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ABSTRRACT. — If 4 is an abelian group, the lattice of all the subgroups of 4

is lower continuous iff 4 is a torsion group with finitely cogenerated p-com-
ponents.

A complete lattice L is called lower continuous if aV ( A¢) =
csC

A (@ V ¢) holds for every element @« € L and every chain C in L.
ceC

If A is an abelian group we denote by L(4) the lattice of all the subgroups
of A. This is a modular, compactly generated and hence upper continuous
lattice. Our result is the following

THEOREM L(A) is lower continuous iff A 1is a torsion group with
[finitely cogeneraled p-components (i.e. divect sums of cocyclic p-groups).

This result does not exceed very much the following general one

1. prOPOSITION. Every complele artinian lattice is lower continuous.
Indeed, if a poset P salisfies the descending chain condition, every chain C
from P has a least element and the above condilion is obvious.

2. COROLLARY. If A is a finitely cogeneraled abelian group then L(A)
is lower continuous.

This is immediate using a well-known characterization [1,25.1]: L(4)
is artinian iff A is finitely cogenerated.

Our theorem will follow from a few lemmas.

3. LemyMa. If B is a subgroup of A and L(A) is lower continuous then
L(B) is lower continuous too.

4. LeMMA L(Z) is not lower comtinuous.

Proof. Let p and g be different primes, C = {$"Z},<x the descending
chain of subgroups and B = ¢Z. Then B + p*Z = B # Z = (O (B+p"Z)
because p*Z =0 and ¢qZ + p*Z = Z. e

5. LEMMA. If A is an infinite elementary group, L(A) is not lower con-
linuous.

Proof. Using well-known reduction theorems we can suppose 4 to be a
countable direct sum of Z(p) for a prime p. Let {¢, = (0, ...,0,1,0, ...)/
7 € N*} the canonic basis of 4 (as linear space over (Zp)), B the subgroup
generated by {e,/n > 2} and C, the subgroups generated by {valk = n}
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sbere o= 31 o @ V). Thefollowog 126055 hold: A =C1 Cy>

s=1

5 ...oC> .., N ¢, =0, 31¢Band el:Ub—l)sZ_Zen + v, e

neN°® .
e B +C,foreachn € N*. Hence 4 is as stated. This example was sugges.

ted by Zoltan Finta. '
Proof of the theorem. Let A be an abelian group and L(4) a lower con.
tinuous lattice. From 3 and 4, 4 is a torsion group. If  is a prime let
A, be the p-component of A and A[p)] its socle. Using 5, A[p] is finite
(otherwise it would contain a countable (elementary) subsocle) and hence
4, is finitely cogenerated [1, 25.1]. :

Conversely, let A be a torsion group such that 4, is finitely cogenerated
for every prime p, {Ci}ier 2 chain of subgroups of A and B a subgroup

of A. The inclusion ﬂl (B+C)<s B+ (N C,) is readily verified going
is iel

down to p-components, using 2 and the obvious equality ((M)(X,),) =

= (" X e

6]
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