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PURITY IN I-LATTICES*

GRIGORE CALUGAREANU

1. Introduction

Let (T, -, 1) be a monoid. A lattice L is called ['-latice if it is provided with
a multiplication ¢ : I' x L — L (we shall denote by ya = (v, a)) which satisfies
the following axioms '

I'l : va € a

T2 : vaVvb) =~aVvyb

I3 : (yy)a = vy(va)

B4 vslia = a :

- The source of this enrichment of the notion of lattice is (see [3]) the lattice of
all the submodules of a given module 3/ over a commutative ring R with identity.
Indeed, this is an algebraic modular lattice such that the commutative monoid of the
principal ideals of R operates on the submodules in a natural way (rR, A) = rA
(r € R,A < M).

Remark 1.1. Actually, this monoid naturally acts also on the quotient
modules.

As in [1] we use the quotient sublattice notation b/a = {c € L|a < ¢ < b}.
All the lattices have 0 and 1.

2. Elementary results

In what follows T" will denote a (non-necessary commutative) monoid.
LeEMMA 2.1 In any D-lattice, 4.0 = 0, Vy € T,

Indeed, from I'l we derive 7.0 < 0, and hence v.0 =0, Vy e I". O

— One can consider, for a fixed v € I, the function wy L =L g fa) =
= 7a, Va € L. The axiom I'2 implies that ¢, is an upper semi-morphism. Hence

LeMMA 2.2 ., is an order-preserving morphism.

Indeed, e < b= aVb=5b= e (aV b =@ b) = pla) Ve (b =
= 0 (b) = @ a) < ¢, (b. O
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Hence

LemMa 2.3 (D) a < b= va < vb Moreover,
(ii) v(a A b) < ~va Ayb

Indeed, from (i) we geta Ab < a = y(a Ab) < ~ya and similarly v(a Ab) <
< ~b;, hence y(a A b) < va Avb O

A subset B of a T'-lattice L is called T-stable if Vy € T, vB C B.

It is clear (using I'1) that the sublattices /0 are I-stable and that in general
not every sublattice 1/a (or b/a) is I'-stable.

In a [-lattice an element d € L is called ¢-divisible if Vy € T' : yvd = d.

PROPOSITION 2.1 A sublattice bja is a T-stable iff a is c-divisible.

Proof. If b/a is I'-stable then a < ~a and I'l completes the equality. Con-
versely, from 2.3 we derive a = ya < ¢ < ¢ < bforeache € bfa. O

One should define the notion of I'-sublattice as a I'-stable sublattice because
in this way each I'-sublattice has (by restriction) a natural structure of I'-lattice.

Reconsidering the remark we have made in the introduction (concerning the
natural action of the monoid on quotient modules) we shall consider on quotient
sublattices b/a the following I'-lattice structure:

Yy € I'Ve € bjla : v+¢ = (y¢) Va,

enlarging in this way the notion of T'-sublattice.

Remark 2.1 Surely, if a is c-divisible this is the naturai I-lattice structire on
b/a obtained by restriction.

3. ¢-Pure elements

In what follows we shall use the following definition: in a I'-lattice L an
clement p is c-pure if yp = p AyL Vy € I

Remark 3.1 vp < p A1, ¥y € T, ¥p € L in every I'-lattice L.

indeed, I'l = ~p < p and from the previous lemma (Hp < 1 = yp < y1. O

ProPOSITION 3.1 If L is a modular U-lattice and p € L has a complement in
L then p is c-pure. ;

Proof. Let a be a complement of pin L. Then (w1) Ap = y(pVa) Ap 2

() vV (@) Ap " (4p) V ((va) A p) = (p) V O = p holds because

56 |
ya/p £ aAp =00

13

ProrosITION 3.2 In any I-lattice the c-purity is a transitive property.

Proof. If L is a I-lattice, and b € L then (by I'l and (1)) the sublattice b/0
s a [lattice too.
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Now, if a < b, a is c-pure in b/0 and b1is c-pure in L we immediately derive
vya=aAyb=aAN(bA(y])) =(@aAD) Ayl =aAvyl. O

ProposITION 3.3 Leta < b< cinaT-lattice L. If a is c-pure in ¢ /0 then a is
c-pure in b/0 too.

Proof. Again, together with L, b/0 and ¢/0 are I"-lattices too. The following

computation gives the proof: ya =a Avyc=a Ay (bV c) Za A((yb) V (o)) =
= a A vb (one uses (i) for vb < ~c¢). O

Lemma 3.1 Each c-divisible element is also c-pure.

Proof. Indeed, for each v € I" we have a = ya < vl and hence a Ayl =
=g = <vya. O

The extension given in the previous section for the notion of I'-sublattice
permits us to define relative c-purity and to prove also other properties.

PROPOSITION 3.4 Let a < b be elements in a modular I'-lattice L. If bis c-pure
in L then b is also c-pure in 1/a.

Proof. First of all, bis c-pure in 1/a iff y %« b = b A (y x 1), Yy € I. This
is equivalent to (vb) V a = b A ((v1) V a) and, by modularity, to (vb) Va =
= (bA(v1)) Va, true if bis c-pure in L. O

PROPOSITION 3.5 Let a < bbe elements in a modular I-lattice L. If a is c-pure
in L and bis c-pure in 1/a then bis c-pure in L.

Proof. First, as above, bis c-purein 1/a iff y xb = bA (v * 1),¥Vy € T
iff (yp) va = (bA(y])) Va.

Next, (vb) Na = vya = a A (y]) = (b A (v1)) A a (the first equality:
ya < b ya < a = ya < (yb) Aaand (vh) A a < (y1) Aa = va). So, again by
modularity, vb = b A 1 follows from vb < b A 1 (see Remark 3.1). O

LemMA 3.2 Let L be an algebraic I'-lattice and a € L. If for each compact
element ¢ < a there is a pure element b € L such that ¢ < b < a then a is pure.

Proof. The lattice L being algebraic (compactly generated), according to 3.1
it suffices to prove that for each compact element ¢ of L, and foreachy € T, ¢ <
< a A vl implies ¢ < ~a. ‘

Indeed, from ¢ < a A y1 < a we have a pure element b in L such that
c<b<a Butc <yl c<bimplyc <bA~l = b < va (using also 2.3). O

PropOSITION 3.6 In an algebraic T-lattice L a union of c-pure elements is
C-pure.

Proof. One uses the above lemma. See [2]. O



158 G. Cilugéreanu 4

REFERENCES

1. Crawley, P., Dilworth, R.P., Algebraic Theory of Lattices, Prentice-Hall, Englewood Cliffs,
N.J., 1973.

2. Head, T.J., Purity in compact generated modular lattices, Acta Math. Acad. Sci. Hung., 17,
(1966), 55-59. :

3. Salce, L., Modular lattices and polyserial modules, General Algebra 1988, Proc. Internat. Conf.,
Krems, Austria, 221-231.

Received 25 July 1997 “Babes-Bolyai” University of Cluj, -
Faculty of Mathematics and Computer Science
Str. M. Kogdiniceanu I
R0O-3400 Cluj-Napoca, Romania



