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COCOMPACT ELSMENTS IN ALGEBRAIC LATTICES
Grigore Ciilugireanu

Lt L be a couplete lattics. A subset X of L is ealled a dlscover
. of an elezent a of L ir Ax ¢a. An element l from L is called gocou~

'm if sach diaecrvu- or & has a finite subdiscover, 1.0. it Ax £a

. implies the existence of a‘finite X,GX such that, /\x,n._ : ;

mnnaing nn-knon lnttiu pa-operuu of mct chmnt- in latti- -

.ces one can easily prove tho rnlloﬁu ones: TS ;
(&) thomt of two eomt slements is & cocompact element too;

an nmt pum tm ‘8 mt element 1o muy not

Mnt, u that- wmt um do not form & ﬁ.nu-.

I ta) tmmntuuhuﬁm«undmituehnmtu

Wet. = . 5

tc) ia a lowar mﬁmm httt« m mmhn nm h ueonpact“

m mﬂwr m uomim that a mblc 91&: of nuu-ch of
: ‘eomt clm in 1atﬂm that cuu- 1: n‘ohu (end aro nlge-
hﬁcmt)mxdhm&uoﬂw ; R

I. Gemtm in the httiu ct amm of l ﬂ.m act 'tth
% respast to nt—mtic inilul:ldn. o

| II. Cosompaet elements in the lattice ufcubtylm of & given veator
: space aver o divhion ﬂang. : : ;
m. eamt nlmu in the hﬂiu of mw of a sim ubnnnn s
'1V. Coscmpset slements in the lattia of ;umu:m of a 5im no-

-' '&hwmuutmrins ‘
ok Ve Cocompact elements in the. 1atttu of" anumm or a si"n

s universal sigebrs. ' ; : ;

!n M fonm we dnu:lbt tha conphtq ;olntion of thc first and
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uund case andgin some mu:.t. eomrnina the third ean. Nean=
mhmmunmv-muuumnummtt 2

I..m_h Lot A'De & #et and B a subset of A. In the lattice of

mbuu of A. ordersd b;v inelmion, B h 2 gocompact

almtifmdcmit‘A Bhﬁlﬂ.tt. :
: mopmrholmtmmnmu toth-tollwingmsumd

factes

(i) in a bmdca mtrimﬁn xttth- u tb: dmnh a nnd d have

; eﬂpluintl and a€b then b"l' :
(m nch Boolean gomplete lattice is :I.nﬂnitols dhtrlhutiu lml
nt.tsﬂu the De lorm‘n i.dmtitiu e

So, we ean: &cﬂn a mere g.nnnl result: . :ln a aoolun cenphto lattice
mnomthueonmunmmxiritn mplmtitmut.‘
Hence, the cocput .1mm in the lattice of aubntl of A being thl
finite lubcltt, the thcntrtl is mﬂd ;

Mk.- The glmdhntion of the thoem mvtﬂu on!y a uln steps

i:f ‘someons ldda the eonditicn of ttun:lo:hy( sach slement & >0 -

S containe an -tu in the muntie- a/o ) the lattice Mconu
i‘eo-p‘.l.-tc].: mmmuu m so hhupnio ta the Boolean -um- of
‘all subsets of & ut. o ; :
. ;_mm. Lst A b. a ﬂdtc ut. M oluut in tht hr.ti« of 111_
.-the luhutl of A ave mmct ‘and compact. I.f A h infinite, _tho
?ﬂnlummu o:rxmtho eumctolmu mmmﬁuu with
ﬂnd.u co-p.tmt are thc aounpm eldments in the lattice of nu
uuluhttl ur&( . thtmummtm-mﬂm }.'

