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CLASSES OF n-STARLIKE FUNCTIONS

AMELIA-ANCA HOLHOS

Abstract. In this paper, we define and we investigate several subclasses of n-
starlike functions. In particular cases we reobtain some results of Yong Chan
Kim and Il Bneg Jung [2].
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1. INTRODUCTION AND DEFINITIONS

Let U denote the open unit disc U = {z;z € C, |z| < 1}, let H(U) denote
the class of functions analytic in the unit disc U and let H,(U) denote the
class of functions analytic in U which are univalent in U.

Consider the classes of functions

A={f € HO): [(x) =2+ 3 ane"}

and
S={f € H,U): f(0)=f(0)-—1=0}
For f €S we define D°f(2) = f(2), D'f(z) = Df(z) = 2f'(z) and
D"f(z) = D(D" 1 f(2)), ne N* ={1,2,3...}.
The differential operator D" was introduced by Sélagean [9].
With the help of the differential operator D™ Salagean [9] introduced the

class
SN n. DMf(2)

We note that S (0) = Sy, Sy, (a) C Si(a), n €N, «ae€[0,1), and this
gives

>a;z€U}, 0<a<1l; neN.

Sr(a) € Sp_q(a) C ... CSj(a) C S5(a),
where S7(a) = K(a) € K(0) = K is the class of convex functions and Sg C
55(0) = S* is the class of starlike functions.

We recall the concept of subordination. Given f(z) and g(z) € H(U),
f(2) is said to be subordinate to g(z) if there exists a function h(z) € H(U)
with A(0) = 0 and |h(z)|] < 1 such that f(z) = g(h(z)), z € U. We denote
this subordination by: f(z) < g¢(z). In particular, if g(z) € H,( U), then
f(z) = g(2) <= f(0) = g(0) and f(U) C g( U).

For —1 < B < A <1 Janowski [1] introduced the class P[A, B] consisting

14+ A
of functions p € H,( U) with p(0) =1 and p(z) < 1 132




156 Amelia-Anca Holhog 2

We denote by S;[A, B] the subclass of S consisting of all fuctions f(z)

D"+1f(2)
W € P[A, B] We have

S:[A, B] = S*[A, B] = {fe s f/S) EP[A,B]},

f(
S{‘[A,B]:S}‘[A,B]:{fes (]f((j))) P[A,B]}.

such that

Note that S*[—1,1] = S* and K[-1,1] = K.
Let o € R. We denote the class of (n, a)-convex functions by M, o, where

n+1 Dn+2
) D)

D" f(z) Drrtf(z)

For n = 0 this class was defined by P.T. Mocanu in [3].
For -1 < B< A <1 and z € U we now define the class

DrHLf(2 D2 (2 14+ Az
Mn,oa(AvB) = {f €5 [(1 - a) an{i)) aDn+1j:EZ;] = 1 —th}

Then My o(—1,1) = My, Mao(A, B) = S:[A, B] and My o(A, B) = K[A, B).

DEFINITION 1. Let ¢ € C such that Re ¢ > 0, and let

sz{feS:Re[(l—a) ]>O;zeU}.

N = N(c) = ||| (1+2Rec% +Imc]/Rec.

2N
If h e HU), h(z) = - ; and b = h~!(c), then we define the “open door”

function Q. (cf. [7]) as Qc(z) = h (fj&), ze U.

2. MAIN RESULTS

Applying the method of integral representations (cf. [3]) for functions in
M, o(A, B), o > 0, it is not difficult to deduce:

LEMMA 1. The function f lies to My (A, B), a > 0, if and only if there
exists a function g(z) € S*[A, B, such that

D" f(z {g(M)}o +71dt
= [a [ ol

m] , such that (1) is satisfied, we
q'(2) B D”'Hf(z) Dn+2f(z)
g(z) (1—a) Df(2) + OéDn+1f(Z)
Hence fEana(A’B)@QGS*[A,B], O

Proof. Setting g(z) = D" f(z) {

observe that

N
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THEOREM 1. Let f € My o(A,B), a >0 and let

1+ Az
1+ Bz

< an(z).
Then f € S;.

Proof. Since f € M, +(A,B), a > 0 by using Lemma 1 we deduce that
S

n,
there exists g € S*[A, B] such that

(67

12 1
D" f(z) = | = [{gt))eat
f

By the hypothessis we also have

1 (z4'(2) 1 /(14 Az

a(g(z) ~a 1+ Bz <Qé(z)'
Thus, by a result of Miller and Mocanu ([7], Corollary 3.1) we have

1 [* “
D"f(z) = [a/ {g(t)}é tldt] eS* = fes;.
0

For n = 0 this result was obtained by Y.C. Kim and I.B. Jung (1997) [2].

LEMMA 2. (Mocanu — 1986, [4]) Let P € H(U) satisfying P < Q.. If
pe HU), p(0) =1/c and zp'(z) + P(2)p(z) = 1, then Re p(z) > 0 in U.

Making use of Lemma 2 we now prove the next theorem.
THEOREM 2. Let f € My, (A, B), a >0 and if

D" f(z) = D"f(2)
Drf(z) — DmHlf(z)

_1_<Q17

then f € S}[A, B].

n+1 P P / » n—+2 P
Proof. If we set p(z) = W7 then p(z) + 5((2)) = gﬂ“ﬁéi’ Hence
D) DG i)
U6y D) TP TG

2p'(z) 1+ Az
< .
p(z) 1+ Bz
Setting P(z) = p(2) +p(12) —1, we obtain zp/(z) + P(z)p(z) = L and P < Q,

Since f € M, (A, B), we have p(z) + «

by the hypothesis (2). Thus, by Lemma 2, we have Rep(z) > 0 (z € U). Since
a > 0 we have

() Re{;p(z)} >0, (2 € U).



158 Amelia-Anca Holhog 4

1 _—:: gz, with —1 < B < A <1, is a convex univalent function
z

in U. Hence, by appealing to a known result of Miller and Mocanu (1981)

[5], we conclude from (3) and (4) that :

The function

()_<1—|—Az D”+1f(z)_<1+Az
z —

P 1+ Bz Dnf(z) 1+ Bz
and the proof of Theorem 2 is complete. O

— [ € 5,[4, Bl

As an example of Miller and Mocanu ([6], Corollary 3.2) we consider the
case when a > 0, —1 < B < A < 1. The differential equation

2q'(2) _ 1+ Az

az) +a q(z) 1+ Bz
has a univalent solution given by
1 1 A-B
a(l1+ Bz)a B
_z2(1+Bz)= it B#0
Ll tat (14 Bt)a 5 dt
() q(z) = ‘ JER
it B=0
1 z 141 A
E{ta eadt

2p'(z) 1+ Az

p(z) + ) =< T Bs
then
1+ Az
) P < a() < {1

Hence by the equation (3) and (6), we obtain
THEOREM 3. Let a > 0 and f € M, (A, B). Then

Dt f(2) 1+ Az
D f(z) alz) =< 1+ Bz’

where q(z) is given by (5).

THEOREM 4. Sy () C Mpo(l —20,-1) (0<a<1).

1+ (1-2a)z
N 1-=2

Dn+2
feSin(e) = Dn“:)igz; < ha(z)

Proof. 1f we define hq(2)
that

( < 1), then we can easily see
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([9] equation (9)). Hence, by Theorem 1 of [9] we have
D" f(2)

Drf(z)

Therefore we conclude from ([8], Lemma 2.2) that
DR | D)
Dii(z) D)

For n =0 we obtain the result of Y.C. Kim and I.B. Jung [2].

=< hao(2).

< ho(z) = feMyo(l—2a,-1)
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