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Abelian groups have/are near Frattini subgroups
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Abstract. The notions of nearly-maximal and near Frattini subgroups considered by
J.B. Riles in [20] and the natural related notions are characterized for abelian groups.
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1. Introduction

A subgroupM of an in�nite group G is called nearly maximal if it is a maximal
element of the set of all subgroups of G having in�nite index, i.e., if the index
|G :M | is in�nite but every subgroup of G properly containingM has �nite index
in G. This concept was introduced by Riles [20] in 1969. Moreover, in the same
paper the following notions are de�ned: g ∈ G is called non-near generator if for
every subgroup H of G, G/(H + 〈g〉) �nite implies G/H �nite. If we denote by

λ(G)
def
= {g ∈ G|g non-near generator}, and µ(G) def

=
⋂{H ≤ G|H nearly maximal

in G}, these are two characteristic subgroups of G called the lower respectively
upper near Frattini , such that λ(G) ⊆ µ(G). A group G has a near Frattini

subgroup (denoted 	(G)) if λ(G) = µ(G).

After some 30 years of relative silence, it seems that lately these notions have
received the attention they probably would have deserved (see Allenby [1], [2],
Azarian [3], [4], [5], [6], Franciosi, de Giovani [16]; see also Lennox, Robinson
[19]).

In all the previous papers written on this topic, with few exceptions, no refer-
ence on the abelian group case, except the �nitely generated groups, is made.

In the sequel we shall call DA-groups the abelian groups which have a dually
atomic lattice of subgroups (i.e. each proper subgroup is contained in a maxi-
mal subgroup) and NDA-group the abelian groups such that every in�nite index
subgroup is contained in a nearly-maximal subgroup.
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Notice that in [20], the DA-groups are called E-groups, and the NDA-groups
are called E′-groups and it is proved that each NDA-group is a DA-group.

In the �rst section we prove that each abelian group has a near Frattini sub-
group and we characterize the nearly-maximal subgroups. Actually, it easily turns
out that the near Frattini subgroup de�nes a radical on abelian groups (mainly
denoted by RZ), so that results obtained by several authors can be used (and
there is a vast bibliography on this topic). We characterize some of the situations
that may occur: 	(G) = 0, 	(G) = T (G) the torsion part, respectively 	(G) = G
and we show that the Frattini subgroup �(G) ⊆ 	(G).

In the attempt of characterizing the NDA-groups it occurred that a charac-
terization of the DA-groups would be useful. These are obtained in Sections 2
and 3.

Finally, resuming a result of Dlab ([9]) who proved that every abelian group
is the Frattini subgroup of a suitable chosen abelian group, we prove the corre-
sponding `near-version'.

Our main results can be summarized as follows.

1. Abelian groups have a near Frattini subgroup.
2. Let G be an in�nite abelian group and H a subgroup of G. The subgroup H

is nearly maximal in G if and only if there is an in�nite order element a ∈ G−H
such that G = H ⊕ 〈a〉.

3. A group G is a DA-group if and only if all its p-components are bounded
and G/T (G) is of �nite torsion-free rank and of reduced Richman type.

4. The near Frattini subgroup always includes the Frattini subgroup.
5. A group is an NDA-group if and only if it is �nitely generated.
6. Every abelian group is the near Frattini subgroup of a suitably chosen

abelian group.
7. Except for trivial cases, there are no `minimal' chosen groups in 6.

For �nite groups, λ(G) = µ(G) = 	(G) = G, so this case may be discarded in
the sequel. In this note, `group' will mean `in�nite abelian group'. For unexplained
terminology and facts, we refer to [17].

2. Abelian groups have near Frattini subgroups

In the proof of the main result of this section we use the following elementary
results.

If A ≤ B and H ∩ B = 0 hold for three subgroups of a group G, then (H ⊕
B)/(H ⊕A) ' B/A.

If ord(g) =∞ and K ∩ 〈g〉 = 0 then G/K has in�nite order elements.

