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of nil-clean matrix which is not clean, using a long, fairly difficult process,
involving solving Diofantine equations. Meanwhile, the second author ”dis-
covered” that Diofantine equations may be (instantly) solved using computer
aid, that is using [1] (which was there from 2001 !).

In the sequel we revisit this example using [1]. A (nil-)clean element is
called trivial (nil-)clean if its decomposition uses a trivial idempotent (i.e. 0
or 1).

It is easy to prove the following two results (see also [3], [4], [5]).

In [2], the matrix C' = € My(Z) was given as an example

Theorem 1 A 2 x 2 integral matrix A is nontrivial nil-clean iff A has the

form [ “4 —Z L _ba } for some integers a,b,c such that det(A) # 0 and the

system
P+ +yz=0 (1)
(2a+1)x+cy+bz=a*+bc (2)

with unknowns x,y, z, has at least one solution over Z. We can suppose b # 0
and if (2) holds, (1) is equivalent to

br® — (2a + Day —cy? +br + (a*> +be)y =0 (3).

a

Theorem 2 A 2 x 2 integral matriz A = { e d

} 1s nontrivial clean iff the

system

4z +yz=0 (1)
(a —d)x+cy+bz+det(A) —d==+1 (£2)



with unknowns x,y, z, has at least one solution over Z. If b # 0 and (2)
holds, then (1) is equivalent to

br? — (a —d)ry — cy® +br + (d —det(A) £ )y =0  (£3).

Since C' is not nilpotent nor unipotent (1 + ¢ with nilpotent t), it is not
trivial nil-clean.

Using the first theorem, for a = 2,b = 9,¢ = —7 we have 922 — 5xy +
Ty? + 9x — 59y = 0 (3), with solutions (0,0), (—1,0) and (2,9). Since in
br — Ty + 9z = —59 (2) there is an integer solution for z only for (z,y) =
(—1,0), the matrix is (even) uniquely nil-clean with decomposition

N R

Next, since C' and C' — Iy are not units, it follows that C' is not trivial clean.
Using the second theorem, for a =3, b =9 ¢ = —7 and d = —2 we have
92% — bzy + Ty* + 92 + (=59 &+ 1)y = 0 (£3), with solutions (0,0), (—1,0)
respectively (0,0), (—=1,0), (3,9) and (1,9). Now (£2) are 5o —7y+9z+59 =
+1  (£2) and one can check that the solutions of (+3) do not verify (+2),
and the solutions of (-3) do not verify (-2). Hence C' is (indeed) not clean.
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