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A UNIVALENCE CRITERION FOR ANALYTIC FUNCTIONS
IN THE UNIT DISK

DORINA RADUCANU

Abstract. In this paper we obtain a univalence criterion involving the loga-
rithmic derivative of 2%f'(z)/f%(z), where f(z) = z + a22> + ... is an analytic
function in the unit disk.
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1. INTRODUCTION

Let U, denote the disk {z € C: |z| < r}, r € (0,1]. We denote by A the
class of functions A that are analytic in the unit disk Uy =U = {2z € C: |z| <
1} with f(0) =0, f'(0) = 1.

Before proving our results we need a brief summary of N.N. Pascu’s method
of constructing univalence criteria [4].

DEFINITION 1. A function F : U, x C — C, F = F(u,v) satisfies Pom-
merenke’s conditions in U,, r € (0, 1] if:

i) the function L(z,t) = F(e7! e'z) is analytic in U,, for all ¢t € [0, 0),
locally absolutely continuous in [0, c0), locally uniform with respect to U,.

OF OF
ii) the function G(e™*, e'z), where G(u,v) = = ai(U,U)/af(u,v) is an-

v Ou v
alytic in U, for all ¢ € [0,00) and has an analytic extension in U = {z €
C: |z <1} forallt > 0 and in U for ¢ = 0. The analytic extension of the
function G is denoted by H = H(e !z, e'z) and is called the associate function

of F(e7tz,elz).

... OF oF oF
111) %(0,0) 7é 0 and %(0,0)/%(0,0) g (—OO, —1]
. . . —t t —t 8F taF
iv) the family of functions § F(e ‘z,e'z)/ |[e7'—(0,0) + e'—(0, 0)
ou ov >0

forms a normal family in U,.

THEOREM 1. [4] Let F : U, x C — C, F = F(u,v) be a function which
satisfies Pommerenke’s conditions in U, and let H = H(u,v) be the associate
function of F'. If

|H(z,2)| <1, forallzeU

and

’H(z,i)‘gl, for all z € U\ {0}
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then the function F(e 'z, e'2) has an analytic and univalent extension in U,
for allt € [0,00).

2. SUFFICIENT CONDITIONS FOR UNIVALENCE

The following theorem is a direct application of N.N. Pascu’s method [4].

1
THEOREM 2. Let f € A and let a be a complex number such that Re o > 3

11—«

i
0 1= -t e 2L | <

for all z € U, then the function f is univalent in U.

Proof. We define

07

@) Fluv) = @] | fw)+ (U_u)]{:éff; i
1<”“)(f<u> u>

We shall prove that the function F'(u,v) satisfies the conditions of Theorem
1. Let

) —t e —t o
-
L(z,t) = F(e7'z,e'2) = fle7'2) |1+ (e %)
e (S )

Since f(z) # 0 for all z € U \ {0} the function
—t, f1(p—t
filzt) = ez f(c™)

Fle2)
is analytic in U. The function
—t o, £l (ot
is also analytic in U. There exists r € (0, 1] such that the function
(€ —Dfi(z1)
1— (et —1)f3(z,1)

is analytic in U, and f3(z,t) # 0 for all z € U, and t € [0,00). Thus, we can
choose an analytic branch in U, for the function

fa(z,t) = [fa(z, 0)]* =2 4 ...
It follows that the function
Lz, t) = flet2) fu(z,t) = P Dty

=14...

—l=asetz+...

fg(z,t)ZI—i- ZGQt—i-...
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is analytic in U,..
Further calculation shows that

OL(zt)  _, OF _, ¢ OF ,
5 — ¢ z%(e z,e z)—l—ez%(e z,e'z) =a1(t)z+....
OL(z,t)

We obtain that is bounded on [0,7] for any fixed T" > 0 and

z € U,. Hence, the function L(z,t) is locally absolutely continuous in [0, c0),
locally uniform with respect to U,.
We have

o —t 8F

al(t) =€ taF

ou ov
and hence a;(t) # 0 and tlim la1(t)| = tlirn etRe (a—1) — o0,
— 00 — 00
It is easy to check that there exists K > 0 such that |F(e 7z, e'z)/a;(t)] <
K, for all z € U, and t € [0,00) and hence {F(e !z,e'2)/a1(t) }+>0 is a normal
family in U,.
From (2) we obtain

(0,0) + ¢ = (0, 0) = e~

u OF OF
G(u,v) = i
_l-o [U - (U—u)f,(u)] + (v —u) [21 —2f/(u) + f”(u)}
a |u f(u) u o f(u) o f(u) ]

It follows that the function G(e~!z,e'z) has an analytic extension

RN P P ]

! fle7tz)
9 e tzf(e7t2)  eTtzf"(e7t2)
w22 TS ).
We have
l—«
G =2 <1

1
forallzeUandaeCwithRea>E,and

1 l—-a 1 z2f'(2)
Hz-)|=— —[1-(1— |22
(= 2) [ =122 [ -
d [ 20
1 <1
7 [ 1 <1
for all z € U \ {0}.
The conditions of Theorem 1 being satisfied it follows that the function

F(e7'z,e'2) has an analytic and univalent extension Fj(e ‘z,e'z) in U for all
t € [0,00). In particular, the function f(z) = Fi(z,z2) is univalent in U. O

1 2
+ W(l — |2]%)z
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REMARK 1. If in Theorem 2 the condition (1) is replaced by the condition

201 ok

z
where ¢ € (0, 1), then, by Becker’s generalized g-chain theory [1], the function
f is univalent in U and has a quasiconformal extension in C.

<gqlz]*, z€U,

The following corollaries are specific applications of Theorem 2.

COROLLARY 1. 3] If f € A and

2 f'(2) |2
— |1 < ) eU,
“dz {Og @) ” IR S

then f is an univalent function in U.

Proof. 1t follows from Theorem 2 with oo = 1. U

COROLLARY 2. If f € A and

d 2 f'(2) 2f'(2)
1—222[log ]—i— 1— |22 — 1| < |2)?, zeUl,

then the function f is univalent in U.

Proof. Tt follows from Theorem 2 with @ — oo. O
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