Theorem 2.1. Abelian groups have a near Frattini subgroup.

Proof: Assume g ∈ µ(G)− λ(G) is not a non-near generator, i.e., there exists a
subgroup H ≤ G such that G/H is in�nite and G/(H + 〈g〉) is �nite. Therefore
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owing to G/(H + 〈g〉) ' (G/H)/((H + 〈g〉)/H), (H + 〈g〉)/H ' 〈g〉/(H ∩ 〈g〉)
must be also in�nite. Hence ord(g) =∞ and H ∩ 〈g〉 = 0.

Let K be 〈g〉-high in G such that H ≤ K. We prove that K must be nearly
maximal in G.

Take K < N ≤ G. Then G/N is �nite (and hence nothing has to be proved),
or N ∩ 〈g〉 6= 0 and there is a k ∈ N∗ such that kg ∈ N . From H < N and
kg ∈ N we infer H + 〈kg〉 ≤ N and |G/N | ≤ |G/(H + 〈kg〉)|. Moreover, from
G/(H + 〈g〉) ' (G/(H + 〈kg〉))/((H + 〈g〉)/(H + 〈kg〉)), with �nite G/(H + 〈g〉)
and (H + 〈g〉)/(H + 〈kg〉), we derive that G/(H + 〈kg〉) is �nite and hence again
G/N is �nite. Thus K has to be nearly-maximal.

But then g ∈ K, a contradiction which shows that g is a non-near generator,
as desired (i.e., µ(G) ⊆ λ(G)). �

Next we characterize the nearly maximal subgroups.

Theorem 2.2. Let H be a subgroup of a group G. The subgroup H is nearly

maximal in G if and only if there is an in�nite order element a ∈ G−H such that

G = H ⊕ 〈a〉.
Proof: First observe that H is nearly maximal in G if and only if G/H has only
�nite proper homomorphic images. An easy exercise (see e.g. [15]) shows that this
is equivalent to G/H ' Z and hence, equivalent to H being a direct summand of
G with in�nite cyclic complement. �

Thus, H is nearly maximal in G if and only if G/H ' Z.

Corollary 2.1. For every group G, T (G) ≤ 	(G) holds.

Proof: If G has no nearly-maximal subgroups, 	(G) = G. If H is nearly-
maximal in G then G = H ⊕ 〈g〉 with ord(g) =∞. Hence T (G) = T (H ⊕ 〈g〉) =
T (H)⊕ T (〈g〉) = T (H). Thus T (G) ⊆ H . �

Corollary 2.2. 	(G) is pure in G.

Proof: The torsion part T (G) being pure in G it suÆces to show (we use the
previous corollary) that G/	(G) is torsion-free. Let g ∈ G−	(G) (thus g 6= 0 and
ord(g) =∞) and suppose ordG/Ψ(G)(g+	(G)) = n ∈ N∗. Then 0 6= ng ∈ 	(G).

Using again the proof of Theorem 2.1, 0 6= ng ∈ K and so 0 6= ng ∈ K ∩ 〈g〉,
a contradiction. �

Corollary 2.3 (of proof). G/	(G) is torsion-free. �

In [20], it was mentioned that λ(G) and µ(G) (and hence 	(G)) are character-
istic subgroups of G. In our case more can be proved:
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Corollary 2.4. 	(G) is a fully invariant subgroup of G.

Proof: Set S = {g ∈ G|〈g〉 is a direct summand in G}. For an arbitrary g ∈ S if
Ng =

⋂{N |N ⊕ 〈g〉 = G} then according to [17] Ng is a fully invariant subgroup
of G. Hence 	(G) =

⋂
g∈S Ng is fully invariant too. �

Consequences:
Nearly maximal subgroups are proper direct summands.
	(G) = G holds for non-cyclic indecomposable groups.
	(G) = G if and only if G has no in�nite cyclic direct summands.
Torsion groups have no nearly-maximal subgroups.
	(G) = G holds for torsion and for divisible groups.
Let H , N be subgroups of G and H * N . If N is nearly-maximal in G then

H ∩N is nearly-maximal in H .

