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- i]sing the “'Iift'in',g” of a well-known bijection in Ens _andﬂm definition of the
multiplicative systems in an autonomous category, a i?arié'Ly in the Frolich sense
is found. The variely contains multiplicalive systems *lifted’’ over associative
structures of one-sided zero elements. i

1. Introduction. It is a well known fact that in the category tns,
the following bijection holds

ayp . Hom (A, B) =~ 05‘{ B

where 4, B are arbitrary sets and o, (f) = {fle)aga -

In categories with richer structure, like 4 or Mody, o remains
only an injective homomorphism, i.e. a monomorphism in these categories.

Let u be a closed category in the sense of {(2). We shall denote by
(4, B) the values of the lifted hom-functor hom a: 4 x sz — ¢, and by
|A! the value of the set-valued functor of subjaceney | —|: s — Hns,
on ohjects A, B in g.

In (4), it 4, B are objects in ¢ and
«”’-morphism is constructed as follows

evs: (4, B) - B

« € [d], the ‘“evaluation in

is the image of « by the subjacent inap of the s-morphism
4 —>((4, B), B) _
corresponding to the identity of (4, B) in the bijection

(4, B), (4, B)| 2= | (4, ((4, B), B))|.
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One can easily show that for every f € | (4, B)| we have
levs | (f) = |f] ().

If » has products, the family {eve:(4, B) » 4}« e 4| induces by

factorization a morphism o,y : (4, B) — GQA{ B.

Assuming that the functor of subjacency is faithiful and preserves
products (agsumptions that hold in most of the concrete categories) we
can trivially show that « iy monic and we have

L] (f) = {|f1(=) }ee |-

The commutativity of the two following diagrams shows that o, is
natural in his both arguments : ;

XAB . Pa
(A, B) B B
s€ial
(1, 1) it F
& C
o) e L B 0
g | Al

0A,B

Diagram 2

The commutativity holds because equalities like
C B
ervu’.('l?f) :f.e?)a? 8?}“-(9, }'):glui[fl(u]

for any f: B — (' and g : 4; > 4, are easily established at the subjacent
level (this is sufficient because of the faithfulness of | —|).
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2. DEFINITIONS. Let & be a closed category. We define, as in (1)
the category M of multiplicative systems in p; that is, the objects of #
are pairs (x, =) where vxep and = : & — (2, ) is an arrow of », and the
morphisms are the arrows f:(x, =) — (2, =) which are just arrows
f:x — o' in ¢ such that the followmg penta,gon commutes.

™
sk L e

(1, f)

f (x, X')
i e (1)

X' (x, X')

Diagram 3

It is easy to see that every multiplicative system defines an opera-
tion on | «| in a trivial way : for «, %e[w], aod =|[=|(a)] (B).

First, we shall show that ¢f o is a symmetric monoidal closed category
with pmducts, then M has producis.

Let {(#,, m;)},er be a family of multiplicative systems. Denoting

by P the product in s JJ #,, we are looking for a morphism, = : P —

— (P, P) induced by thé family {=,}.
We consider the family

{ngi—ua;’ —Trm—u(m m)w(P, w,)} .
i€l

o being symmetric monoidal closed, the functor (P, —): s —p hag a
left (strong) adjoint namely — ® P: o —n, and therefore preserve
limits and in particular, products.

It follows that H P el [P II z,) = (P, P), and so the above

family gives by factomzatmn the morphlsm w: P — (P, P) we have
been looking for. In this way, pr, : (P, =) = (&, 7;) is & morphism in .

Remark. The multiplicative system (P, =) is canonic enough; in
fact, one can show that the ‘‘operation™ w is induced by {=;} ‘‘compo-
nentwise’’.

Recall from (3) that a variely B in a category @ is a full subcategory
of @, satisfying the following axioms :

(i) If f: 4 > B is an epimorphism and 4 € B then Be @B
(ii) Iff:4 — B is an monomorphism and B e @B then 4 € B
(iii) If (4,),=71s an indexed set of objects, (4,) C B then

Hﬁie@.



1320 GRIGORE G. CALUGAREANU 4

3. The variety. Let M be the full subecategory of _Jl whose objects
are multiplicative systems (@, =) where w. is such, that the two morphisms

As
s =
—> (%, T)——> |=|
Tox Oz

are equal. A.: @ — I # is the diagonal morphism induced by the family
| @ '

{ids : ® -z}, and ocwiis the natural monomorphism defined in the first

section. : i

Remark. The notation m. is legitimate : if such a morphism exists,
it is unique (« Mmonie).

Remark. | m| defines on |z| an operation such that for every
i,5€ |z| we have icj = [[n=]| (1)|(7) = 1

Thus, all the elements of | #| are all left-zero or all right-zero elements
for the operation |=.|. It is easy to see that this operation is associative,
but not commutative. ‘ ERs : - '

TarorEM. Let M be the category of multiplicative systems on on awto-
nomous category o whose subjacent functor preserves products. The full
subcategory M is a vaeriety in M. ‘ ‘ gt

* Proof. (i) Liet § : (@, =) = (2, ') be an eépimorphism in /. Consider
the diagram i . - b Tk ; !

A:ﬁ
o=y g ' IiIx
T, TCocie B
(1, 1) I
f ({p’ m’) _:_.Ei.__p

e [m’! e

Diagram 4

where i€ |x]. e O L W e

Sinee « is natural, and ¢ is a morphism in _, the pentagon, the
three squares and the triangle are' eommufative. The two top lines are
equal by the definition of .. .Hyence, the bottom lines are also equal
since { is surjective (and so"{p’fﬂ @)icl| te all the projections’ from
II »/) and# is'an epimorphism, and we have Ay 2= gyuem s ThUs 77 = 7.
[

and (2, w')e M.
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- (ii) Now, let }{: (2, m) — (@, ) be a monomorphism in .
Congider the similar diagram
Aw
.4 p‘<
Rl L (o) y [ x Wl B
T ek ||
(1, ) 'y t 'f
- =l '
; G’.m’nf + ; ES p:f‘ )
f (x, x') » [Ix + X
[={:4
(1 1) IT '
|1
T::GI ’ ’ mlml .,
X et (X', X’) e T x
¥ ||
fa e
Diagram 5
where i€ |x|.
The subdiagrams are commutative by similar arguments. The bottom

lines are equal by the definition of =,.. Hence the top lines are equal,
ie. Aw = oo, Since { is monic and {p?} _ . - 18 all the projections from

the product [] #. Thus = = = and (2, ©) € M.

=

(ii1)) We finally consider the diagram

7 o roj’
Pl PP G %IIP}P i L
(1? pm) i H pi
[P
3 B, x X; ¥
p-w ( 2 ) & o li;li pro]f"
(P 1) 1 X
|eil
+*
X, — (X;,X;) II=x
Tos, %y s »; (=il
Diagram 6

2—-c. 2688

P



1322 GRIGORE G. CALUGAREANU 6

where (x,, 7, )€ M, P has the projections p, and s € FP|. The top lines
are equal and as the subdiagrams are again commutative, the bottom
lines are equal, i.e. A, = o,,m, since {p;}ic; are all the projections of P
and {proj®i , ¢ |P| are all the projections of II P. Thus n = m, and

i ||
(P, wye M, ged.
Remark. If o is complete, then M is easily seen to be complete because

s lim x;, —) preserves limits) and one can give an analogous proof to

«—

el
show that M is a complete subcategory of _M. Without considering the
injective anvelopes, A could be also a monosubcategory (5).
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