_II;-_W.-MVh:mmmotﬂdhmm ' In the
G "mﬁuunllmwtmdmth ‘agm~

pmm“mut." _' b
'm-f nautoummmmumuqam-wmi
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we record it as i 3

. (D} a complete lattice is nostherian ir and onl;r if each element is

' compact.  We also mention i :

" (8) a modular compl emented lattic- is nacthex-m if end only i it

~ is artinian. e :

‘mm ].att:tcc L{V) of all the aubapneu of ¥V is modular and comple- 7
mented. Its mmpact elemerits are the anbaptees of finite di.namion
(mom gan-ral. the compact subalgnbma in. th. lattice of a:u. puh-
algebras of an universal algnm are the finite gcn-ratnd nncs).

12 ¥ is a finite dimensional vector space I_ll-i.ta. aubspaces’ a_r_o cofite

- pact ‘elements so that L{V) h'mcthm sccording to (D); ihmver,

(V) is alse artinian, uaing (E} 8o that the theoru follows from
(B) and (D}. :

. fheoren 3.~ Let V bs an infinite dinensicnsl vector space . The latti
LiY) of 0..11 the auba_pam of V eon_t,aina no other epcempac
clemens but V {tself. '

Proof. Let S be a proper sub-pnn of Yand T a dimt cnnplmnt for .
We distinguish two cases: if S is of infinite dimension, let {a /men
an independent subset of S and aem, a 0. The aset fa + a,/neihl} is
~also independent so that we can cmim tho rallodng deerlasi.ng

_sequence S, -?n“ v e s,,;:slssz:a 038,200 nQNsn = 0.

Hence [\S oGS but for ench finite subset F.CI we have uQ?
= smrf.s because S €S would mply -es. So g is not & cocompact:

elemsnt in le). If S ia of ﬁn‘&u d.tnmion, T is infinite dimnsio-
nal and let {an/nem.ﬁ sz independent set in T. We define the followin
decreasing ssquence of aubspaces S ‘%n< nm> This sequence hes
a1l the above pmu'tiea &80 tb.nt the same argument implies that S is
not & cocompact element in L{V). Indnd, S S would mply 5,&5NT =
and then S = 0. =

g_omggg--— If Vis a ﬁnite dm.minm veetor spaco. all the suo-
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spaces are compact and cocompact elemsnts in L(V). If ¥ is an fne
finite dinonsioanl wetor space, the finite dimemsional lubspncn
are the compact clmntu of L(V) and the only eoeompact slement of
L(V) ia V itsels,

III- We first record some :I.medhtc comequlnen of the above BEn-
tiomd or proved proportiea
1. Recall that an sbelisn group is eq.ned coc;relie irit £s isomor="
phic with Z(p“) for a prime p and ¥ 1,2,..,0, Z(p ) being
the quuicyclie group of l’ra!cr. We knew that fer an abelian group .
A , the la:ﬂ.ce Lia) of all subg,rnupa ot & is srtinisn i and only
if A is aldirect sum of cocxclic groups. Using (B} we then derive
that each snbgroup of a ﬁ.nitely cogeneratad group ( a ﬁnite direct
sum of ecocyelic groups ) ia s cocenmt slmnt in its lattiee of
subgz-oupc (direct proof ?)- 7 ;
- An abelian gmup is called reduced if it has no nontrivial divi-
sible subgroups. Sinece every divieible &hui.lm group is a dirget
sum of quasicyclic groups (the mraicn part) and of @ (the: toreton=
free psrt) we deduce that the quasieycliec subgroups of each nonredu—
ced finite dirsct sum of cocyelic groups are coemact elements vhich
are not compact (not being finitely generamted). Hmt. ‘in the case
of abelian groups the problem of d.t.minntia‘n of tlm cocompact
elements in I.(A) is no more tri.v.i.ll, such as it is in the case of :
vcctox- apaces.. ‘
2. An abelian group is called slementary if it euinci.dds with i.ts
 socle fon Ba a torsion group with square-free order 'olemdn_t's'-_- :
It is also known that each elementary p-group hes a natural structure
of - Vestol spsce. GYer Z(p). Hence, the subgroups of an elementarTy
p-group of finite rank are compact-cocompact elements in the lattice
of all subgroups but th'%fo tﬂﬁ.;rcupl of an ll'mnf.ur:{ pegroup of infindte
rank ars not gocompact elements im the correspénding lattice of sub-
EToups. .
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5.‘ Every torsion-free divisibie sbelisn group is a direct sum of @
and has a natural strixc_tuzre of Q-véctn‘r space. Hence, in a torsicm-
ﬁen divisible abeliﬁx gfoup of :_Einith rank all the subgroups are
compact-cocompact elamenta in the lattice of all the subgroups; the
proper divisible subgroups of a torsion-free divisible abelian group
of mﬁ.nitc rank are not coconpact qlemonts.