Examples. Z has an unique nearly-maximal subgroup: 0. Hence 	(Z) = 0.
All the non-cyclic subgroups H of Q have 	(H) = H .

Recall (e.g., from [17]): let X be a class of groups. If with every G ∈ Ab we
associate the subgroup RX (G) =

⋂

ϕ∈Hom(G,X),X∈X
kerϕ, RX : Ab → Ab is a

functor, RX (G) is a functorial subgroup and RX is a radical (the largest radical
with RX (X) = 0 for every X ∈ X ). RX is uniquely determined by its annihilator
class ARX = {G|RX (G) = 0}, the smallest class containing X which is closed
under formation of products and subgroups. As a special case, if X = {X} is a
singleton class, the radical is also called singly generated and its annihilator class
ARX

= {G|RX(G) = 0} is easily seen to be the class of all subgroups of products
of copies of X (in the general case, for a class X , a group X is called residually-X
if

⋂{U ≤ X |X/U ∈ X} = 0 and this is equivalent to X being a subgroup of a
product of X -groups).

Taking X = {Z}, we obtain at once RZ(G) = 	(G), a functorial subgroup and
the corresponding radical 	 (i.e., 	(G/	(G)) = 0). Hence, if H is a subgroup of

G then 	(H) ≤ 	(G) and 	 commutes with direct sums .

Consequences:
	(G) = 0 if and only if G embeds in a direct product of in�nite cyclic groups.
For every free group F , 	(F ) = 0.
G/	(G) is isomorphic with a subgroup of a direct product of in�nite cyclic

groups.
(Stein [23]) If G is countable then G/	(G) is free (and hence 	(G) is a direct

summand with a free complement).
If G is a direct sum of indecomposable torsion-free groups such that 	(G) = 0

then G is free.
If G is a �nite rank torsion-free group such that 	(G) = 0 then G is free.
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([20]): (a) for any group homomorphism f : G → G′, f(	(G)) ≤ 	(f(G));
(b) N ≤ 	(G) implies 	(G/N) = 	(G)/N ; (c) 	(G/N) = 0 implies 	(G) ≤ N .

	(G) = T (G) if and only if G/T (G) embeds in a direct product of in�nite
cyclic groups.

If G/T (G) is free then 	(G) = T (G) (e.g., �nitely generated groups).

Finally let us point out that the problem of the commutation of the near
Frattini radical with direct products , even if apparently solved in the aÆrmative
by Riles in [21], depends heavily upon the set-theoretic environment (see [10], for
a comprehensive exposition), and actually remains true only in V = L | the
axiom of constructibility (and many other models without ℵm | �rst measurable
cardinal). This result can be related with a question raised by Charles [7] and
repeated in [17, vol. 1, Problem 7]: determine if a (pre)radical commutes with
(direct) products. Notice that in [14], it is shown that, for a torsion-free group
X , RX commutes with countable products if and only if X is a stout group (see
G�obel [18]).

See also [11] and [8].

Comparison with the Frattini subgroup.

Obviously, if G = H ⊕N and {Ni}i∈I are subgroups of N then
⋂

i∈I
(H ⊕Ni) =

H ⊕ (
⋂

i∈I
Ni). Therefore

Proposition 2.1. �(G) ⊆ 	(G) holds.

Proof: Let H be an arbitrary nearly maximal subgroup in G. Then G = H⊕〈g〉,
for a suitable in�nite order element g ∈ G. For every prime p, H ⊕ 〈pg〉 is a
maximal subgroup in G and

⋂

p∈P

(H ⊕ 〈pg〉) = H . Hence �(G) ⊆ H and so

�(G) ⊆ 	(G). �

Consequences:
([20]) Every non-generator actually is a non-near-generator.
	(G)/�(G) is a torsion group.
For every divisible group G, 	(G) = G.

