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ABSTRACT. — In this paper we prove that for the lattice of the sub-
groups of an abelian group pseudocomplementation and distributivity
are equivalent. We walso characterize abelian groups which have a
Stone lattice or @ Heyting algebra of subgroups.

Let L be a lattice with zero and 0 #a = L. If C, = {x LieA %= 0],
the greatest element of C, (if it exists) is called the pseudocomplement of & in
L. (Note that the ”pseudocomplement” is differently used for an unspecified
maximal element of C,). If every element in L has a pseudocomplement, L 1s
called a pseudocomplemented lattice.

We first recall the following known facts:

(A) Every distributive compactly generated lattice 1s pseudocomplemented.
(B) If A isan abelian group, the lattice L(A) of all the subgroups of 4 1s com-
pactly generated.

1. Levma. Let P be an inductive poset. The following conditions are equi-
valent : (1) P has a uwique maximal element ; (ii) P has a greatest element.

Indeed, if m is the unique maximal element of P.and a< P then P,={x=Pla<x}
is inductive and has (by Zorw's lemma) maximal elements which are also maximal
in P. So a < m. The converse is obvious.

2. COROLLARY. Let L be an upper continuous lattice. The following conditions
are equivalent : (i) C, has a unigue maximal element ; (i) C, has a greatest ele-
menl.

Indeed, in an wpper continuous lattice, C, is inductive.

The key result for our paper, from [5] is the following :

(C) Let B # 0 be a subgroup of an abelian group A. There is a unique B-high
subgroup if and only if A/B is a torsion group and for each prime p either B[p] =
= A[$] or B[p] = 0 holds.

3. COROLLARY. Let B # 0 be a subgroup of an abelian group A. The follo-
wing conditions are equivalent: (i) B has a pseudocomplement in L(A); (ii) there
is only one B-high subgroup in A ; (iil) 4/B 1s a forsion group and for every prime
b cither B[pl = A[p] or B[p] = 0 holds.

4. pROPOSITION. For an abelian group A the following conditions are equi-
valent : (a) every nontrivial quotient group of A is a torsion group ; (b) A is either
a torsion group or a lorsion-free group of rank 1.
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Pmof Clearly no mixzed group has the property (a): if O 22 T(4) # 4 then
A[T(4) is torsion- free. Obviously every torsion group has the ploperty (a).
Now, if A4 is torsion-ree of rank 74{4) > 2 and 0 s z € A then r,(4/{a}) > 1
so that A/{@) is not torsicn. Fimally, if A is torsion-free-of rank 1, A has
the psnpm{y (a), as every rational group has it.

5. prorvosirion. For a torsion group A the following conditions are equi-
valent : (c) for each subgroup B of A and each p prime cither B(p] = A[p]
or Bip] =10 holds; (d) A 1s a direct sum of cocyclic growps corresponding to
different primes.

Proof. We can (\bvi(“ush* reduce our problem to p-groups. But erb] = (0 holds

if and only if-B = y that r;nnv the case B[p] = A[p] nceds care, If 4 is
a p- gio”‘o such that B[ | = A[p] holds for each subgroup B # 0 of A then
Afj)J = (ﬁ) (the socle) is contained in every nomnzerg subgroup B of 4. In

this case, having a smallest nonzero subgroup, 4 is cocyclic. The converse is
obvicus.

6. « CORROTARY. If A is an abcian group, the laitice L(A) is pseudocom-
plemented if and only zf A 1s either a dirvect sum oj cocyelic groups corresponding
to diffcrent primes or a torsion-free group of vank 1.

Proof. Using 3, 4 and 5 we ounly need {o observe that \(e) is trivially true for
torsion-free groups. _

7. i1anorEy. For an abelian group A the following conditions are c-‘jm'mﬁmz :
() L(A4) is a distributive lattice ; (ii) 1(4) 18 a j}@g'?'a complemented lattice; (i) A
15 a lecally (,ychc, group ; (iv) ro(d) + max rs(d) <P} A s Cither a direct

sum of cocyelic groups corvesponding to a@yﬁe;’{ nl primes or a torsion-free group
of rank - 3
Proof. ©One, can use, [Ssp-86.1ex. 0] and. [2,:p FL; 1. 48.2 | The rest is done by
the previcus corollary. :

A 1330116(*0(1:1p1x,1*1rmfci distributive lattice is called a Stone lattice if
a* \ a¥* = 1, where a* denotes the pseudecomplement, of ‘¢ in L. If B.is a
subgroup of 4 such that 4/B is a torsion group, let = be the set of all the
primes such that B[p] =0 holds and Bfp] = A[p] holds for p ¢ =. Using
proposition 2 and 3 from [5] we have B* = @ (I(A4)), and B** = @ (T(A4))p

=

§6 that B* | B** = "'(A). Hence only the torsion groups frem 7 lﬂavc Stone
lattices of subgroups ;

8. PROPOSITION. For an abelian group A the following conditions arc equi-
valent : (1) L(A4) is a Stone lattice; (i) A is a direct sum of cocyclic groups cor-
responding to different primes. _

A lattice with zero is -called a Heyting algebra (cr a relative pseudcccm-
plemented. Jlattice)y ifidor every ¢, b & L the subset {#.€ Lja A % <D} has a
greatest element denoted a % b.

We finally mention the +c110\&111g characterizaticn [I'i'. (D) A bounded
lattice L is a Heyting algebra if and (,nly if L is distributive and for each
b L the sublattice 1/b = {x = L]b x} is pseudocomplemented.

The pscudocomplementation and LhQ distributivity of the lattice of all the
subgroups of an abelian greup being equivalent it immediately follows that
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L(A4) is a Heyting algebra if and only if L(4) is distributive (any sublattice
of a distributive lattice is distributive too).

Remark. The characterization of the class of all abelian groups which have the
lattice L(4) a Boole algebra is an easy consequence of 8 (cf. 2, p. 302, Cor.
78.5).
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