In what follows we deal with an abslian group of infinite rank
snd diacuss several asspecta econcerning cocbmpact elementd in the latti
of all the suhgroup'al._ o )

 Let A be an bl fan: group of Antintte raik and B @ proper subgroup
of A. : : |
ngosition o= Each aub_gfmp_ of finite rank of an abelian group of
inﬁnﬁ.tu_'mﬂk is not a cocompact nlu:imm_: im I.{A);
Proof: Iet K be a maximel independent syatem in B and X UL a maxi-
mal independent syatem in A such that KNL = @ (K is also indepenﬁent
i.n A and ecan be extended to a maximal cne in A}. If ian/nem} iz a
countable subaet of(L is of eourse infinite) then the subgroups

Bn = s n{am) form a decreaaing sequence such that n{e-u\\i Bn = 0gB.

Obviously, for every finite subset FCIN we have (LB =B, . 4B

because B ¢ B would imply a &3 and ao K U‘lan} would be indebendent
in B, contradicting the maximality of X.
Proposition'f';- If A is an abelian group of infinite renk the followi.
" infinite torsion-free rank subgroups B are not cocomp:
‘elements in L(4): (a) TB) # T{A), and, (b) r (Bl<r!
Proof. Let Slnn/nend} an independent s_vstnm of infinite order element:
in B. We extend this system to K, maximsl indepandent in B and %o
KUL meaximal independent in A (with XL = @ ). In the case (a) we
consider a €T(A) -= B and in the case (b),ael. Now, the systems
ga._ﬁ Uiau/nea'u} and respectively {a + an/new] are independent too, sc
that we can again eonsider the 'decressing sequence His m?l,‘(a + a>
This saquence has the 'aﬁove mehtianed properties so we sgain deduce
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that B is not a coennpaet element in wl{A)s

ggxﬂu‘gm.- Acoording te propmiticms 4 and 5 we dndnn that the
only infinite torsion-free ronk subgroups whe eould be aecompnct
elements in LUL) would be the snbmnps such ttwt T(B) = T(A} and
Ty (B) =z, (A). Sueh snbgroupu are essential subgroups in A (the
lattice of all the subspaces of a yector space baing cempxmnud :
contains .no uauntial slemental)s
~ One case remains dp-n, the ane of the finite torsicn-free rank
sSubgroups Lowe subgroup- B such that A :
(i) ‘there is a prim p and an infinite independent ayatim in the
socle Blp] = S(8,) of the peccmponent of By
(i1) there is an inﬂnitc sequence of primes ip’_,pz....pn...}
and an independent system §b /new) with erd(dy) = py «
¥We cannot use the algorithm nbovo for noncocompactity bccaun the
system gn + an/neﬁ} is no more mmunruy 1nd¢pcm!¢nt cv-n if a is
an infinite order elmnt. a0 that the intmoetion of the docrmins
sequence 8 can be nonzerc.
Innnocondpartafthis worknutlam-i.thtm case of tha
finite renk abelian ml. i

Reforgncu.- P.czulq,nnmrth n.P.. nztbra:l.e ﬂuury or ntticu
1975, Prentiece Hall, Bngl.med cltrﬁ. How qu