3. DA-groups

In this section we determine the abelian groups (hereafter called DA-groups)
which have a dually atomic lattice of subgroups (i.e. each proper subgroup is
contained in a maximal subgroup).

Lemma 3.1. For a group G the following conditions are equivalent:

(a) G is a DA-group;

(b) for every nonzero subgroup H of G, the quotient group G/H is reduced;
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(c) for every nonzero subgroup H of G, the quotient group G/H is not divis-

ible. �

Lemma 3.2. A DA-p-group is a bounded direct sum of cyclics.

Proof: If B is a basic subgroup of a p-group G and B 6= G then G/B is divisible
and we contradict the previous lemma. Hence G = B is a direct sum of cyclics.
Moreover, the basic subgroup being unique, this p-group must be bounded. �

For a �nite rank torsion-free group G, if S = {x1, x2, . . . , xn} is a maximal
independent subset of G, and F the (free) subgroup generated by S then G/F is
torsion. Recall that the Richman type of G is de�ned as the equivalence class of
G/F under quasi-isomorphism of torsion groups. One can write G/F =

⊕

p∈P

Tp

with Tp = Z
pip,1 ⊕ Z

pip,2 ⊕ · · · ⊕ Zpip,n and 0 ≤ ip,1 ≤ ip,2 ≤ · · · ≤ ip,n ≤ ∞.

If G/F is reduced, we shall say that G is of reduced Richman type.

Proposition 3.1. The DA torsion-free groups are exactly the �nite rank groups

whose Richman type is reduced.

Proof: First of all, G has �nite rank. Indeed, if for an arbitrary (possibly
mixed) group G 6= T (G) the torsion-free rank r0(G) =∞ then G/T (G) would be
an in�nite rank torsion-free quotient, with a (divisible) quotient isomorphic to Q.

Further, if G/F would not be reduced, it should have a divisible direct sum-
mand and so G would have a divisible proper quotient, contradicting the DA
property.

Conversely, let C be a subgroup of G such that G/C is divisible. For a free
subgroup F such that G/F is torsion and reduced, G/F is a �nite direct sum of
bounded p-groups. Together with G/F , also G/(F + C) has to be reduced. But
together with G/C, G/(F + C) has to be divisible so that G/(F + C) = 0 or
G = F + C.

Finally, G/C = (F +C)/C ' F/(F ∩C), being divisible and �nitely generated,
must be zero and hence G = C.

Therefore G is DA, having no divisible proper quotients. �

Theorem 3.1. A group G is a DA-group if and only if all its p-components are

bounded and G/T (G) is of �nite torsion-free rank whose Richman type is reduced.

Proof: Using the previous results the conditions are necessary. Indeed, take F as
above in the de�nition of the Richman type. Then G/F is torsion and Lemma 3.2
applies.

Conversely, the groups described above are DA because they have only non-
divisible quotients. �
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4. NDA-groups

De�nition. Call NDA-group a group G, if every in�nite index subgroup of G is
contained in a nearly-maximal subgroup.

Lemma 4.1. A torsion group is NDA if and only if it is �nite.

Proof: Torsion groups have no nearly-maximal subgroups. Hence the only NDA
torsion groups are (trivially) the groups with no in�nite index subgroups. Thus
these groups have to be �nite (again [15]). The converse is trivial. �
Proposition 4.1. A torsion-free group G is an NDA-group if and only if G is

free of �nite rank.

Proof: Using [20, Section 6], G must be a DA-group, and hence of �nite rank
and reduced Richman type.

First notice that G/F cannot be in�nite: indeed, G being NDA, F would
be included in a nearly-maximal subgroup N and (by Theorem 2.2) as G/N is
torsion-free, we contradict G/F is torsion.

Finally, if F is free and G/F is �nite, G is free too (e.g. [17, §18.3]).
Conversely, a free group of �nite rank is �nitely generated. Hence it is NDA,

by [20, Proposition 1]. �
Proposition 4.2. G is an NDA-group if and only if G/T (G) is free of �nite rank
and T (G) is �nite.

