin
1 + n√

1 + (n + 1)2
+ arcsin

1√
1 + (n + 1)2

=
π

2
, z ∈ U,

which implies that ReD2f(z)
Df(z) > 0 and thus

Re
z (zf ′(z))

zf ′(z)
= Re

z(f ′(z) + zf ′′(z))
zf ′(z)

= Re(1 +
zf ′′(z)
f ′(z)

) > 0.

Remark 3. Let f(z) ∈ Pn,m [α, M ] . If M ≤ (1+n)(1+nα)√
1+(n+1)2

, then∣∣∣∣arg
Dm+1f (z)
Dmf (z)

∣∣∣∣ <
π

2
,

hence f is an n-starlike function.

Theorem 5. Let c > −1 and let f(z) ∈ Pn,m [α, M ]. Then the function
F (z) defined by

(2) F (z) =
c + 1
zc

∫ z

0
tc−1f(t)dt

belongs to Pn,m

[
1

c+1 , M
1+nα

]
. The result is sharp.
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Proof. By (2) we have F ′(z)+ 1
c+1zF ′′(z) = f ′(z) ≺ 1+ M

1+nαz, which shows

that F (z) ∈ Pn,m

[
1

c+1 , M
1+nα

]
.

Theorem 6. Let c > −1 and α > 0. If F (z) ∈ Pn,m [α, M ], then the
function defined by (2) satisfies |f ′(z)− 1| < M for z ∈ U .

Proof. Since F (z) ∈ Pn,m [α, M ], we have

(3) F ′(z) +
1

c + 1
zF ′′(z) = f ′(z) ≺ 1 + Mz

and
F ′(z) ≺ 1 +

M

1 + nα
z ≺ 1 + Mz.

From (3), we get

f ′(z) =
1

α(c + 1)
{[

F ′(z) + αzF ′′(z)
]
+ [α(c + 1)− 1]F ′(z)

}
≺

≺ 1
α(c + 1)

{1 + Mz + [α(c + 1)− 1] (1 + Mz)} = 1 + Mz,

which implies that |f ′(z)− 1| ≤ M |z| < M for z ∈ U .
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