Proof: Obviously homomorphic images of NDA-groups are also NDA-groups. If
G is an NDA-group then G/T (G) is also NDA, and, by the previous proposition,
is free of �nite rank. Hence G is a splitting mixed group and G = T (G)⊕F , with
F free of �nite rank.

Finally, T (G) ' G/F must be NDA, and hence �nite, by a previous lemma.
Conversely, if G/H is in�nite we have to �nd a nearly-maximal subgroupM ≤

G which includes H .
First observe that in our hypothesis G/(T (G)+H) is also in�nite. Indeed, this

follows from G/(T (G) + H) ' (G/H)/((H + T (G))/H) and (H + T (G))/H '
T (G)/(H ∩ T (G)), a �nite group together with T (G).

Further |G/(T (G) +H)| = |(G/T (G))/((H + T (G))/T (G))| being in�nite, by
hypothesis (and the previous proposition), there is a nearly-maximal subgroup
M/T (G) in G/T (G) such that (H + T (G))/T (G) ≤ M/T (G). Consequently
H ⊆ H + T (G) ⊆ M , |G/T (G) : M/T (G)| = |G : M | is in�nite, and M is
nearly-maximal in G. �

Hence

Theorem 4.1. G is an NDA-group if and only if G is �nitely generated. �
Example ([3]). G = Z(pn

1 )×Z(pn
2 )× . . . with countable many primes p1, p2, . . .

and n a natural number is a DA group but not a NDA group.



402 S.Breaz, G.Călugăreanu

5. Abelian groups as near Frattini subgroups

Let us call surjective a radical R de�ned on abelian groups, such that for every
group G there exists a group H such that R(H) = G.

Obviously RQ(G) = T (G), the torsion part, is not a surjective radical.
In [9], V. Dlab proved that the Frattini subgroup (on abelian groups) de�nes

a surjective radical (i.e., every abelian group G is the Frattini subgroup of a
suitable chosen abelian group H). In his proof, the formula �(H) =

⋂

p∈P

pH

is used together with the \inverse" construction H =
∑

p∈P

(p−1G) in a divisible

envelope G of G (actually, H/G = S(G/G)).

In what follows we show that an analogous result holds for near Frattini sub-
groups of abelian groups, i.e., the near Frattini subgroup de�nes a surjective
radical.

It is not simple to �nd a group H such that 	(H) = Z. Such a group was
constructed (using an idea of Shelah [22]) by Eklof in [13], and generalized by Eda
in [12]: letX be a subset of 2ω = {functions x : ω → 2 = {0, 1} ⊂ Z} of cardinality
ℵ1 and let Y be the �nite restrictions of X , i.e., y ∈ Y if there exists x ∈ X and
n ∈ ω such that y = x|n with n = {0, 1, . . . , n−1}. Let V be the vector space over
Q with basis X ∪Y ∪{e} (e a new symbol), i.e., V = (

⊕

x∈X
Qx)⊕ (

⊕

y∈Y
Qy)⊕ (Qe)

and A ⊆ V be generated as Z-module by X ∪ Y ∪ {e} plus all elements of the
form (x− (x|n)− x(n)e)/pn where x ∈ X , n ∈ ω and pn is the n-th prime.

Then A is ℵ1-free, of cardinality ℵ1, not separable and 	(A) = RZ(A) = Z.

Another construction is given in [10]: if 0 → Z → A → Zκ → 0, κ < ℵm

is an extension of in�nite order then RZ(A) = Z (moreover, if X ≤ G and
RX(G/X) = 0 then RX (G) = X if and only if S : 0→ X → G→ G/X → 0 has
in�nite order as element of Ext(G/X,X), End(X)-module, see [14]).

Proposition 5.1. Let R be a radical on abelian groups such that there is a group

A such that R(A) = Z. Then R is surjective.

Proof: Indeed, if for an arbitrary group, G = F/N is the presentation by gener-
ators and relations, then G = F/N = (

⊕
Z) /N = (

⊕
R(A))/N = R(

⊕
A)/N =

R((
⊕
A)/N). �

Corollary 5.1. Each (abelian) group is the near Frattini subgroup of a suitable

(abelian) group. �
Further on, it would have been natural to try to prove that two `minimal'

previously chosen groups are unique up to isomorphism, that is, if H1 and H2

contain G, 	(H1) = 	(H2) = G and for every Ki < Hi, i ∈ {1, 2}, 	(Ki) 6= G
then H1 ' H2.

Unfortunately, in this direction, the analogy stops.
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First of all, observe that not every divisible envelope G of a group G contains
a subgroup H such that 	(H) = G. Indeed, for all the subgroups R ≤ Q such
that Z ≤ R we have 	(R) = R if R � Z and 	(Z) = 0 (i.e. 	(R) � Z).

Further, consider HG = {X group |	(X) = G} naturally ordered by inclusion.
If for a group G we have 	(G) = G, obviously G is minimal in (HG,⊆) (indeed,
K ≤ H implies 	(K) ≤ 	(H)).

In what follows we prove that excepting these groups G, there are no minimal

elements in (HG,⊆).
Recall that the �nite order elements are obviously non-near generators.

Lemma 5.1. An in�nite order element g ∈ G is a non-near generator if and only

if for every subgroup H of G, 〈g〉 ∩H = 0 implies G/(〈g〉+H) is in�nite.

Proof: If g is an in�nite order element and 〈g〉∩H = 0 then 〈g〉/(〈g〉∩H) ' (H+
〈g〉)/H and also G/H are in�nite. Thus G/(〈g〉 +H) is also in�nite (otherwise,
g being non-near generator, G/(〈g〉+H) �nite, would imply G/H �nite).

Conversely, owing to our hypothesis, we only need to prove that G/(〈g〉+H)
�nite implies G/H �nite for an element g such that 〈g〉 ∩ H 6= 0 (because if
〈g〉∩H = 0, G/(〈g〉+H) is not �nite). In this case, 〈g〉/(〈g〉∩H) ' (H+〈g〉)/H are
�nite so that the required implication holds (indeed, G/(〈g〉+H) ' (G/H)/((H+
〈g〉)/H)). �

Lemma 5.2. If H is minimal in (HG,⊆), for every subgroup H ′ < H which is

comparable with G, |H : H ′| is in�nite.
Proof: If G ≤ H ′ there is an element g ∈ 	(H) −	(H ′) = G −	(H ′) (notice
that g /∈ 	(H ′) implies ord(g) = ∞), i.e., for every subgroup U of H , such that
〈g〉 ∩ U = 0, H/(〈g〉 + U) is in�nite, and, there exists a subgroup V of H ′, such
that 〈g〉 ∩ V = 0 and H ′/(〈g〉 + V ) is �nite. Hence (because V ≤ H ′ < H) also
H/(〈g〉+ V ) is in�nite and then |H : H ′| is in�nite (notice that |H : (〈g〉+ V )| =
|H : H ′| · |H ′ : (〈g〉+ V )|).

For a subgroup H ′ < G we apply the previous case. �

Proposition 5.2. If H is minimal in (HG,⊆) then H/G is divisible.

Proof: Indeed, all the proper subgroups H ′/G of H/G have in�nite index, be-
cause |(H/G) : (H ′/G)| = |H : H ′|.

�

Corollary 5.2. If 	(G) 6= G then (HG,⊆) has no minimal elements.

Proof: If 	(H) = G then H/G = 	(H/G) = 	(H)/G = 0 and so H = G and
	(G) = G. �

Hence, there is not a ψ-closure to be de�ned by the near Frattini subgroup
	(G) of a group G.
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Finally we list some open problems:

(1) The characterization of the groups G with G/	(G) free.

(2) In which conditions on a torsion-free group G is 	(G) balanced ?

(3) The characterization of the groups G with 	(G)/�(G) elementary (see [3],
�nitely generated).
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